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28 Gregory J. Morrow

Proof (Corollary 1.1.5). We establish the joint generating function identity
in the unweighted case via a direct calculation. Let r, © and z belong to
the unit circle. By applying Corollary 1.3.18 with a = % we obtain the joint
generating function of runs, long runs, and steps by

K(3)ru,1/u,2] = {5 (16 — 422 4+ 4r22% + r22% — 2r2uz? 4+ r2u22t - 9),

with S given by § = 515555854, for:

S, =vV4+22+2rz+122 —ruz?, Sy =+4+2z2—2rz—rz2 + ruz?,
S3 =4 —22+42rz—rz22+ruz?, Sy =+v4—2z—2rz+r22—ruzl

On the other hand, with the very same main term S, we have
K()[u/r,1/u,rz] = £ (16 4+ 42% — 4r?2% + r?2* — 2r?uz? + r’u?2? - ).

The two generating functions differ by K (3)[ru, 1/u, 2] - K(3)[u/r,1/u,rz] =
322(r? — 1). The difference is mirrored only in the event that L = 2, when it
happens that R =2 and U = 0. Thus (1.8) holds for a = § and n > 2.
Perhaps the simplest way to obtain (1.8) for a # £ is to apply (1.8) for the
case a = 3. Consider an excursion path I' with L(I") = 2n and L(I")-R(I") =
2k. Then P,(I') = 3a%*(1 — a)?"~2%~1, Here R(I') — 1 = 2n — 2k — 1 counts
the number of turns in the path, so is the exponent of (1 — a) under P,.
Alternatively, L(I") — R(I") is the total length of long runs minus the number
of long runs in I, and this gives the exponent of a in P,(I"). If 2n > 4, then
by the first part of the proof there are exactly as many paths I" with the joint
information L(I") = 2n, L(I")—R(I") = 2k, and U(I") = ¥, as there are paths
I' with L(I"") = 2n, R(I"") = 2k, and U(I"") = £. Therefore, since for any
such path I/, the probability assigned by the probability measure P;_, yields
Pi_o(I") = 1a**"1(1—a)?"2*, we have that aP;_,(I") = (1—a)P,(I"),V I’
with L(I") > 4. Hence (1.8) holds. O

***** VERIFY $ K(\frac{1{2}) [ ru, 1/u, z] = \frac{1{16} (16 - 4 z"2 + 4 rA2 2/2 + "2 ZM4 - 2 rA2 u ZM +1A2 uA2 274 - S) §, by using Corollary 1.3.18. We do this in
two steps, first showing the square root; and second, squaring to remove the radical sign and obtain a nice factoization.

1
Fac‘tor‘[Expand[— (16-422+ar®22+r?2* - 2r7uz’ + r?u? 2%) -
16

2(1-(1/2)betaa[1/2, r+u, 1/u, z] - (1/2) alphaa[1/2, r+u, 1/u, z])”

A it o e A 1)
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1
Factor‘[Expand[(— (16-4z+ar*2?+r’2*-2r2uz’ + r?u?2%) -
16

2(1-(1/2)bmma[1/2,r*u,1/u,z]-(1/2)a1mwa[1/2,r*u,1/u,z]))A2”

1
— (—4—22—2r‘z—r‘22+r‘u22) (4+22—2rz—r22+r‘u22)
256

(4—22+2r‘z—r‘22+r‘u22) (-4+2z+2rz-rz?+ruz’)

FVERIFY $ K(\frac{1H{2})[ u/r,1/u, rz ]=\frac{1{16} (16 + 4 272 - 472 z"2+ A2 ZM4 -2 rA 2 u zM + A2 uM2 z7M4 -S ) §,
again in two steps, as in the previous computation.

1
Factor[Expand[— (16+42-ar’2?+r’2*-2r?uz’+ r?u? 2%) -
16

2(1-(1/2)ba3au/2,u/r,1/u,r*z]-(1/2)a1mmau/2,u/r,1/u,r*zn]]

1 1 2 1 1 1 1 1,2 2
—r222(1+—(1——]u22) +{1+r‘zz2 ———uz(—+—r‘2[1——] ZZ]]J
4 u 4 42 uz 4 u

Factor[

1
Expand[[— (16+42>-ar®22+r’2*-2r?uz®+r’u?2%) -2 (1- (1/2) betaa[1/2,u/r,
16

1/u,r*z]—(1/2)a1MwaH/2,u/r,1/u,r*zD)A2”

1
— (—4—22—2r‘z—r‘zz+r‘u22) (4+2z—2r‘z—r‘22+r‘u22)
256

(4—22+2r‘z—r‘22+r‘u22) (-4+2z+2rz-rz?+ruz’)

*****VERIFY that the squares, $ S22 §, of the two main terms of $ K(\frac{1}{2})[ ru, 1/u,z] $ and $ K(\frac{L{2})[ u/r, 1/u,rz]$ are equal.

1
Factor‘[Expand[(— (16-422+4ar’ 22+ r? 2 ~2r7uz’+ r?u? 2%) -
16

2(1-(1/2)betaa[l/2, rxu,1/u, z] - (1/2)alphaa[l/2,rxu, 1/u, z]))"z
1 2 2.2 2 _4 2 4 2 2 _4

—(— (16+42°-4r*2°+r*z'-2r°uz*+r*uz") -2 (1- (1/2)
16

bmmau/z,u/r,1/u,r*z]-(1/z)a1mwau/z,u/r,1/u,r*zD)A2”

FHAVERIFY that $ K(\frac{1}{2})[ ru, 1/u,z] - K(\frac{1}{2})[ u/r, 1/u, rz ] = \frac{1}{2} z*2 (r*2-1) §.
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1
Factor[Expand — (16-422+ar? 22+ r? 28 - 2r7uz* + PP % 2%) -

16

1
— (16+42°-ar’2?+r’ 28 -2r7uz* + r?u?2%) - (1/2) 272 (r"z-l)]]
16

1.4 Proofs of Theorems 1.1.1 and 1.1.6.

Proof (Theorem 1.1.1.). We fix t € R. All big oh terms in the proof will refer
to the parameter N — oo with implied constants depending only on a, b, and
t. Since, by [13], for fixed m > 0 and f ~ nN — oo, P(X; = 0 before X; =
f|Xy =m) — 1, we may assume that Xy, = 0. Let

—it(2—a—b)/((1-a)(1—b)N) it/((1-a)(1-B)N N
(1.73)
Since {(1+ 77)Xn+1} converges in distribution if and only if {Xx} does, by
(1.2) it suffices to establish that E{e®*(1t3)X~+1} = (), as N — oo, It is

clear that a(2 — a)zyha[rN,yn,2zn] = 1 a8 N — oo. Therefore , by (1.28),

rN =€ , YN ‘=€ ), zn = et/
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we must show that limy_,o go n[rn, YN, 2v] equals the limit in (1.3). By
Proposition 1.3.10 1.1, we have a formula for g, 5, and by Proposition 1.3.7
we have a formula for its denominator wg . The main work is in calculating
an asymptotic expression for wo x[rn, YN, 2N].

We now make substitutions analogous to (1.72), one for each stratum:

cos(61) := Ba/V/4Tq ; cos(fa) := By//4ws; (1.74)
Ba £ ag = Az Byt ap = AT, |

where all functions on the right sides of these expressions are composed with
[rn, YN, zn] of (1.73). Here we write v/4z, as a shorthand for the expression
2a27,; see (1.38). Note that the coefficients in (1.2) have been chosen such that
the first order term of the Taylor expansions about ¢ = 0 of the substitutions
cosl;[rn,yn, 2n] , j = 1,2, do in fact vanish in the following:

ztz

COSQI ]- + 3 (l b)z N2 + \EJ}; COSBZ = ]- + 2 (1 a)zl\ra + \(ri)) (1'?5)

where 0% and o2 are as defined in the statement of the theorem, and we
obtain (1.75) by direct computation. Therefore by (1.75), and by applying
the Taylor expansion of arccos(u) about © = 1, we find that #; and 6, are
both of order 1/N as follows:

0 =igTiy + R o =ig=iy + R (1.76)

*****DEFINE Parameters for Proof of Theorem 1.1.1, including Substitions.

E*(-Ixtx(2-a-b)/ ((1-a) (1-b)N));
yN[fa_,b_,t_,N_]:=E~(Ixt/ ((1-a) (1-b)N));

zN[a_, b_, t_,N_] :=E~(Ixt/N);

costhetal[a_, r_,y , z_] :=betaa[a, r,y, z]/ (2xa*xz+taul[a, a, r,y, z]);
costheta2[b_,r_,y ,z_] :=betaa[b, r,y, z] / (2*bxz*tau[b, b, r,y, z]);
sigmal[a_, b_] :=Sqrt[a-2axb+b"2];

sigma2[a_, b_] :=Sqrt[b-2axb+a”2];

rNfa_, b_, t_, N_] :

*FHVERIFY \cos\theta_1= 1+\frac{1}{2}\frac{\sigma_17{2} t"2}{(1-b)*2NA2}+\frac{O(1){NA3}; first formula of (1.75).

Collect[Normal [Series[costhetal[a, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]] -
(1+sigmal[a, b]~2t”2/ (2 (1-b) ~*2N~2)), {t, 0, 2}]11, N]

*FYVERIFY \cos\theta_2 =1+ \frac{1}{2}\frac{\sigma_2/{2} t"2}{(1-a)"2N"2} + \frac{O(1){N~3}; Second formula of (1.75).
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Collect[Normal [Series [costheta2[b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]] -
(1 +sigma2[a, b]~2t~2/ (2 (1-a)"~2N*2)), {t, 0, 2}]], N]

By Proposition 1.3.7,

Wo.n = d1(f)gn—5(b) + da(flwi_£(b). (1.77)

We focus ﬁrst on the coefficients d;(f), which are written in terms of w}(a)
a,nd w%,,(a) by (1.53). By (1.13) and (1.41), suppressing dependence on a,

1 wp )y +wy (g —xq5-1) = g5 (z, B) —wyzgs_1(z, B). Thus by (1.13),
a,nd (1 74),

wi(a) = 2ia, 'azr,)’ {sin f0, — /Taw(a) sin(f — 1), }

w1 (a) = 2ia; Hazr,)’ \/z, {sin(f + 1)0; — \/z,w(a)sin £6, } ; (1.78)

with verification by direct algebra for g(z4,8.) = 2ia, laz7,)’ sin(f6:),
and with \/z, to stand for a factor of [az7,]. Next write f; := f + 1, and
f- = f — 1. Also denote

e; = e;j(f) = dii(] ) i=1,2, for A, := 2ia; [azr]f = (sin6;) [azr] 1,

(1.79)
since ag = iv4x,sinf; = 2iazt,sinf,. By (1.78)—(1.79) and direct algebra,
we can write expressions for the e; through (1.53) as follows.

*********** ALGEBRA for (1.78) ****++sss
LEGEND: s0 =\sin((f-1) \theta_1), s1=\sin(f\theta_1), \sqrt{x_a}=az\tau, w=w_0"*}a).

****** Algebra for First Line of (1.78).

Factor [Simplify [Simplify[(a*z % T) "~ (f) (s1) -
Wx (@a*ZxT)"2 (@a*xZ*xT) N (f-1) % (sO) - (a*Z*xT) (Ff) *» (S1-W*x (A*xZ*T) »SO),
Element [f, Integers]], Element [x, Positive]]]

******** Algebra for Second Line of (1.78).

Factor [Simplify [Simplify[(axz*xtT) A (f+1) (S1) -w*x (a*xzxtT) 2 (@a*xzxtT)”(f) » (sO) -
(@xz*xt)™(Ff) (A*xZ*T) *» (S1-W*x (@a*Z*xT) »SO),
Element[f, Integers]], Element [x, Positive]]]
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30 Gregory J. Morrow

e; = (i1 — pj2xewg(a))sin fO1 + /T4 [pj,28in f101 — pj1wg(a)sin f_64].
(1.80)

sxxxxxxxxranss Alacbra for (1.80)
LEGEND: s0=\sin((f-1) \theta_1) ; s1=\sin(f \theta_1); s2=\sin((f+1) \theta_1); A=\mu_{j,1}; B=\mu_{j,2}.

Factor [Simplify[A (s1-Sqrt[x] wxs0@) +B xSqrt[x] (s2-Sqrt[x] *wxsl) -
((A-B*Xx*W) s1+Sqrt[x] (Bxs2-Ax*w=#s0@)), Element [x, Positive]]]
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Next we apply the trigonometric identity for the sine of a sum or difference
to sin f,60; = sin(f +1)0; and sin f_6; = sin(f —1)0; in (1.80). At this point
we also introduce some abbreviations to keep the notation a bit compact.
Thus write

s1 :=sin ffy; c; := cos f0;. (1.81)

We rewrite (1.80), with abbreviation w} = w{(a), by collecting terms with a
factor /z,. Thus for each j =1, 2,

ej = (1)1 = Hj2Tawj)s1 (1.82)
+/Tq {1j,2(81 cosby + ¢y 8in b)) — p; ywi(s; cosfy — ¢y sinfy)}.

We introduce a book-keeping notation for the coefficient ¢; of the variable
x; in square brackets, within a linear expression ), t;x; in parentheses:
[x;] (32, tixi) = t;. Our method for e; is to asymptotically expand [s1](e;)
and [c1sin6](e;) by (1.82). We will treat sin 6, separately from the asymp-
totic expansions of the other terms due to the convenient fact that, by (1.76),
we have sinf; = 0; + O(N—?), and this will suffice for our purposes. Note
that by (1.76) and (1.81), and f ~ nN, s; and c; are both O(1). Further,
by direct calculation, p; ; are polynomial, and gj(a) and wg(a) only involve
negative powers of 7,, where 7,[1] = 1. Thus the Taylor expansions of [s;](e;)
and [c, sinf,](e;) about ¢ = 0 are well behaved.

We next find reduced expressions for the terms g3, _;(b) and wy,_;(b) of
(1.77). The approach is as above, but now with b in place of a, N — f in
place of f, and using the second substitution 3 in (1.74). Similar to (1.79)
we introduce

gt = qr‘—'ﬁ_fz(—b), w* = '"‘“—J;lf—z(b) Ay = 2iay ' bary)V—f = (sinfy) 1 [bzr| V-1

(1.83)
Similar as for (1.78), by (1.13) and both lines of (1.41) applied in turn, and
(1.83),

q* = y2 Si]:l(N — f)gg = \/:B_bqs (b) SiI](N — f — 1)92, (1 84)
w* :=sin(N — f)f; — /zpwy(b) sin(N — f — 1)0,. '

Introduce abbreviations also for the second stratum sines and cosines:
89 1= sin(IN — f)f2; co :=cos(N — f)0s. (1.85)

We illustrate the book-keeping method by expanding sin(N — f — 1)f; =
s cos B2 — ¢ sin 6, to obtain by (1.84),

[82] (¢%) = ¥* — /Zvgi; (b) cosb2; [casinby] (¢*) = /g5 (b); (1.86)
[s2] (w*) =1 — /zpwg(b) cosbz; [casinby] (w*) = \/zpw( (D). (1.87)
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To handle the asymptotic expansions for the four terms on the right side of
(1.77), we expand the coefficients of s, c;sin#;, se, and c;sin 6y by direct
computation and thereby find

/Elf/fz =O(N2)+ [(-(1 —a)(1 —b) + 2(1 — ab) &) s1] [(1 + %%) Sz} -

[(1 —a— %%) s1 +acy sinﬁl} [(1 —b— w%) So +ngSiI’192}
(1.88)

*xxeex Define e_1, with s1=[ \mathbf{s}_1] and c1sin := [ \mathbf{c}_1 \sin \theta_1] as auxiliary variables.

elfa_,b ,r_,y ,z_,sl_,clsin_] :=
(mil1[a, b, r, y, z] -mi12[a, b, r, y, z] < xa[a, r, Yy, z] <wlstara[a, r, y, z]) sl1+
axzxtau[a, a, r,y, z] (m2[a, b, r, y, z] (sl % costhetal[a, r, y, z] + clsin) -
mil[a, b, r, y, z] ©w@stara[a, r, y, z] (sl costhetal[a, r, y, z] - clsin));

Frwwmweooe Expand e1[ N, yN, zN |

Collect[
Factor[Collect [Normal[Series[el[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N],
s1, clsin], {t, @, 1}11, s1]], N]

sl (-2it+21abt)
N

-(1-a-b+ab) s1-

*xekxx Order 1 term of [s1](el):

Factor[- (1-a-b+ab) s1]

—(-1+a) (-1+b) s1

*xxxxx Order 1/N term of [s1](el):

sl (-2it+21abt)
Factor[— ]
N

21 (-1+ab)slt

N

*xxxxx Order 1 term of [c1\sin \theta_1](el) is zero .
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Factor[Q]

2i (-1+ab) t

“**CONCLUSION: e_1=[-(-1+a) (-1+b) - Is1 +0O(NM-2})

Frxrxkkxek DEFINE s2qgstar := [s2](qA{*}), c2singstar :=[\mathbf{c}_2 \sin \theta_2](q*{*}),
s2wstar := [s2](wA{*}) , c2sinwstar :=[\mathbf{c}_2 \sin \theta_2](w{*}).

s2gqstar[a_, b_,r_,y _,z_] :=

y*2-bxzxtau[b, b, r, y, z] ©x g@stara[b, r, y, z] © costheta2[b, r, y, z];
c2singstarfa_, b_,r_,y ,z_] :=b*z=«tau[b, b, r, y, z] ©g@stara[b, r, y, z]
s2wstar[a_, b_,r_,y_, z_] :=

1-bxzxtaul[b, b, r, y, z] ~wlstara[b, r, y, z] < costheta2[b, r, y, z];
c2sinwstarfa_, b_,r_,y ,z_] :=b=xz=xtau[b, b, r, y, z] xwlstara[b, r, y, z];

Frwxxkkaaxx Expand s2qgstarf rN, yN, zN ]

Collect[Factor[Collect [Normal[Series[
s2qstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]], {t, @, 1}]1, t]1, N]

2it
[
(-1+a) N

***+%% Order 1 term of [s2](qM{*}) :

Factor[ 1 ]

wRRRRR O ar l/N term of [SZ](Q'\{*}) N

21t
Factor‘[ -—]
(-1+a)N
21t
(-1+a)N

Frwxxekaxxk Expand [c2 \sin theta_2 (g M*})[ rN, yN, zN ]

Collect[Factor[Collect [Normal[Series[
c2singstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]], {t, @, 1}]], t]1], N]

2ibt

(-1+a) (-1+b) N
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*xxxx* By inspection of the above, the order 1 term of [c2 \sin theta_2](q"{*}) is zero.

2it

- Af*) = B
CONCLUSION g/{*} =[1+ L

]s2 +O(NM-2})

*x*xx* DEFINE e_2, with s1=[\mathbf{s}_1] and clsin := [ \mathbf{c}_1 \sin \theta_1] as auxiliary variables.

e2fa_, b ,r_,y ,z_,sl_,clsin_] :=
(m21[a, b, r, y, z] -m22[a, b, r, y, z] xxa[a, r, ¥, z] ~wlstara[a, r, y, z]) sl1+
axzxtaul[a, a, r, y, z] (m22[a, b, r, y, z] (sl *costhetal[a, r, y, z] + clsin) -
m21[a, b, r, y, z] «w@stara[a, r, y, z] (sl costhetal[a, r, y, z] - clsin));

Frwxmaeeer Expand e2[ rN, yN, zN |

Collect|
Factor[Collect [Normal [Series[e2[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N],
s1, clsin], {t, @, 1}]11, s1]1, N]

1

(-aclsin+abclsin-sl+asl+bsl-absl) +
-1+b

(ia®clsint-iabclsint-ia*slt+iabsit)/((-1+b)N)

*eRxx Order 1 term of [s1](e2):

—51+asl+b51—absl]
-1+b

Factor‘[

~(-1+a) sl

*eexx% Order 1/N term of [s1](e2) :

-ia’slt+iabsit

Factor[ ion ]

1a(-a+b)slt

(-1+b)N

*xxxxx Order 1 term of [c1\sin \theta_1](e2):

-aclsin+abclsin ]

Factor‘[
-1+b

aclsin

ia(-atb) t

*** CONCLUSION: e_2 =[ (-(-1+a)+
(-1+b) N

)sl+acl\sin]+O(NA{-2}).

wexxeessessespynand [s2)(wA*})[ N, yN, zN ]
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Collect[Factor[Collect [Normal[Series[
s2wstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]], {t, @, 2}]], t]1, N]

(2-4a+2a’°-2b+4ab-2a%b) /(2 (-1+a)%) +
(-4ibt+6iabt-2ia’bt+2ib’t-2iab’t) /(2 (-1+a)>N)+
(2bt’-4abt’-7b*t*+8ab’t?+2b>t%) / (2 (-1+a)>N?)

***%%% Order 1 term of [s2](wA{*}):

Factor[ (2-4a+2a’-2b+4ab-2a’b)/(2(-1+a)?) ]

1-b

*RRRRR Ordar l/N term of [52](W/\{*}) :

Factor[ (-4ibt+6iabt-2ia’bt+2ib’t-2iab’t)/(2(-1+a)?N) ]

ib(-2+a+b) t

(-1+a) N

Frxxkkxaeeos Expand [c2 \sin theta_2 J[(wA{*})[ N, yN, zN ]

Collect[Factor[Collect [Normal [Series[
c2sinwstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]], {t, @, 1}]], t]1], N]

b(-2it+iat+ibt)
b +

(-1+a)N

Frxexxxx Order 1 term of [c2 \sin theta_2 J(wA{*})

Factor[ b]

** CONCLUSION wA{*} =[ (1-b - 22220 £y o5 4 b cosin ] + O(NA{-2}).

(-1+a) N
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Since, by (1.76), sin §; and sin 6, are of order 1/N, observe that the two terms
of order 1 on the right hand side of (1.88) are of form £(1 — a)(1 — b) and
therefore cancel. Also, since sinf; = 6; + O(N—3) for 6; are given by (1.76),
we substitute these relations into (1.88) and collect the order 1/N terms to
find by direct asymptotics that:

o it
Afjlv = {aO’1C1S2 + bogsicy + (b — a,)25152} = + O(N—2), (189)

We check the whole procedure for (1.89) by direct asymptotical analysis of a
formula for e;q* +e;w™*, with sin 6; replaced by the order 1/N term of (1.76).

Faxxkkxeoor DEFINE AUXILIARY Variables to handle the \sin \theta_{j}, by substituting main terms of (1.76)

Ix+siglxt/ ((1-b)N);
Ixsig2«t/ ((1-a)N);

sinthetalasymp[a_, b_, t_, sigl_, N_] :
sintheta2asymp[a_, b_, t_, sig2_, N_] :

Frk xRk kxR CALCULATION of \overline{w}_{0,N}/(\Lambda_1\Lambda_2) from (1.88)

Collect[
Normal[Series[(-(1-a) (1-b) +2 (1-a*xb) Ixt/N) (1+(2/(1-a)) Ixt/N)slxs2+
((1-a-(a(b-a)/ (1-b)) Ixt/N) sl+axclxsinthetalasymp[a, b, t, sigl, N])
((1-b-(b(2-a-b)/ (1-a)) Ixt/N)s2+
b * c2 * sintheta2asymp[a, b, t, sig2, N]), {t, 9, 1}]1], N]

1
—i (a*s1s2-2absls2+b’sls2+acls2sigl+bc2slsig2)t
N

Tk AUTOMATIC CALCULATION of \overline{w}_{0,N}/(\Lambda_1\Lambda_2)

Collect|
Factor [Normal[Series[el[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1, c1x*
sinthetalasymp[a, b, t, sigl, N]] % (s2 % s2qstar[a, b, rN[a, b, t, N],
yN[a, b, t, N], zN[a, b, t, N]] + c2 * sintheta2asymp[a, b, t, sig2, N] =
c2singstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]]) +
e2[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1,
cl x sinthetalasymp[a, b, t, sigl, N]] *
(s2 * s2wstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]] +
c2 x sintheta2asymp[a, b, t, sig2, N] * c2sinwstar[a, b,
rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]J]), {t, @, 1}1]1, N]

1
—i (a®sls2-2absls2+b’sls2+acls2sigl+bc2slsig2)t

N
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Now plug (1.89) into the formula for go x5 in Proposition 1.3.10, I.1, apply
Proposition 1.3.2, I to rewrite ITp n, and recall A; in (1.79) and (1.83) to
write

R = laic182 + boasicz + (b — a)?s182] § + O(N=2) )

(1.90)
Finally, to find the limit as N — oo of the expression (1.90), we substitute
(1.76) into the definitions (1.81) and (1.85), and again employ sinf; ~ 6;. We
note: limy 00 wala(2 — a)] " try2z%7(a,b)7, 1 = 1, since wy[1] = a(2 — a) and
7(a,b)[1] = 1. Since by assumption f ~ nN, we have [(N — f)a+ fb— (N —
1)ab] ~ N[(1 —n)a+nb— ab], and since by (1.76), 6,6 ~ iQ%f?N*Q,
by (1.90) we obtain, as N — oo,

waT(a, b)rz? sin 01 sin2[(N — fla+ fb— (N — 1)abd]
a(2 — a)1q

242 0103 (L—n)a+nb—ab
N (1—a)(1—Db) [aoic18; + bogsica + (b — a)?s;sy] %

go,N ™~

Here we use implicitly that sin(iz) = isinh(z) and cos(iz) = cosh(z), so that
by (1.76), (1.81) and (1.85), and by definition of k; and ks, s; ~ isinh(k;t),
j =1,2, and c; ~ cosh(k;t), j = 1,2. Thus we obtain, ngn go,N[T.SN,EN| =
@(t), for ¢(t) given by (1.3). O
Proof (Corollary 1.1.2). We now assume that a = b and consider the

random variable sY; y + tYa y defined by (1.4) in place of tXy in the
proof of Theorem 1.1.1. By the definition (1.4) we write sY; x + tYon =

+ (tﬁ}v + (=2)a-Coalipr ﬁl}j’v) . Accordingly, define

(I—a)
32 Gregory J. Morrow
Ts,t,N — ei((l—a)s—(?—a)t)/((l—a)N)’ ys,t,N = ei(t—s)/((l—a)N)’ Zs,t,N — Eit/N.
(1.91)

It suffices to prove that, for each fixed pair of real numbers s,t € R,
impy_so0 go,n (@, @)[rs,e, N, Ys,t,N 5 2s,¢,N] €xists and is given by the right side
of (1.5). Define 6 = 6, n via cos@ = 3,/+/4z,, where the functions 3, and
x, are composed with the complex exponential terms in (1.91). It follows by
making a direct calculation that

cosf =1+ % “‘“353*“*2 + (3\%); 0 =1Y (lfcj,z,sbratz + %é). (1.92)

****** DEFINE r_{s,t,N}, y_{s,t,;N}, z_{s,t,N}, and costhetaa :=\cos \theta, and also proposed thetaa :=\theta[ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ].



