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Remark 1.3.11. Since 7(a,b)[1] = 1 for all @ and b, one easily checks by
Definition 1.3.1 and Lemmal.3.9 that the formulae of Proposition 1.3.10 all
yield the evaluation gm n[1] = 1. The factor I, , appears in Lemma 1.3.9
the same as it does in the statements I-II, so these factors cancel at 1.

Remark 1.3.12. All formulae in IIT hold by (1.37) for the homogeneous case.
For example, in the statement III.1, we have {1l mie = £ — (£ — 1)a, so
there is no dependence on b.

Proof (Proposition 1.3.10). Recall by (1.17) that gmm+i2 = gmi2,m = r22.
One can easily check by Definitions 1.3.1 and (1.44) that in each of .1 with
j =1, and IL.2 with £ = 2, the formulae reduce to rz2. By (1.24)-(1.25), we
must calculate a term A, , defined by (1.22). The term A, ,, is the same in
both (1.24) and (1.25), so we only consider m < n in (1.22). The structure of
the proof is to first establish (1.58) for n = m + 2 and to establish the initial
cases n —m = 3 of the statements [-II of the proposition. Following this, an
induction step will be established for all cases at once, wherein an inductive
step for (1.58) shall be the main stepping stone of the proof.

Thus consider first n := m + 2 in (1.22). We consider 4 cases: (i)
n<f-L)m=f-2n=fi(@me=f-1n=f+1 @
m > f. We verify by (1.18)-(1.20), Definition 1.3.1, Proposition 1.3.2, Propo-
sition 1.3.6, and direct calculation, that in all cases (i)—(iv), (¥) Amn =

w[a,b]%w[a,b]*’

41
w[aab];w[asb];-kl'—[ﬁ]"’?-,ﬂ
(1.58), since for the numerator we have by (1.44) that w,, ,, = w(a,b];}, and
Wmtl,nt+1 = wa, b] ;','1 +1, and since for the denominator we have by Definition

(146) that wm,ﬂﬁm.}_l,n-;_l = [w]m,n = Em+1,n’l—ﬂm,n+1-

. Verification of () by direct calculation suffices for

******* Define Initial cases (i)-(iv) of \lambda_{m,n} with $ n -m=23$. Also define $ [\overline{w}_{m,n} $ in these same cases.
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*

rho2upifa_, b_] := (1/2) / (2-a); rho2downi[a_, b_] := (1/2) / (2-a);
rho2upiifa_, b_] :=(1/2)/ (2-a);
rho2downiifa_, b_] := (1/2)a/ (a+b-axb);
rho2upiiifa_, b_] := (1/2)b/ (a+b-a=xb);
rho2downiiifa_, b_] := (1/2) / (2-b);
rho2upiv[a_, b_] := (1/2) / (2-b); rho2downiv[a_, b_] := (1/2) / (2-b);
lambda2ifa_, b_,r_,y ,z_] := (1-4 (1-a) (1-a) rho2upi[a, b] < rho2downi[a, b]
k[a, a, r, y, z] “k[a, a, r, y, Z] P*2274) " (-1);
lambda2iifa_, b_,r_,y ,z_] := (1-4 (1-a) (1-b) rho2upii[a, b] © rho2downii[a, b]
k[a, a, r, y, z] <k[a, b, r, y, Z] P*r2224) "~ (-1);
lambda2iiifa_, b_,r_,y , z_] :=
(1-4 (1-2a) (1-b) rho2upiii[a, b] © rho2downiii[a, b]
k[a, b, r, y, 2] <k[b, b, P, y, 2] P*r2274) "~ (-1);
lambda2iv[a_, b_,r_,y ,z_] := (1-4 (1-b) (1-b) rho2upiv[a, b] © rho2downiv[a, b]
k(b, b, r, y, z] “k[b, b, r, y, Z] P*r2274) " (-1);
wbarbracket2upifa_, b_,r_,y ,z_] :=a”*2r~2z”4 (1-a)"2;
wbarbracket2upiifa_, b_,r_,y ,z_] :=a”2r”2z74 (1-a) (1-b);
wbarbracket2upiiifa_, b_,r_,y , z_] :=b”2r~2z74 (1-a) (1-b);
wbarbracket2upivia_, b_,r_,y ,z_] :=b”2r~2z74 (1-b)"2;
interlace2ifa_, b_,r_,y_, z_] := omega[a, a, r, y, z] ~omega[a, a, r, y, z] /
(omega[a, a, r, y, z] < omega[a, a, r, y, z] - wbarbracket2upifa, b, r, y, z]);
interlace2iifa_, b_,r_,y , z_] := omega[a, a, r, y, z] <omega[a, b, r, y, z] /
(omega[a, a, r, y, z] < omegal[a, b, r, y, z] - wbarbracket2upiifa, b, r, y, z]);
interlace2iiifa_, b_,r_,y_, z_] := omega[a, b, r, y, z] <~ omega[b, b, r, y, z] /
(omega[a, b, r, y, z] < omega[b, b, r, y, z] - wbarbracket2upiii[a, b, r, y, z]);
interlace2ivfa_, b_,r_,y_, z_] := omega[b, b, r, y, z] <~ omega[b, b, r, y, z] /
(omega[b, b, r, y, z] < omega[b, b, r, y, z] - wbarbracket2upiv[a, b, r, y, z]);

***VERIFY IINITIAL CASES of § \lambda_{m,n}$ for (1.59), via Verification of (*).

Factor[Simplify[lambda2i[a, b, r, y, z] - interlace2i[a, b, r, y, z]]]

Factor [Simplify[lambda2ii[a, b, r, y, z] - interlace2ii[a, b, r, y, z]]]

Factor[Simplify[lambda2iii[a, b, r, y, z] - interlace2iii[a, b, r, y, z]]]
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Factor [Simplify[lambda2iv[a, b, r, y, z] - interlace2iv([a, b, r, y, z]]]

We turn to the initial conditions for I-II. There are again four cases to
consider. We conform with the notation of (1.21) and (1.23). For the upward
cases we write the lower index m and the upper index m+3. For the downward
cases we write the upper index m + 2 and the lower index m — 1. The cases
are (1) m=f-2 m+3=Ff+1(12)m=Ff—-1, m+3=7f+2;(IL.1)
m+2=f+1, m—1=f-2,(ll.2) m+2=f, m—1= f—3. We use
direct calculation of g,;, m+-3 OF gm+2,m—1 for the upward and downward cases,
respectively. Besides the formulae (1.21) and (1.23), we use Ap mt2 given by
(1.58), where Wpm+1,m+2 = 1 by definition (1.44). Since the denominator of
Am,m+2 in each case is Wm m43 = Wmi2,m—1 by Lemma 1.3.8, we compute
Pmm+3 = (l/c)gm~,m+3wm._m+3 and Pmt2.m—1 = (l/c).qm-i-Z,m—lmm,m—f-S in
the upwards and downwards cases respectively. Schematically, since g[1] = 1,
we have p/p[1] = gw/w[1] = numerator /w([1], where numerator stands for
the stated formula without the denominator w. By cancellation of the II-
factors as in Remark 1.3.11, we match p/p[1] with (numerator/II)/(w[1]/H)
for verification by direct calculation.

***** Statements of Numerators (without constants) for Initial Cases $ n - m = 3 $ for Proposition 1.3.10, part /.

p3Ilfa_,b_,r_,y ,z_] :=

zxh[a, b, r,y, Z] xr*z"2xo0mega[a, a, I, y, z] ~omega[a, b, r, y, z];
p3I2[a_,b_,r_,y ,z_] :=zxh[b,b, r,y, z] xr+xz"2x*

omega[a, b, r, y, z] xomega[b, b, r, y, z];

*****

Verify Initial case (I.1)

Factor [Simplify[ (p3I1[a, b, r, y, z] / p3I1[a, b, 1, 1, 1]) -
(omega[a, a, r, ¥, z] *xrxz”~3 xtaufa, b, r,y, z] x(a/ (2-a)) » (1/a”2))]]

**** Verify Initial case (1.2)

Factor [Simplify[ (p3I2[a, b, r, y, z] / p3I2[a, b, 1, 1, 1]) - (omega[a, b, r, y, z] *
rxz”3 % (bxtau[b, b, r,y, z])x(a/ (a+b-axb))* (1/ (a*xb)))1]

***** Statements of Numerators (without constants) for Initial Cases $ n - m =3 $ for Proposition 1.3.10, part /.
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p3IIlfa_,b_,r_,y ,z_] :=
zxh[a, b, r,y, Z] *xr+z~2xomegala, b, r, y, z] <omega[b, b, r, y, z];
p3II2[fa_, b_,r_,y ,z_] :=zxh[a,a, r,y, z] xrx*
z~2 % omega[a, a, r, y, z] ~omega[a, b, r, y, z];

**** Verify Initial case (11.1)

Factor[Simplify[ (p3IIl1[a, b, r, y, z] /p3IIl[a, b, 1, 1, 1]) -
(omega[b, b, r, y, zZ] *xrxz”~3 xtaufa, b, r,y, z] x(a/ (2-b)) » (1/ (a*xb)))]]

**** Verify Initial case (11.2)

Factor[Simplify[ (p3II2[a, b, r, y, z] / p3II2[a, b, 1, 1, 1]) -
(omega[a, b, r, y, zZ] *xrxz”~3 % (axtaufa,a, r,y, z])*(a/ (a+b-axb)) *x (1/a”2))]]

We now proceed by induction on all cases of the proposition at once, where
we assume that all statements hold for g,, , and g, m with 2 <n —m < k,
for some k > 3. By the above we have established all the initial cases, k = 3,

22 Gregory J. Morrow

for this hypothesis; as noted earlier, the case n — m = 2 is trivial. We now
apply the formulae (1.24) and (1.25) to establish an induction step in each of
the upward I.1-2 and downward II.1-2 cases respectively. We are allowed to
use any of the statements of III by Remark 1.3.12. Notice that for the range
of indices we must now consider, in all cases n > f and m < f — 1, so by
(120)3 TmIn = (1 - &)((1 - b)

Consider first I.1. Let first (i) n+1 =m + k + 1, for some m < f — 2
and n > f + 1; there is another subcase (ii) n = f, that we handle as a
special case by direct calculation below. We rewrite (1.24) for easy reference:
(%) gm.n+1 = C19mnGm+1,n+1(gm+1,n) "> Am,n- In the definition (1.22) we have
by (1.18)~(1.20) that k[a, bl = k(a,a) = %=L, kla,b];, = k(b,b) = 220

w(a,a) *
Also, by Definition 1.3.1 and Proposition 1.3.2, 4pm npnm = H—(—bf%.L =

o1 s :]‘Fa jrar Therefore by (1.22) and the induction hypothesis 1.1, for g, n,

and II.1, for gn m, the expression (1) 1 — 1/Am.n, is written:
Y Ynab ab(2—a)(2—b) _ "fm'}'nazrgz?jJrﬂszﬂ{a,b)[aQT‘Z]E*z[bQTf]j*I

(1.59)
Now apply (1.38) and (1.45) to write z,, z(a,b) = b*2%72(a, b), and =, using
all but 4 powers of 2. So the numerator of the right member of (1.59) is

(@l n)(alln ] @(a,a)w(b,b) Im.ndnm T -
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simply the interlacing bracket [@],, ,, of Proposition 1.3.6 1. Thus, after writ-
ing Wnm = Wm+1,nt+1 by Lemma 1.3.8, and applying the bracket definition

(1.46), we have established that (1) is given by == "mmg'“%_i’“’:lmm“'“,

so (1.58) holds. Finally, apply (*) and the induction hypothesis 1.1 and
(1.58). Since the lower index m + 1 is the same in both the numera-
tor and denominator of the ratio g 41n+1/9m+1,n, We obtain, by L1 for
m+1< f—2orby L2 form+1= f—1, that gmti,nt1/gm+1,n =

FTT) T — gmnfmtintl UWmnWmilntyl _
cz[b‘r(b, b)]wm-i—lrn/wm*i—lm%—l' Thus, Imn+1 = C1 Ty Bt iBmiln

cz[br (b, b)][gm nWm,n]/Wm n+1. Hence by plugging in the numerator py, n 1=
9m nWm,n (ignoring the constants) from the induction hypothesis for 1.1, the
induction step for I.1(i), including (1.58), is complete by Remark 1.3.11.
To recapitulate, in general, there are two steps, where for the upward and
downward cases we conform to the recurrences (1.24) and (1.25), respectively.

1. Establish (1.58) by showing that the numerator in the analogue of the
right hand member of (1.59) gives a bracket [Wmn ( = [Wn,m) ) from
Proposition 1.3.6, for the parameters m,n of A, ,,.

2. Establish that when the induction hypothesis is applied, the condition

g PmnPm4lntl _ Pm4+l,nPmmnil = . . T

(w) pmﬁnp]gmﬂ,nu [1] Pt [l]p;q:n ] 0, is verified for I, and condition
n,mfn=1m=1 - n=1mbln,m=1 f— 3 3

@) o 2/ — ottty = O, is verified for J1

For all the remaining cases of the induction steps in I-II, including the subcase
I.1(ii), we proceed by direct calculation to check the details of the these 2
Steps. In Step 1 it is implicit that the factors of w(a, b) that occur variously
by substitution from factors k(a,b) in the formula for A,, ,, and also from

1 Persistent Gambler’s Ruin 23

the numerators of ¢,, ., and gn m, cancel one another in every case. This is
borne out in the direct calculations, where the pattern of substitutions from
the induction hypothesis is shown. By Remark 1.3.11, conditions (u)—(d) are

equivalent to showing, for the ratio p;‘—*l%*‘—l = czT, in the upward case,
™ PR
or p;“—~1”“1 = czT, in the downward case, that the factor of zr completes
n—-1,m

the form of the numerator P, n41 [resp. Pn,m—1] as one extra factor of the
numerator form py, n [resp. pn.m|. Here the factor 7 depends on subcases; it
is 7(a, b) in subcases I.1(ii), and in IL1(ii): n > f + 2, m = f — 1. We show
the pattern of substitutions for (u)-(d) in the direct calculations, [15]. O

****************** VERIFICATION OF BOTH STEPS 1 and 2 for the Proof of_Proposition 1.3.10.

******

Exact Formulae for Parameters in Definition of $ 1- 1/\lambda_{m,n}$.

Cases:

1.1(i): m\lef-2, n\gef+l

1.1 (ii): m\le f-3, n =f (apply induction hypotheses: IIl.1.1 for g_{m,n}, and 1.2 for g_{n,m}).
1.2: m=f-1,n\ge f+2.

IL1 (i): n\ge f+1, m\le f-2.

111 (ii): n \ge f+2, m = f-1 ( apply induction hyptheses: I11.2.1 for g_{n,m} and 1.2 for g_{m,n}).
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ym:= (1-a); yn:= (1-b);

kIliup[a_, b_,r_,y_, z_] :=k[a, a, r, Yy, z];
kIlidown[a_, b_,r_,y , z_] :=k[b, b, r,y, z];
kIliiup[a_, b_,r_,y , z_] :=k[a, a, r,y, z];
kIliidown[a_, b_,r_,y , z_] :=k[a, b, r, y, 2];
kI2up[a_, b_,r_,y_, z_] :=k[a, b, r,y, z];

kI2down[a ,b_,r_,y ,z_] :=k[b, b, r,y, z];
kIIliupfa_, b_,r_,y , z_] :=k[a, a, r,y, z];
kIIlidown[a_, b_,r_,y ,z_] :=k[b, b, r,y, z];
kirliiupfa_, b_,r_,y_, z_] :=k[a, b, r, y, z];
kIIliidown[a_, b_,r_,y ,z_] :=k[b, b, r,y, z];
kII2upfa_, b_,r_,y ,z_] :=k[a,a, r,y, z];
kII2down[a_, b_,r_,y ,z_] :=k[a, b, r,y, z];
Mup[a_,b_,7 ,j 1:=j+¢+x(b/a)-(£+j-1)=*b
nNdown[a_, b_, ¢ ,j_ ] :=j+1+({-1)*x(b/a)-(£+j-1) xb;
rhoIlupfa_, b_,7_, j 1 :=(1/2) +(b/a) /Nupla, b, ¢, jI;
rhoIldown[a_, b_, ¢_, j_] := (1/2) /ndown[a, b, ¢, j1;

rhoI2upfa_, b_,7_, j_1:=(1/2) %« (b/a) /nupla, b, ¢, jI;

rhoI2down[a_, b_, ¢#_, j_] := (1/2) /down[a, b, ¢, j1;
rhoIIlupfa_, b_,¢_,j_1:=(1/2)x(b/a) /Nupla, b, ¢, j1;
rhoIIldown[a_, b_, ¢/_, j_ ] := (1/2) /Odown[a, b, 7, j];

rhoII2upfa_, b_,¢_,j_]1 :=(1/2) »(b/a) /Nupla, b, ¢, j1;

rhoII2down[a_, b_, ¢_, j ] := (1/2) /0Odown[a, b, 7, j];

**** Statements of Exact Numerators for Proposition 1.3.10.
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pIifa_,b_, ¢ ,j ,r_,y_,z_] :=
(1/ (2-a)) omega[a, a, r, Yy, zZ] rxz” (j+¢) tau[a, b, r, y, z]
(axtaufa, a, r,y, z])*(/-2) (bx tau[b, b, r,y, z])*(j-1) (a*Tup[a, b, 7, j1);
pI2fa_,b_, ¢ ,j ,r_,y ,z_]:=(1/(a+b-axb)) omegala, b, r, y, z]
r+z~(j+1) (bxtau[b, b, r,y, z])~(j-1) (a*xTOup[a, b, 7, j1);
pIIifa_,b_, ¢ ,j ,r_,y ,z_]:=(1/(2-b)) omega[b, b, r, y, z]
r+z~(j+?¢) taula, b, r, y, z] (axtaufa, a, r,y, z])*(£-2)
(bxtau[b, b, r, y, z])*(j-1) (axIdown[a, b, ¢, j1);
pIr2fa_,b_, ¢ ,j ,r_,y ,z_]:=(1/(a+b-axb)) omega[a, b, r, y, z]
rxz~(¢) (axtaufa,a, r,y, z])*(£/-2) (axOdown[a, b, 7, j]);
pIIIlfa_,b_, ¢ ,j _,r_,y_,z_] :=(1/ (2-a)) omega[a, a, I, ¥, Z]
r«z”~(¢) (axtaufa,a,r,y, z])*(¢-2)* (/- (¢{-1) a);
pIIIiifa_,b_, ¢ _,j_,r_,y_,z_] :=(1/ (2-a)) omegala, a, I, ¥, z]
rxz”(¢) (a* taufa, a, r,y, z])*(¢-2) % (/- (¢{-1) a);
pIII2fa_,b_, ¢ ,3j _,r_,y_,z_] :=(1/ (2-b)) omega[b, b, r, y, z]
r+z”(j) (bx tau[b, b, r,y, z])*(3-2) (3j-(3-1) b);
pIri2ifa_,b_,¢_,j_,r_,y_,z_] :=(1/ (2-b)) omega[b, b, r, y, z]
r+z~(j+1) (bx tau[b, b, r,y, z])*(j-1) * (j+1-j=*b);

**** Exact Formulae for Numerators of $ 1- 1/\lambda_{m,n} $ in Right Hand Side of (1.59) under various Cases for the Induction Hypothesis.

Cases:

1.1(i): m\lef-2, n\gef+l (apply induction hypotheses: I.1 for g_{m,n},and Il.1 for g_{n,m}).
1.1 (ii): m\lef-3, n=f  (apply induction hypotheses: l1l.1.1 for g_{m,n}, and I1.2 for g_{n,m}).
1.2: m=f1,n\gef+2  (apply induction hypotheses: 1.2 for g_{m,n}, and Ill.2.1 for g_{n,m}).
111 (i): n\ge f+1, m\le f-2 (apply induction hyptheses: II.1 for g_{n,m}and I.1 for g_{m,n}).

111 (ii): n \ge f+2, m =f-1 (apply induction hyptheses: 111.2.1 for g_{n,m} and 1.2 for g_{m,n}).
12 n=f, m\lef-3 (applyinduction hyptheses: II.2 for g_{n,m} and Ill.1,1 for g_{m,n}).




Mathematica_calcs_persistent_gambler_ruin_2_strata_Apr_15_2018.nb | 43

numIlifa_,b_, ¢ ,j_,r_,y_,z_] :=
ym* yn % 4 rhoIlup[a, b, ¢, j] « rhoIldown[a, b, ¢, j] ~ kIliup[a, b, r, y, Z]
kIlidown[a, b, r, y, z] x pIl1[a, b, ¢, j, r, ¥, z] < pIIl[a, b, ¢, j, r, Yy, 2];
numIliifa ,b_, ¢ ,j ,r_,y , z_] :=ym* ynx4rholIlup[a, b, 7, j]
rhoIldown[a, b, ¢, j] < kIliiup[a, b, r, y, z] « kIliidown[a, b, r, y, z]
pIIIiifa, b, ¢, @, r, y, z] < pII2[a, b, ¢, 0, r, y, 2];
numI2[a_,b_,?¢ ,j_,r_,y_,z_] :=ym* yn#*4rhoI2up[a, b, ¢, j]
rhoI2down[a, b, ¢, j] < kI2up[a, b, r, y, z] © kI2down[a, b, r, y, z]
pI2[a, b, 1, j, r, y, z] « pIII21[a, b, 1, j, r, y, 2];
numIIlifa ,b_, ¢ ,j ,r_,y _, z_] :=ym* ynx4rholIlup[a, b, ¢, j]
rhoIIldown[a, b, ¢, j] < kIIliup[a, b, r, y, z] © kIIlidown[a, b, r, y, z]
pIi[a, b, ¢, j, r, y, z] < pIIl[a, b, ¢, j, r, Yy, Z];
numIIliifa_,b_,/_,j ,r_,y_, z_] :=ym#* ynx4rhoIIlup[a, b, ¢, j]
rhoIIldown[a, b, ¢, j] » kIIliiup[a, b, r, y, z] « kIIliidown[a, b, r, y, Z]
pIII2ifa, b, 1, j, r, y, z] © pI2[a, b, 1, j, r, y, z];
numII2[a_,b_, ¢ ,j_,r_,y_,z_] :=ymx ynx4rhoII2up[a, b, 7, j]
rhoII2down[a, b, ¢, j] < kII2up[a, b, r, y, z] « kITI2down[a, b, r, y, z]
pII2[a, b, ¢/, O, r, y, z] « pIII11[a, b, ¢, 0, r, vy, Z];

**** Formulae from Proposition 1.3.6.

bracketwbarlifa_,b_,? ,j ,r_,y_,z_] :=a*2r”2z”4 (1-a)
(1-b) xa[a, r, y, zZ]*(£-2) xxab[a, b, r, y, z] xxa[b, r, y, 2] (j-1);
bracketwbar2[a_,b_, ¢ _,j ,r_,y _,z_] :=
a*2r”2z”74 (1-a) (1-b) xal[a, r, y, z]*(¥-2) ;
bracketwbar3[a_,b_, /7 ,3j ,r_,y ,z_] :=

br2r~2z~4 (1-a) (1-b) xa[b, r,y, z]*"(j-1);

**** VERIFY STEP 1 of Induction Proof for Proposition 1.3.10.

**** Verify Induction Step 1. Case I.1(i).

Factor [Simplify[Simplify [numIli[a, b, ¢, j, r, y, z] / bracketwbari[a, b, ¢, j, r, y, 2],
Element [/, Integers]] , Element[j, Integers]]]

**** Verify Induction Step 1. Case .1(ii).

Factor [Simplify[Simplify [numIlii[a, b, ¢, @, r, y, 2] / bracketwbar2[a, b, ¢, 0, r, y, z],
Element [/, Integers]] , Element[j, Integers]]]

**** Verify Induction Step 1. Case 1.2.
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Factor [Simplify[Simplify[numI2[a, b, 1, j, r, y, z] / bracketwbar3[a, b, 1, j, r, y, z],
Element [/, Integers]] , Element[j, Integers]]]

**** Verify Induction Step 1. Case 11.1(i).

Factor [Simplify[Simplify[numIIli[a, b, ¢, j, r, ¥, z] / bracketwbari[a, b, ¢, j, r, y, z],
Element [/, Integers]] , Element[j, Integers]]]

**** Verify Induction Step 1. Case I1.1(ii).

Factor [Simplify[Simplify[numIIlii[a, b, 1, j, r, y, z] / bracketwbar3[a, b, 1, j, r, y, z],
Element [/, Integers]] , Element[j, Integers]]]

**** Verify Induction Step 1. Case I1.2.

Factor [Simplify[Simplify[numII2[a, b, ¢, @, r, y, z] / bracketwbar2[a, b, 7, 0, r, y, 2],
Element [/, Integers]] , Element[j, Integers]]]

**** VERIFY STEP 2 of Induction Proof for Proposition 1.3.10.

**** Step 2. Case l.1(i)(a) m\le f-3, n\ge f+1. p_{m+1,n+1}/ p_{m+1,n}=c z \tau(b,b) from I.1.

Factor [Simplify[ (pIl[a, b, ¢, j, r, Yy, 2] /pIl[a, b, ¢, j, 1,1, 1])
(pI1[a, b, -1, j+1,r,y, z] /pIl[a, b, -1, j+1,1, 1, 1]) -
(le[a) b: "1_' j: rsy, Z] /le[a: b: ’_15 j) 1) 1: 1])
(pIl[a, b, ¢, j+1,r,y, z] /pIl[a, b, ¢, j+1,1,1,1])]]

**** Step 2. Case L1(i)(b) m=f-2, n\ge f+1. p_{m+1,n+1}/ p_{m+1,n}=cz\tau[b,b), from 1.2

Factor[Simplify[ (pIl[a, b, 2, 1, r, y, 2] /pIl[a, b, 2,1, 1, 1, 1])
(pI2[{a, b, 1, 2, r, y, z] /pI2[a, b, 1, 2,1, 1, 1]) -
(pI2[a, b, 1,1, r, y, z] /pI2[a, b, 1, 1,1, 1, 1])
(pIl[a, b, 2, 2, r, y, z] /pIl[a, b, 2, 2,1, 1, 1])1]
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**** Step 2. Case L1(ii): m\lef-3, n=f  p_{m+1,n+1}/p_{m+1,n}=cz\tau[a,b) from I.1 and Il.1.1.

Factor [Simplify[ (pIIIl1[a, b, ¢/, @, r, y, 2] / pIIIll[a, b, ¢, 0, 1, 1, 1])
(pIlfa, b, ¢-1,1, r, y, z] /pIl[a, b, #-1,1,1, 1, 1]) -
(pIIIli[a, b, ¢-1,0, r, y, z] /pIIIll[a, b, ¢-1,0, 1, 1, 1])
(pIl[a, b, ¢, 1, r,y, z] /pIl[a, b, ¢, 1,1, 1,1])]]

Hkkk

tep 2. Casel.2: m=f-1, n\gef+2 p_{m+1,n+1}/p_{m+1,n}=cz\taulb,b) from IIl.2.

Factor[Simplify[ (pI2[a, b, 1, j, r, y, 2] / pI2[a, b, 1, j, 1, 1, 1])
(pIII2[a, b, 0, j+1, r, y, z] / pIII2[a, b, 9, j+1, 1,1, 1]) -
(pIII2([a, b, @, j, r, y, z] / pIII2[a, b, @, j, 1, 1, 1])
(pI2[a, b, 1, j+1, r, y, z] /pI2[a, b, 1, j+1, 1,1, 1])]]

**** Step 2. Case Il.1(i)(a): n\gef+2, m\lef-2. p_{n-1,m-1}/p_{n-1,m}=cz\tau[a,a) from II.1. [ \tau(a,b) cancels]

Factor[Simplify[ (pIIl[a, b, ¢, j, r, y, z] /pIIl[a, b, ¢, j, 1, 1, 1])
(pIIl[a, b, #+1, j-1,r,y, z] /pIIlfa, b, #+1, j-1,1,1, 1]) -
(pIIl[a, b, ¢, j-1, r,y, z] /pIIl[a, b, ¢, j-1,1, 1, 1])
(pIIl[a, b, #+1, j, r, y, z] /pIIl[a, b, #+1, j, 1, 1, 1]) 1]

**** Step 2. Case IL.1(i)(b): n=f+1, m\lef-2. p_{n-1,m-1}/p_{n-1,m}=cz\taula,a) from I1.2.

Factor[Simplify[ (pIIl[a, b, ¢, 1, r, y, z] / pIIl[a, b, ¢, 1, 1, 1, 1])
(pII2[a, b, +1, 0, r, y, 2] /pII2[a, b, ¢+1, 0,1, 1, 1]) -
(pII2[a, b, ¢, 0, r, y, z] /pII2[a, b, ¢, 0, 1, 1, 1])
(pIIl[a, b, ¢+1,1, r,y, z] /pIIl[a, b, ¢+1,1,1,1,1])]]

**** Step 2. Case IL.1(ii): n\ge f+2, m=f-1. p_{n-1,m-1} / p_{n-1,m} = c z\tau[a,b) from Il.1 and I11.2.1.

Factor[Simplify[ (pIII21[a, b, 1, j, r, y, z] / pIII21[a, b, 1, j, 1, 1, 1])
(pIIl[a, b, 2, j-1, r, y, z] /pIIl[a, b, 2, j-1,1,1, 1]) -
(pIII21[a, b, 1, j-1,r, y, z] /pIII21l[a, b, 1, j-1,1, 1, 1])
(pIIlfa, b, 2, j, r, y, z] /pIIl[a, b, 2, j, 1,1, 1])]]

Hokkk

tep 2. Casell.2: n=f, m\lef-3. p_{n-1,m-1}/p_{n-1,m}=cz\tau[a,a) from IIl.1.



