11813, Proposed v Greg Onan, University of Colorado-Colorado Springs, Colorade
Springy, €. Let X be a set, and let = be a binary operation on X (that is, a function
from X = X to X). Prove or disprove: there exists in uncountable set X und o binary
operation # on X such that for any subsets ¥ and £ of X that are closed under #, cither
YCZorZ Y.

11814, Proposed by Cezar Lupu, University of Pinsbureh, Pitsburgh, PA. Let ¢ be a
continuously differentiable Tunction from [(, ] into =, with ¢ (() = O and ¢ (1) = 1,
and suppose tdut ¢g'{xv) # 0Tor 3 = v = L. Let f be a continuous function from {0, 1]
into [ such that f| f(v)dy = _[;,' (x) £ dv. Show that there exists # with 0 = 1 < |
such that [;, o) f () edv =0,

11815, Proposed by George Apostolapeidos, Messolongli, Greece. Let x, v, and - be
positive numbers such that v 4 v 4+ & = 3. Prove that

R R o R G S S B S N
— - ST SR + —— = 3_\-\-_-“

e | ¥y bl S |

L1816, Proposed by Sabin Tabirca, University College Cork, Cork. Ireland. Let ABC
be an acute triangle, and let 8 and C; be the points where the altitudes from B and
C interseet the circumenrcle, Let X be a point on are BC, and let B2 and Cs denote the
intersections of X B, with AC und XC with A, respectively, Prove that the line B.C,
conltains the orthocenter of ABC,

SOLUTIONS

If the Sum of the Squares is the Square of the Sum, . . .

1167|2012, 800, Proposed by Sam Norihshield, SUNY-Plaushurgh, Platisbureh, NY.
Show thut if relatively prime integers a. b. ¢, d satisty

1 J . k) 4
"+ e Fd =+ b+ d),
then |a + b + ¢| can be written as m* — nmr + n* for some integers m and n.

Serdutiom by Richard Stong, Center fir Conununications Research, San Diego, CA. Let
w = ¢>™'" be a primitive cube root of unity. Note that im” — mn + n° is the norm of
m + new in the number ring Zlew]. This rng is a umgue factorization domain. The
primes that split in this number ring are 3 and all primes congruent 1o | modulo 3.
Thus a positive integer can be written in the torm m* — a4 1” it and only if every
prime congruent to 2 modulo 3 divides it an even namber of times.

Letg =gedle+b+c.ad+b+d atct+d b+c+d)Nowila+b+d)+(a+
c+d) b+ o+ d) = 2a+ b+ ) = 3d and symmetrically, and stnee ged(a, b, ¢ d)
= |, g is a divisor of 3.

Thus tor any prime p congruent to 2 modulo 3 that divides o + b + . we can choose
oncofa-+b+d a+c+d and b+ c+d thatis not divisible by p. Rewriting the
given cquality as

(@+b+d)a+b+¢)=a —al—b) + (—=h)".

we see that p divides the right side with even multiplicity and hence dividesa + b+ ¢
with even multiplicity. By the remurks above, ¢ + # + ¢ can be written in the form
m* — i + n* for some integers nr and .
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