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rstN[a_,s_, t_, N

_1:=E*(I((1-a)s-(2-a)t)/ ((1-a)N));

ystN[a_, s_, t_, N_] :=E~(I (t-s)/ ((1-a)N));

zstN[a_, s_, t_, N_] :=E~(Ixt/N);

costhetaala_, r_,y_, z_] :=betaala, r,y, z] / (2+xaxztau[a, a, r,y, z]);
Clear[thetaa]

thetaafa_, s_, t_, N_] :=IxSqrt[(1-a)s*2+axt"2]/N;

**** VERIFY first expression in (1.92) for \cos \theta [ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ]

Collect [Normal [
Series [Normal [Series [costhetaa[a, rstN[a, s, t, N], ystN[a, s, t, N], zN[a, s, t, N]] -
(1+(1/2) ((1-a)s"2+axt"2) /N"2), {t, 0, 2}]1], {s, @, 2}]], N]

3ias’t 21a’s’t ia’s?t 1. 2 2 as?t? 17 a2s? t2 5a’s?t?
- + +>-1a°st = + -
2 (-1+a) -1+a 2 (-1+a) 2 -1+a 4 (-1+a) 2 (-1+a)
+
N3 N

**¥** VERIFY second expression in (1.92) for \theta [ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ]

Collect [Normal[
Series [Normal [Series [Cos [thetaa[a, s, t, N]] - (1+(1/2) ((1-a) s*"2+axt~2) /N*2),
{t, 9, 3}11, {s, 8, 3}]1]1, N]

s (at?-a’t?)

12 N4

*** CONCLUSION: thetaa[ a,r, s, t, N] yields the correct expansion of \cos \theta [ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ] through order $N/{-3}$,
so there is no non-zero term of order $N*{-2}$ in the expansion of \theta [ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ] .
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Since the model is homogeneous, we need only apply the first line of (1.78)
with f := NN to obtain

wi(a) = (/z,sin0) " az7,|N {sin N0 — \/z,w}(a)sin(N — 1)0}. (1.93)

Expand sin(N — 1) = scos@ — csinf, for s := sin N6 and ¢ := cos Nf. Put
A = (sinf)az7,]V 1. After direct calculation we find 1 — /zZ,wg(a) =
1 —a+ O(N~1). Therefore by (1.93) we have

wi@) — g — \/T,wi(a)(scosf — csinf) = (1 —a)s + S8, (1.94)

Note that there is no cancellation of the order 1 term in (1.94) Now plug
(1.94) into (1.37) to obtain

Wa _1(N—(N —1)a)sinf

PN =0@2—a) "™ (1—a)s+ON-1)"

Finally apply the asymptotic expression for § in (1.92) and let N — co. O

******** EXPAND $ ( 1- \sqrt{x_b} w_07{*}(b) ) [ r_{s,t,N}, y_{s,t,N}, z_{s,t,N} ] $ to pass from (1.93) to (1.94).

Collect [Normal[
Series [Normal[Series[1-ax*zN[a, s, t, N] =« tau[a, a, rstN[a, s, t, N], ystN[a, s, t, N],
zN[a, s, t, N]] ~wOstara[a, rstN[a, s, t, N],
ystN[a, s, t, N], zN[a, s, t, N]], {t, @, 1}1], {s, @, 1}]1, N]

ias-ia’s-2iat+ia’t 3a’st-2a’st
1-a+ +
N N2
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Proof (Theorem 1.1.6). By the same reasoning given at the outset of the
proof of Theorem 1.1.1, we may assume that Xy = 0. By the fact that the
absolute value process starts afresh at the end of each excursion, we have that
14+ My is a standard geometric random variable with success probability
P(H > N). Thus

PMy=v)=[PH<N)"PH>N), v=0,1,2,.... (1.95)

Let Ly, Ry, and Vy, respectively, be random variables for the number of
steps, runs, and short runs, in an excursion, given that the height of the
excursion is at most N — 1. Therefore, in distribution, we may write:

Ry =Y MNRM) yy =My ye), £y = SMyYL0), (1.96)

where RO, R@ ..., VO V@ -+ and LY L@ ... respectively, are se-
quences of independent copies of Ry, V, and Ly. Since the random vari-
ables Ry, V, and Ly already have built into their definitions the condition
{H < N — 1}, the probability generating function Ky_; = E{rByyV~ Lr}
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is calculated by Theorem 1.3.16. Thus by (1.95), and by calculating a geo-
metric sum there holds:

Ve Lo , = , P(H>N
E{rRyy¥ zEnyMy} = S P(My = v) (uKn_1)" = lauP(H<(N)_KN)_1[r,y,z]'

v=0

(1.97)
We define (rn,yn, zn) by (1.73), and also set uy = e~ ite(b-a)/[(1-a)(1-b)N]
By (1.9), it suffices to show that limy_, o, E{et I T1/N)En41} — (1) /$(t); see
(1.102). We define #; and 62 by (1.74), so that also (1.75)—(1.76) hold. By the
statement of Theorem 1.3.16 we must replace the calculation of wg x, starting
with (1.77), with instead w; n+1. However, by (1.53), (1.62), and (1.77), the
difference in the two calculations is simply accounted for by replacing f by
f —1 in the calculation of Wy y, because j in (1.62) for @W; x4 is determined
byj=N+1—-f=N-(f-1),s0 A%ﬁl,NH = d1(f")g* + dao(f')w* with
f' == f —1 in place of f in both (1.53) and (1.83). This is reflected by
the fact that, by Lemma 1.3.8, W n+1 = Wn,0. We must now also calculate
Iy = dqtl(f)q}‘vﬁfﬂ(b) + dq?g(f)w}"v_ﬁ_l(b) given by Lemma 1.3.15, with
dg,;(f) = #i197_1(a) + pj2q3(a), §j = 1,2, defined by (1.61) in the proof of
Lemma 1.3.15. In summary, f' = f—1yields (1) gy = dg1(f'+1)gx_ 5 (b)+
dg2(f + 1)wy_;/(b). Thus, because we simply replace f by f — 1 in the
required substitutions, and since f ~ n/N, we will not change the name of f.
With this understanding, we may use the calculation of @y y in (1.77)-(1.89)
verbatim in place of the calculation of w; n41, and we will do this without
changing the names of e;, ¢*, w* and A;; see (1.79) and (1.83). Further with
this understanding, by (}), with f now recouping the role of f’, and with g*
and w* defined by (1.83), we have iq_w =d,1q¢" +dyw* for

dg.j = pj195(a) + K245 41 (a)- (1.98)
Here by (1.13), (1.41) and (1.74), in analogy with (1.78), we have

q}(a) = 2ia; HazT,)’ {y2 sin f0, — \/Z,q5(a) sin(f — 1)6‘1}
Q}+1 (a) = 2’*‘0&:1 [azm]f\/ﬂ {yz sin(f + 1)6; — \/ﬁqa (a) sin fgl} .

Denote €4 ; := dg /A1, and fi = f+ 1 and f_ as before. Therefore, by
(1.98)—(1.99),

(1.99)

eq = (Y1i1 — pj22gs) sin 01 + vz {y*pj 2 sin f101 — pj165 sin f—(ﬁ’l} 5
1.100
where z = z, and ¢ = g¢((a). Rewrite (1.100) by applying the notations
(1.81). Thus eg ; is written, with dependence on a suppressed, by

(Y2151 — 15,2%05)81 + /Z{y?pj2(s1 cos ) + ¢y sin b)) — pj195(s; cosf, — ¢y sin b))}
(1.101)

In summary, by (1.98), we have gy /(A142) = eq1q* + eq2w™, for €4, in

(1.101), and A; defined by (1.79) and (1.83).
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To guide the asymptotic expansions of (1.101) we rewrite (1.97) by sub-
stituting the last line of the proof of Theorem 1.3.16:

PH >N+ 1)w N1

= 3 3. -
win+1 — (1 — a)unriz8dn

E{et(+1/NXxiay (1.102)

It turns out that there is a cancellation in the order of the denominator of
(1.102). That is, the leading order of each of wy n41/(A142) and gy /(A1 42)
will be some order 1 trigonometric factor times it/N; in fact there holds
(1 —a)gy/wi,n+1 ~ 1, as N — oo. Define

Ay =W N1 — (1 — @)unTi2zXdy- (1.103)

By direct calculation we will establish that Ay /(A142) = O(N~2), and we
find the exact coefficient of the order N~2 term.

For the asymptotics of (1.101) we may still treat sinf; = 6, + O(N %) by
(1.76), but must render precisely the O(N ~2) term in cos6; = 1+O(N2) of
(1.75). In an appendix to [15], we display the many terms of the book-keeping
method for this problem. For the the present, we simply exhibit the asymp-
totics of (1.103) obtained by machine computation with sin §; substituted by
the corresponding order 1/N term of (1.76):

2
Aﬁl.?{z = (1Ea.)1(15b) t={—abo,oscico — a0y (a — b)2ci8; + a%o?s s} + %%1
(1.104)

Finally we compute the limit of the ratio (1.102) by the asymptotic
relations (1.74), and by (1.89) and (1.104). Thus, because by (1.64) and
Proposition 1.3.2 we have that P(H > N 4+ 1) ~ Co,pN"! for Cop =
ab/[(1 —n)a +nb — ab], we find E{e*(111/N)¥~n+1] is asymptotic to

CosN ™' {[acicy85 + bogsicy + (b— a)?s;s,)] % Ly O(N_z)}

- m[—abalagclq —ao,(a —b)%cisy + &20%8152]%‘; + %(J%l .
(1.105)
But, as in the proof of Theorem 1.1.1 we have c¢; ~ cosh(k;t), and s; ~
isinh(k,t), j = 1,2. Therefore, with Cy 5 := (1 — a)(1 — b)C,, we obtain
that (1.105) has the following limit as N — oo, where we refer to (1.3) and
statement of Theorem 1.1.6 for the definitions of ¢(t) and 9(¢):

« . iL bk 0 t Pt
Yo E{th(l—{-l/h)kﬂu;} _ Zab ( ﬂlgzjrﬂﬁzﬂ’l) % ¥(t) .
N-ro0 t &(t) aboio2

We have éa,b = abo,04/(ao1ky + boyk,), so the proof is complete. O

*******

DEFINE e_{q,1}, e_{q,2}, with auxiliary variables s1 and c1sin as in the proof of Theorem 1.1.1.
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Also define the centering term u_N.

eqlfa_,b_,r_,y ,z_,sl_, clsin_] :=
(y*2*mii[a, b, r, y, z] -ml2[a, b, r, y, z] “xa[a, r, y, z] < g@starala, r, y, z]) s1+
axzxtau[a, a, r, y, z] * (y*2*ml2[a, b, r, y, z] (sl *costhetal[a, r, y, z] + clsin) -
mlli[a, b, r, y, z] ¥~ g@starala, r, y, z] (sl costhetal[a, r, y, z] - clsin));
eq2[a_, b _,r_,y ,z_,sl_, clsin_] :=
(y*2+m21[a, b, r, y, z] -m22[a, b, r, y, z] xxa[a, r, y, z] < gq@stara[a, r, y, z]) sl1+
axzxtau[a, a, r, y, z] * (y*2*m22[a, b, r, y, z] (sl xcosthetal[a, r, y, z] + clsin) -
m21l[a, b, r, y, z] © g@staral[a, r, y, z] (sl costhetal[a, r, y, z] - clsin));
uNfa_,b ,t_ ,N_]:=E~((-Ixt*a(b-a))/ ((1-a) (1-b)N));

rxRkkeoas AUTOMATIC CALCULATION of the asymptotics of $ \Delta_{N}/(\Lambda_1\Lambda_2) [ N, yN, zN, uN ]$ for (1.104)

Collect|[
Factor [Normal [Series[el[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1, c1*
sinthetalasymp[a, b, t, sigl, N]] » (s2 x s2gqstar[a, b, rN[a, b, t, N],
yN[a, b, t, N], zN[a, b, t, N]] + c2 » sintheta2asymp[a, b, t, sig2, N] %
c2singstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]]) +
e2[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1,
cl x sinthetalasymp[a, b, t, sigl, N]] *
(s2 » s2wstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]] +
c2 x sintheta2asymp[a, b, t, sig2, N] *
c2sinwstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]])
- (1-a)uN[a, b, t, N] *rN[a, b, t, NJ*2xzN[a, b, t, N]*2 %
(eql[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1,
cl x sinthetalasymp[a, b, t, sigl, N]] * (s2 » s2qstar[a, b, rN[a, b, t, N],
yN[a, b, t, N], zN[a, b, t, N]] + c2 x sintheta2asymp[a, b, t, sig2, N] =
c2singstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]]) +
eq2[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N], s1,
cl x sinthetalasymp[a, b, t, sigl, N]] % (s2 * s2wstar[a, b, rN[a, b, t, N],
yN[a, b, t, N], zN[a, b, t, N]] + c2 » sintheta2asymp[a, b, t, sig2, N] %
c2sinwstar[a, b, rN[a, b, t, N], yN[a, b, t, N], zN[a, b, t, N]]1))

> {t, 0, 23111, N]

1 2 2 2
= a(-a®sls2+2a°bsls2-ab®sls2+

(-1+a) (-1+b) N?

a’cls2sigl-2abcls2sigl+b®cls2sigl+bclc2siglsig2) t?

Factor[-a (-a’s1s2+2a’bsls2-ab’sls2) / (sigmal[a, b]~2)]

a’sls2
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Factor[-a (a’cls2sigl-2abcls2sigl+b’cls2sigl)]

—a(a-b)?cls2sigl

Factor[-a (bclc2siglsig2)]

-abclc2siglsig2

*** CONCLUSION: we already distributed the factor (-a) from - ﬁ a . Hence \Delta_{N}/(\Lambda_1\Lambda_2) [ rN, yN, zN, uN ]
(-1+a) (-1+

2

= [a?sigl”2 s1s2 -a(a-b)2cls2sigl-ab clc2 siglsig2] +O(NA-3)).

(-1+a) (-1+b) N?

Corollary 1.4.1. Assume a = b. Define
Z1 = % (RN — ﬁVN +aMN) 1 o = % (EN — rla)RN + ﬁMN) — 7.

1 Persistent Gambler’s Ruin 35

Proof (Corollary 1.4.1). One simplifies the lines of proof Theorem 1.1.6. We
leave details in an appendix to [15]. O

Acknowledgements The author wishes to thank the referee who gave extensive sugges-
tions that led to many improvements in the presentation. The companion document [15]
would not have come into the public domain without the referee’s helpful (and exuberant!)
insight.
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1.5 Appendix

We display the explicit asymptotic expansions through order N2 following
from (1.82).

(s1l(e1) = —(1 — a)(1 — b) + 2(1 — ab) i + 2=a’ta>=Sab-c’bi20™2 £, O)

N (1—a)(1—b) Nz N3
(1.106)
a(b—a) i a(—a—5a*+2a°+8ab+4a’b+2b%—10ab?) 42 o1
[si](e2) =1—a— (14)) Nt — o 2(1—a)(1—b)2 )% + I\(T3)'
(1.107)

For the proof of Theorem 1.1.1 we do not require the explicit order N2 terms
in (1.106)—(1.107), but we display them because they are implicitly required
for the proof of Theorem 1.1.6. Again by (1.82) and direct calculation,

[c1sinB;](ey) = O—A(rél; [c1sinfy](e2) =a+ a(lb::) 4 %ﬁ—). (1.108)
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