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a b s t r a c t

W.R. Scott characterized the infinite abelian groups G for which H ∼= G for every subgroup
H of G of the same cardinality as G [W.R. Scott, On infinite groups, Pacific J. Math. 5 (1955)
589–598]. In [G. Oman, On infinite modulesM over a Dedekind domain for which N ∼= M
for every submodule N of cardinality |M|, Rocky Mount. J. Math. 39 (1) (2009) 259–270],
the author extends Scott’s result to infinite modules over a Dedekind domain, calling such
modules congruent, and in a subsequent paper [G. Oman, On modulesM for which N ∼= M
for every submodule N of size |M|, J. Commutative Algebra (in press)] the author obtains
results on congruentmodules overmore general classes of rings. In this paper, we continue
our study.

© 2009 Elsevier B.V. All rights reserved.

1. Background

Throughout this paper, a ring R is always assumed to be commutative with identity and an R-module M is assumed
unitary.
In universal algebra, an algebra is a pair (X, F) consisting of a set X and a collection F of operations on X (there is no

restriction placed on the arity of these operations). In case F is countable and all operations have finite arity, then (X, F) is
called a Jónsson algebra provided each proper subalgebra of X has smaller cardinality than X . Such algebras are of particular
interest to set theorists. In set theory, a cardinal κ is said to be a Jónsson cardinal provided there is no Jónsson algebra
of cardinality κ . Many papers have been written on this topic; we refer the reader to [1] for an excellent survey of these
algebras.
In the early 1980s, Robert Gilmer and William Heinzer translated these notions to the realm of commutative algebra. In

[2], they define amoduleM over a commutative ring Rwith identity to be a Jónssonmoduleprovided every proper submodule
ofM has smaller cardinality thanM . They applied and extended their results in several subsequent papers [3–5]. The author
continued this study in [6] and [7].
Much earlier, W.R. Scott studied a more general type of algebraic structure. In particular, he classified the abelian groups

G for which G ∼= H for every subgroup H of the same cardinality as G in [8]. Note that every Jónsson abelian group trivially
possesses this property. In [9], the author extends Scott’s result to infinite modules over a Dedekind domain, and defines
such modules to be congruent. Note that every Jónsson module is trivially congruent. In [10], the author studies congruent
modules over more general classes of rings. Formally, an infinite module M over a ring R is called congruent if and only if
every submoduleN ofM of the same cardinality asM is isomorphic toM (note that every finitemodule is trivially congruent;
this is why we define the concept only for infinite modules). We also note that this notion has received attention in model
theory. In [11], Droste calls a structure S for a first-order language κ-homogeneous provided every two substructures of
cardinality κ are isomorphic. He then characterizes the κ-homogeneous structures (A, <) where A is a set, < is a binary
relation on A, and κ ≤ |A|.
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2. Preliminaries

We begin with several examples of congruent modules to initiate the reader.

Example 1. Consider the ring Z of integers as a module over itself. The submodules of Z coincide with the subgroups of Z.
Since every nontrivial subgroup of Z is infinite cyclic, it is clear that Z is a congruent Z-module.

Example 2. Let F be a field, and let κ be an infinite cardinal greater than |F |. Consider a κ-dimensional vector space V over
F (thus V has cardinality κ). Any subspaceW of V of cardinality κ also has dimension κ , whenceW ∼= V . It follows that V
is a congruent module over F .

Example 3. The direct limit of the cyclic groups C(pn), p a prime (the so-called quasi-cyclic group of type p∞, denoted
C(p∞)) is infinite, yet all proper subgroups are finite. Thus C(p∞) is a Jónsson (hence congruent) Z-module.

We now recall the author’s classification of the congruentmodules over a Dedekind domain, extendingW.R. Scott’s result
over Z.

Proposition 1 ([9], Theorem 1). Let D be a Dedekind domain with quotient field K , and let M be an infinite D-module. Then M is
congruent iff one of the following holds:
(1)M ∼=

⊕
κ D/P for some prime ideal P of D, and κ > |D/P|.

(2)M ∼= D/P where P is either a maximal ideal of D, or P = {0} and D is a PID.
(3) M ∼= C(P∞) = {x ∈ K/D : Pnx = 0 for some n > 0}, where P is a nonzero prime ideal of D such that the residue field

D/P is finite.

In what follows, we will make use of the following lemma.

Lemma 1 ([10], Proposition 1). Let R be a ring, and suppose that M is a congruent R-module. Then the following hold:
(1) If r ∈ R, then either rM ∼= M or rM = {0}.
(2) Ann(M) is a prime ideal of R.

Thus by modding out the annihilator, there is no loss of generality in restricting our study to faithful congruent modules
over integral domains.

3. An important class of congruent modules

In this section, we study a restricted class of congruent modules. After some work, we will obtain a structure theorem
characterizing the form of congruent modules in this class. This will ultimately allow us to obtain classification results for
congruent modules over a fairly large number of domains. We begin with a lemma.

Lemma 2 ([7], Lemma 3). Let M be an infinite R-module, and suppose r ∈ R, n ∈ N. Assume that rn annihilates M and let M[r]
denote the submodule of M consisting of the elements of M annihilated by r. Then |M[r]| = |M|.

We now recall the following definition.

Definition 1. LetM be a module over the ring R, and suppose that I is an ideal of R.M is said to be I-primary provided every
element ofM is annihilated by some power of I .

Using the lemma, we show that all faithful I-primary congruent modules must be countable.

Proposition 2. Let R be a domain, and suppose that M is a congruent faithful I-primary R-module for some nonzero ideal I of R.
Then M is countable.

Proof. Let R,M , and I be as in the statement of the proposition. Choose some nonzero r ∈ I . For each positive integer n, we
letMn denote the submodule ofM consisting of the elements ofM annihilated by rn. SinceM is I-primary, we see thatM is
the union of theMn’s as n ranges over the positive integers. Note that:

M1 ⊆ M2 ⊆ M3 . . . . (1)

Note also from Eq. (1) that for every positive integer n:

M[r] = M1 = Mn[r]. (2)

We claim that every Mn is finite. Suppose by way of contradiction that some Mn is infinite. It then follows from Lemma 2
that |Mn| = |Mn[r]|. But note from Eq. (2) above that this implies |Mn| = |M1|. Thus all theMn’s have the same cardinality.
SinceM is the union of theMn’s, it follows that |M| = |M1| · ℵ0 = |M1|. SinceM is congruent, this implies thatM ∼= M1. But
thenM is annihilated by r , contradicting the fact thatM is faithful. Thus everyMn is finite. SinceM is the union of theMn’s,
it follows thatM is countable. This completes the proof. �
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We now recall another definition.

Definition 2. A ring R is called Laskerian iff every ideal of R admits a primary decomposition.

It is well-known that every ideal of a ring Rwhich admits a primary decomposition admits an irredundant one in which
the radicals of the primary ideals in the decomposition are all distinct. It is alsowell-known that the Laskerian rings properly
include the class of Noetherian rings.
We are finally ready to introduce an important class of modules.

Definition 3. Suppose thatM is a module over the ring R. CallM an L-module iff R/Ann(m) is a zero-dimensional Laskerian
ring for everym ∈ M .

Our next goal is to describe the congruent L-modules. In Theorem 3.1 of [2], the authors show that if M is a countable
infinitely generated Jónsson module over a ring R, thenM is a torsion module andM is the strictly increasing union of finite
submodules each annihilated by a power of the same maximal ideal Q of R. Further, Q has finite index in R. We present
the following generalization (the first half of the proof follows closely Gilmer and Heinzer’s proof of Theorem 3.1 of [2])
characterizing the congruent L-modules.

Theorem 1. Let R be a domainwhich is not a field and supposeM is a faithful congruent L-module over R. Then there is amaximal
ideal J of R and a sequence of nonzero elements m1,m2,m3, . . . of M such that the following hold:
(i) R/J is finite.
(ii) Each cyclic module (mi) is finite and J imi = {0}.
(iii)M = (m1) ∪ (m2) ∪ (m3) ∪ . . ..
(iv) For each i, (mi) ( (mi+1).
(v)

⋂
∞

n=1 J
n
= {0}.

Proof. We assume that M is a faithful congruent L-module over the domain R and that R is not a field. For each maximal
ideal J of R, we let MJ denote the collection of elements m ∈ M such that J ⊆

√
Ann(m). It is routine to verify that MJ is a

submodule ofM .
We now let m be an arbitrary nonzero element of M . Since M is an L-module, R/Ann(m) is Laskerian. In particular, the

zero submodule {0} of R/Ann(m) admits an irredundant primary decomposition. Pulling this back to R, we see that Ann(m)
admits an irredundant primary decomposition. Thus:

Ann(m) =
n⋂
i=1

Qi (3)

where the Qi are primary ideals with distinct prime radicals. For each i, let Ji =
√
Qi. Since R/Ann(m) is zero-dimensional, it

follows that the Ji are distinct maximal ideals of R. For each j with 1 ≤ j ≤ n, let Ij :=
⋂
i6=j Qi (if n = 1, we let I1 = R). We

claim that nomaximal ideal J of R contains each Ij. This is clear if n = 1. Suppose that n > 1. If somemaximal ideal J contains
each Ij, then it is clear that J must contain some Qi,Qj with i 6= j (since J is prime, if J contains a finite intersection of ideals,
then it must contain one of the ideals in the intersection). But since J is prime, J must contain the distinct maximal ideals
Ji =
√
Qi and Jj =

√
Qj, which is clearly impossible. Since no maximal ideal contains each Ij, it follows that R = I1+ · · · + In.

In particular, 1 = x1+ · · · + xn with xj ∈ Ij for each j. Hencem =
∑n
i=1 xim. Now let j be arbitrary with 1 ≤ j ≤ n. We claim

that Qjxjm = 0. But this is clear from Eq. (3) and the definition of Ij. It now follows that xjm ∈ MJj . Sincemwas arbitrary, we
obtainM =

∑
α MJα , where the Jα range over the maximal ideals of R. We claim that this sum is direct. For suppose by way

of contradiction that for some nonzero m ∈ M , we have m ∈ MJ1 ∩ (MJ2 + · · · + MJn) where the Ji’s are distinct. We claim
that

J1 + (J2 ∩ J3 . . . ∩ Jn) ⊆
√
Ann(m). (4)

Note by definition that sincem ∈ MJ1 , J1 ⊆
√
Ann(m). Sincem ∈ MJ2+· · ·+MJn , we havem = m2+m3+· · ·mn where each

mi ∈ MJi . Hence Ji ⊆
√
Ann(mi) for each i, 2 ≤ i ≤ n. It follows easily that J2∩ J3∩ . . .∩ Jn ⊆

√
Ann(m2 +m3 + · · · +mn) =√

Ann(m), and (4) is established. Since J1 ⊆
√
Ann(m) and m 6= 0, we obtain J1 =

√
Ann(m). It now follows from (4) again

that J2 ∩ J3 . . .∩ Jn ⊆ J1. Since J1 is prime, we have Ji ⊆ J1 for some i, 2 ≤ i ≤ n. Since Ji is maximal, this forces Ji = J1. This is
a contradiction to the fact that the Ji’s are distinct. Thus the sum is direct, and:

M =
⊕
α

MJα . (5)

We now show that, in fact,M ∼= MJ for somemaximal ideal J . If there is somemaximal ideal J for which |M| = |MJ |, then
since M is congruent, M ∼= MJ and we are done. We assume by way of contradiction that each MJ has smaller cardinality
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than M . Fix some nontrivial submodule MJ . Since |MJ | < |M|, it follows from (5) that |M| = |
⊕
J ′ 6=J MJ ′ |. But then since M

is congruent, we see that:

M ∼=
⊕
J ′ 6=J

MJ ′ . (6)

Consider any nonzero element m of
⊕
J ′ 6=J MJ ′ . We may express m as m = m1 + m2 + · · · + mn for some elements

m1,m2, . . .mn with eachmi ∈ MJi and Ji 6= J . As above, it is easy to see that:

J1 ∩ J2 ∩ . . . ∩ Jn ⊆
√
Ann(m). (7)

Now choose any nonzero n ∈ MJ . By definition, we have J ⊆
√
Ann(n). Since n 6= 0, it follows that J =

√
Ann(n). From (6), it

follows that there is some element n′ ∈
⊕
J ′ 6=J MJ ′ such that J =

√
Ann(n′). But it now follows from (7) that J1∩J2∩. . .∩Jn ⊆ J .

Since J is prime and each Ji is maximal, we conclude that Ji = J for some i. This contradicts the fact that Ji 6= J for all i. Thus
we conclude thatM ∼= MJ for some maximal ideal J of R.
We now claim that M = MJ . Let ϕ : M → MJ be an isomorphism, and let m be a nonzero element of M . Since ϕ(m) is

a nonzero element of MJ , it follows that J =
√
Ann(ϕ(m)). Thus if j ∈ J , then jiϕ(m) = 0 for some positive integer i. But

then ϕ(jim) = 0. Since ϕ is injective, jim = 0 and j ∈
√
Ann(m). Since j ∈ J was arbitrary, we obtain J ⊆

√
Ann(m) and so

m ∈ MJ . Thus we have:

J =
√
Ann(m) for every nonzerom ∈ M. (8)

Since R is not a field, J 6= 0. Let j be a nonzero element of J . It is clear from (8) that M is (j)-primary. It now follows
from Proposition 2 that M is countably infinite. If any cyclic module (m) is infinite, then since M is congruent, we would
have M ∼= (m) and hence M ∼= R/I where I is the annihilator of (m) in R. Since M is faithful, this forces I = {0} and thus
M ∼= R. However, for any nonzero r ∈ R, the annihilator in R of (r) is {0} since R is a domain. But since M is an L-module,
this implies that R is zero-dimensional, whence a field. This is a contradiction to our assumption that R is not a field. Thus
each cyclic submodule (m) is finite, whence R/Ann(m) is finite for each m ∈ M . We now claim that M is J-primary. To see
this, consider an arbitrary nonzerom ∈ M . It follows from (8) that Ann(m) ⊆ J . Thus J/Ann(m) is a proper ideal of the finite
ring R/Ann(m). Since J =

√
Ann(m), it follows that J/Ann(m) is nilpotent. In particular, there exists a positive integer n such

that Jn ⊆ Ann(m). Thus every element ofM is annihilated by a power of J .
For each positive integer i, letMi denoted the collection of elements ofM annihilated by J i. Clearly we have:

M1 ⊆ M2 ⊆ M3 . . . . (9)

SinceM is J-primary, the union of these modules is preciselyM . We claim:

EachMi is finite. (10)

If not, then sinceM is congruent and countable, this would imply thatM ∼= Mi for some i. In particular,M is annihilated by
J i. ButM is faithful and J 6= {0}, so this is impossible.
We next show that Mi = Mi+1 implies that Mi+1 = Mi+2. So suppose that Mi = Mi+1 and let m ∈ Mi+2. Then

Jm ⊆ Mi+1 = Mi. Since Jm ⊆ Mi, J iJm = {0}, and hence m ∈ Mi+1, which was to be shown. Since each Mi is finite, but
M is infinite, this proves that we cannot haveMi = Mi+1 for any i (lestM = Mi). Hence we see that

Mi ( Mi+1 for each i. (11)

In addition, we claim:

M1 is nonzero. (12)

In any case, M2 must be nonzero since M1 ( M2. Choose any nonzero m ∈ M2. If m is annihilated by J , then m ∈ M1.
Otherwise there exists some j ∈ J with jm 6= 0. Then jm is annihilated by J and jm ∈ M1.
We now letM0 := {0} and for every positive integer n, we let Ln = Mn−Mn−1. We form a graph as follows. Let X be a set

of generators for J , and let the vertex set V beM . We draw an edge between an elementm of Li and an elementm′ of Li−1 iff
xm = m′ for some x ∈ X . It follows from (10)–(12) that each Li is finite and nonempty. We now claim:

For i > 1 andm ∈ Li, there is an x ∈ X with xm ∈ Li−1. (13)

To see this, let i > 1 and m ∈ Li be arbitrary. Note trivially that for any x ∈ X , xm ∈ Mi−1. Suppose by way of contradiction
that for all x ∈ X , xm 6∈ Li−1. Since Li−1 = Mi−1−Mi−2, it follows that for every x ∈ X , xm ∈ Mi−2. Thus by definition, for every
x ∈ X , J i−2xm = 0. Since X generates J , it follows that J i−1m = 0. But thenm ∈ Mi−1, contradicting thatm ∈ Li = Mi−Mi−1.
We may now invoke König’s Lemma to obtain a sequence of elements of M: m1,m2, . . . such that each mi ∈ Li and for

each i there is some x ∈ X with xmi+1 = mi. Since M is congruent and countable, we may assume that M is generated by
these elements. In particular,M can be expressed as the strictly increasing union:

(m1) ( (m2) ( (m3) . . . . (14)
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Lastly, sinceM is J-primary and faithful, we see that
⋂
∞

i=1 J
i
= {0}. Since (m1) is nonzero, finite, and annihilated by the

maximal ideal J , it follows that R/J is finite. This completes the proof. �

For brevity, let us call a pair (M, J) consisting of a faithful congruent moduleM over a domain D and a maximal ideal J of
D satisfying conditions (i)–(v) of Theorem 1 special.
To showcase the utility of this theorem, we will give a description of the countable congruent modules over an arbitrary

ring. To do this, we need a result from an earlier paper.

Lemma 3 ([10], Theorem 2). Let R be a ring, M an infinite torsion-free R-module. Then M is congruent iff M ∼=
⊕

κ R where κ is
a cardinal and one of the following holds:
(1) κ = 1 and R is a principal ideal domain.
(2) κ is infinite, κ > |R|, and R is a Dedekind domain.

Corollary 1. Let D be a domain, and let M be a countable, faithful congruent module over D. Then one of the following holds:
(a) D is a principal ideal domain and M ∼= D.
(b) D is a finite field and M ∼=

⊕
ℵ0
D.

(c) There exists a maximal ideal J of D such that (M, J) is special.

Proof. We assume that D is a domain and thatM is a countable, faithful congruent module over D. Suppose first that there
exists somem ∈ M such that the cyclic module (m) is infinite. SinceM is congruent, we haveM ∼= (m). SinceM is faithful,
it follows thatM ∼= D. It now follows from Lemma 3 that D is a principal ideal domain, and (a) holds. Thus we may suppose
that every cyclic submodule (m) is finite. We suppose now that D is a field. If D is a finite field, then clearly (b) holds. If D
is an infinite field, then by Lemma 3, (a) holds. Thus we now assume that every cyclic submodule of M is finite and that D
is not a field. Hence D/Ann(m) is finite for every m ∈ M . This implies that D/Ann(m) is zero-dimensional and Noetherian,
hence Laskerian. It follows from Theorem 1 that (c) holds and the proof is complete. �

4. Congruent modules over Noetherian rings

As stated in the introduction,W.R. Scott classified all congruentmodules over the ringZ of integers. In particular, the only
non-free faithful congruent abelian groups are the (injective) quasi-cyclic groups C(p∞). The author classified all injective
congruent modules over an arbitrary Noetherian domain in [10]. Recall that a domain D is an almost DVR provided the
integral closure D of D is a discrete valuation domain which is finitely generated over D.

Proposition 3 ([10], Theorem 7). Suppose D is a Noetherian domain which is not a field, and M is an infinite (faithful) injective
module. Then M is congruent iff M ∼= E(D/J)where J is a maximal ideal of D, D/J is finite, DJ is an almost DVR, and E(D/J) is the
injective hull of D/J .

Recall from Proposition 1 that all faithful uncountable congruent modules over a Dedekind domain are free. We now
apply the results of the previous section and The Generalized Continuum Hypothesis to show that for a very large class of
Noetherian domains, all faithful congruent modules are free. In particular, we prove the following theorem:

Theorem 2. The following is consistent with ZFC: Suppose that D is an uncountable Noetherian domain such that |D| is not the
successor of a cardinal of countable cofinality. If M is a faithful congruent module over D, then M is free and D is Dedekind.

We begin with two new definitions.

Definition 4. Let R be an infinite ring, and let I be an ideal of R. Call I large provided |R/I| < |R|.

Definition 5. Let R be a domain. Call R an LPM domain iff R is Noetherian and every large prime ideal of R is maximal.

It turns out that the class of LPMdomains has several nice closure properties. For example, this class is closed under factor
rings, quotient rings, and finite integral extensions. As wewill not make explicit use of these facts, we do not present a proof
of this assertion. An important question which will be explored soon is the question of which Noetherian domains are LPM
domains. We will have a considerable amount to say about this shortly. We first prove a theorem analogous to Corollary 1
of the previous section. We will need the following lemma to complete the proof. We recall that an infinite R-moduleM is
large if it has cardinality larger than that of R.

Lemma 4 ([10], Theorem 6). Let D be a Noetherian domain and suppose that M is a large faithful congruent module over D. Then
D is a Dedekind domain and M ∼=

⊕
|M| D.

Proposition 4. Let D be an LPM domain, and suppose that M is a faithful congruent module over D. Then one of the following
holds:
(a) D is a principal ideal domain and M ∼= D.
(b) D is a Dedekind domain and M ∼=

⊕
κ D for some infinite cardinal κ > |D|.

(c) (M, J) is special for some maximal ideal J of D.
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Proof. We suppose that D is an LPM domain and that M is a faithful congruent module over D. If M has cardinality larger
than that of D, then we see that (b) holds from Lemma 4. Thus we assume that |M| ≤ |D|. If D is a field, then it follows from
Lemma 3 that (a) or (b) holds. Thus we assume that D is not a field. Suppose there exists anm ∈ M with |(m)| = |M|. Since
M is congruent,M ∼= (m). SinceM is faithful,M ∼= D. It follows from Lemma 3 that D is a PID and thus (a) holds. Hence we
now suppose that |(m)| < |M| for everym ∈ M . Consider an arbitrary nonzero elementm ∈ M . Then we have:

|D/Ann(m)| = |(m)| < |M| ≤ |D|. (15)

Since D is Noetherian, D/Ann(m) Laskerian. We claim that D/Ann(m) is zero-dimensional. Let P be any prime ideal of
D containing Ann(m). We must show that P is maximal. Simply note that |D/P| ≤ |D/Ann(m)| since Ann(m) ⊆ P . It now
follows from (15) that |D/P| < |D|. Thus P is a large prime ideal of D, whence is maximal since D is an LPM domain. ThusM
is an L-module, and it follows that (c) holds from Theorem 1. This completes the proof. �

It is now of interest to know how abundant LPM domains are. It is easy to see that every countable Noetherian domain
D is an LPM domain: for if P is a large prime of D, then D/P is finite, whence a field. Thus P is maximal. It is also easy to see
that not every Noetherian domain is an LPM domain. In fact, there exist Noetherian domains of arbitrarily large cardinality
which are not LPM domains. Recall that the cofinality of an infinite cardinal κ , cfκ , is the least cardinal α such that κ can be
expressed as the union of α smaller cardinals. It is well-known that if κ is any infinite cardinal, then κ < κcfκ (see Theorem
3.11, p. 33 of [12]). Let a be an arbitrary ordinal. Clearlyℵa+ω has cofinalityω. Let F be a field of cardinalityℵa+ω . The ground
set of the power series ring F [[x]] consists of all functions f : ω→ F . Thus |F [[x]]| = |F |ℵ0 = (ℵa+ω)ℵ0 > ℵa+ω . Note that
F [[x]]/(x) ∼= F and thus |F [[x]]/(x)| = ℵa+ω . Let R = F [[x]], let P = (x), and consider the Noetherian domain R[y]. Note
that |R[y]| = |R| = |F [[x]]|. Now observe that R[y]/P[y] ∼= (R/P)[y]. Hence |R[y]/P[y]| = |(R/P)[y]| = |F [y]| = |F | <
|F [[x]]| = |R[y]|. Thus P[y] is a large prime of R[y] which is not maximal since R[y]/P[y] is not a field. We would like to
thank Alan Loper and Keith Kearnes for their ideas which contributed to the construction of this example.
We will show, assuming The Generalized Continuum Hypothesis, that for many cardinals κ , all Noetherian domains of

cardinality κ are LPM domains. We recall that The Generalized Continuum Hypothesis (GCH) is the assertion that for every
infinite cardinal κ , there is no cardinal properly between κ and 2κ . It iswell-known that GCH is neither provable nor refutable
from the standard axioms of ZFC. One consequence of GCH is that cardinal exponentiation becomes trivial. The following
result is Theorem 5.15 of [12]. Note that κ+ denotes the least cardinal greater than κ .

Lemma 5. Suppose GCH holds. Let κ and λ be infinite cardinals. Then:
(i) If κ ≤ λ, then κλ = λ+
(ii) If cfκ ≤ λ < κ , then κλ = κ+
(iii) If λ < cfκ , then κλ = κ .

We will need the following result.

Lemma 6. Let R be a Noetherian domain. If I is any proper ideal of R, then |R| ≤ |R/I|ℵ0 .

Proof. The proof of this lemma is contained in the proof of Proposition 7 from [6]. �

We now prove the following.

Proposition 5. Assume GCH holds. Let R be an uncountable Noetherian domain such that |R| is not the successor of a cardinal of
countable cofinality. If I is any proper ideal of R, then |R| = |R/I|.

Proof. Assume GCH, and suppose that R is an uncountable Noetherian domain such that |R| is not the successor of a cardinal
of countable cofinality. Let I be a proper ideal of R. From Lemma 6, we see that

|R| ≤ |R/I|ℵ0 . (16)

We claim that R/I cannot be finite. For if this is the case, then it follows from (16) that |R| ≤ 2ℵ0 = ℵ1. Since R is uncountable,
this forces |R| = ℵ1. But this is impossible since |R| is not the successor of a cardinal of countable cofinality. Thus R/I is
infinite. Let |R/I| = κ . Since GCH holds, it follows from (16) and (i) of Lemma 5 that:

κ ≤ |R| ≤ κℵ0 ≤ κκ = κ+. (17)

Thus |R| = κ or |R| = κ+. Suppose by way of contradiction that |R| = κ+. It then follows from (16) that κ+ ≤ κℵ0 . Recall by
assumption that |R| is not the successor of a cardinal of countable cofinality. Since |R| = κ+, it follows that κ has uncountable
cofinality. Thus by (iii) of Lemma 5, κℵ0 = κ . This contradicts the fact that κ+ ≤ κℵ0 . We conclude that |R| = κ = |R/I| and
the proof is complete. �

It follows from this proposition that if R is an uncountable Noetherian domain constructible in ZFC such that |R/I| < |R|
for some proper ideal I of R, then the cardinality of Rmust be the successor of a cardinal of countable cofinality. Moreover,
we can apply Proposition 5 to obtain a proof of Theorem 2.
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Proof of Theorem 2. Assume GCH. We suppose that D is an uncountable Noetherian domain and |D| is not the successor of
a cardinal of countable cofinality. It follows from Proposition 5 that there are no large primes, and so vacuously every large
prime ideal of D is maximal. Since |D/M| = |D| for every maximal ideal M of D, D cannot possess a maximal ideal of finite
index. Hence by Proposition 4,M is free and D is Dedekind. �

We further exploit Proposition 4 to establish a nonexistence result (not dependent on GCH) for two well-studied classes
of Noetherian domains.

Proposition 6. Let F be an infinite field and n > 1 an integer. Then the rings F [x1, x2, . . . , xn] and F [[x1, x2, . . . , xn]] do not
admit faithful congruent modules.

Proof. Let F be an infinite field, and consider first the polynomial ring R := F [x1, x2, . . . , xn] where n > 1. If I is any
proper ideal of R, then the map f 7→ I + f is clearly a one-to-one map from F into R/I . Since F is infinite, it follows that
|R/I| = |F | = |R|. Thus R is vacuously an LPM domain. Since R has dimension n > 1, R is not Dedekind, and R does not
possess a maximal ideal of finite index. It follows from Proposition 4 that R does not admit a faithful congruent module.
Now consider the power series ring D := F [[x1, x2, . . . , xn]] where n > 1. We will also show that D is an LPM domain.

Suppose that P is a large prime ideal of D and fix an arbitrary iwith 1 ≤ i ≤ n. It is easy to see that:

|F [[xi]]| = |D|. (18)

Since P is a large prime of D, it follows from (18) that the map ϕ : F [[xi]] → D/P given by ϕ(f ) = P + f cannot be injective.
Thus there exist distinct elements f , g ∈ F [[xi]] such that f − g ∈ P . But then f − g is a nonzero element of P ∩ F [[xi]]. It
is well-known that F [[xi]] is a DVR with maximal ideal (xi), and thus as P ∩ F [[xi]] is a nonzero prime ideal of F [[xi]], we
obtain P ∩ F [[xi]] = (xi). In particular, xi ∈ P . Since iwas arbitrary, it follows that (x1, x2, . . . , xn) ⊆ P . As (x1, x2, . . . , xn) is
maximal in D, P = (x1, x2, . . . , xn). We have shown that P is maximal, and hence D is an LPM domain. Since D does not have
a finite residue field and is not Dedekind, it follows from Proposition 4 that D does not admit a faithful congruent module.
This completes the proof. �

We now show that the assumption in the previous proposition that F is a field cannot be dispensed with. We remind
the reader that an infinite moduleM over a ring R is a Jónsson module provided every proper submodule ofM has smaller
cardinality thanM . Recall that every Jónsson module is trivially congruent.

Proposition 7. Let I be a set with |I| ≤ 2ℵ0 and let {xi : i ∈ I} be a set of indeterminates. Then Z[{xi : i ∈ I}] admits a faithful
congruent module.

Proof. Let p be a prime, and consider the quasi-cyclic group C(p∞). It is well-known that every proper subgroup of C(p∞)
is finite, and thus (as noted in Example 3) C(p∞) is a faithful Jónsson module over Z. It is also well-known that the
endomorphism ring of C(p∞) is the ring Jp of p-adic integers. As every module is faithful over its endomorphism ring, we
see that C(p∞) is a faithful Jónsson module over Jp. As Jp has characteristic 0 and |Jp| = 2ℵ0 , it follows that there exists a
subset X ⊆ Jp of elements which are algebraically independent over Z with |X | = 2ℵ0 . Clearly C(p∞) is a faithful Jónsson
module over the ring Z[X]. This completes the proof. �

We end this section with an undecidability result.

Proposition 8. Let κ be an uncountable cardinal satisfying the following:
(a) κ is not the successor of a cardinal of countable cofinality.
(b) It is consistent with ZFC that κ ≤ 2ℵ0 .
Then it is undecidable in ZFCwhether there exists a non-Dedekind Noetherian domain D of cardinality κ which admits a faithful

congruent module.

Proof. Let κ be an uncountable cardinal satisfying (a) and (b) above. Suppose that κ ≤ 2ℵ0 . Wewill show that there is a non-
Dedekind Noetherian domain D of cardinality κ which admits a faithful congruent module. Let p be a prime and consider
again the DVR Jp of p-adic integers. As noted in Proposition 7, C(p∞) is a faithful Jónsson module over Jp. Since C(p∞) is an
abelian Jónsson group, it follows immediately that C(p∞) is a faithful Jónssonmodule over any subring R of Jp. Let {ti : i ∈ κ}
be a set of κ indeterminates. Since |Jp| = 2ℵ0 and κ ≤ 2ℵ0 , it follows that (up to isomorphism) Z[{ti : i ∈ κ}, x] is a subring
of Jp. Let K be the quotient field of Z[{ti : i ∈ κ}]. Then K has cardinality κ and K ∩ Jp is a DVR on K . Now (K ∩ Jp)[x] is
a Noetherian two-dimensional (hence not Dedekind) subring of Jp of cardinality κ that admits the faithful Jónsson module
C(p∞).
Since (a) holds, it follows from Theorem 2 that it is consistent that there does not exist a non-Dedekind Noetherian

domain D of cardinality κ that admits a faithful congruent module. This completes the proof. �

To give a specific example, it is undecidable in ZFC whether there exists a non-Dedekind Noetherian domain D of
cardinality ℵ2 which admits a faithful congruent module. It is consistent that CH fails. In this case, ℵ2 ≤ 2ℵ0 . Recall that
every cardinal of the form ℵa+1 is regular (this is a theorem of ZFC). Of course, ℵ2 is the successor of the regular cardinal ℵ1,
whence ℵ2 is not the successor of a cardinal of countable cofinality.
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5. Congruent modules over Prüfer domains

Our objective in this section is to characterize the faithful congruentmodules over a Prüfer domainDwhich are I-primary
for some nonzero ideal I of D.
We first comment on terminology. If D is a domain and P is a prime ideal, we denote the localization of D at P by DP . If I

is an ideal of D contained in P , then we denote the extension of I to DP by IDP . If I and J are ideals of D, then we denote the
ideal quotient of I by J by [I : J] := {x ∈ D : xJ ⊆ I}.
We begin with two lemmas (both of which are well-known).

Lemma 7. Let V be a valuation domain which is not a field and let J be the maximal ideal of V . If
⋂
∞

n=1 J
n
= {0}, then V is a

discrete valuation ring.

Proof. Every prime ideal properly contained in J is contained in
⋂
∞

n=1 J
n
= {0} (see Theorem 17.1 of [13], p. 187). Thus {0}

is the only prime ideal properly contained in J and hence V is one-dimensional. Since
⋂
∞

n=1 J
n
= {0}, J is not idempotent.

Since J is the unique nonzero prime ideal of V , it follows that V is discrete. It now follows from Theorem 17.5 of [13] that V
is a DVR. This completes the proof. �

Lemma 8. Let D be a domain and let J be a maximal ideal of D. If
⋂
∞

n=1 J
n
= {0}, then also

⋂
∞

n=1(JDJ)
n
= {0}.

Proof. We assume
⋂
∞

n=1 J
n
= {0}. Suppose that xs ∈

⋂
∞

n=1(JDJ)
n. Let n > 0 be arbitrary. Then xs ∈ (JDJ)

n
= JnDJ . It is clear

that x ∈ JnDJ and thus x = a
s′ for some a ∈ J

n and s′ ∈ D− J , whence s′x = a ∈ Jn. But this implies that s′ ∈ [Jn : (x)]. Clearly
Jn ⊆ [Jn : (x)]. Thus we have (Jn, s′) ⊆ [Jn : (x)]. However, since s′ 6∈ J , it follows that (Jn, s′) = D, whence [Jn : (x)] = D. It
follows that x ∈ Jn. Since nwas arbitrary, we have x ∈

⋂
∞

n=1 J
n
= {0}, and thus x = 0. This completes the proof. �

We now characterize the I-primary congruent modules over Prüfer domains.

Theorem 3. Let D be a Prüfer domain which is not a field with quotient field K and suppose M is a faithful I-primary congruent
module over D for some nonzero ideal I of D. Then there is a discrete valuation overring V of D with finite residue field such that
M ∼= K/V . Conversely, if V is a DVR overring of D with finite residue field, then K/V is a congruent D-module.

Proof. We suppose D is a Prüfer domain (which is not a field) with quotient field K and that M is a faithful I-primary
congruentmodule overD for somenonzero ideal I ofD. It follows fromProposition 2 thatM is countable, and fromCorollary 1
that there is amaximal ideal J ofD such that (M, J) is special. Since J ismaximal andM is J-primary,M has a canonicalmodule
structure over the local ring DJ . As D is Prüfer, DJ is a valuation domain. It now follows from Lemma 7 and Lemma 8 that DJ is
a DVR. As DJ/JDJ ∼= D/J , it follows that DJ has a finite residue field. Let V := DJ and let (j) be the maximal ideal of V . Then as
M is a faithful congruent V -module, it follows from the proof of Theorem 1 thatM is generated by elementsm1,m2,m3, . . .
such that for each i, (mi) ( (mi+1) and jmi+1 = mi. It is also well-known (and easy to show) that K/V is generated over V by
the elements 1j ,

1
j2
, 1
j3
, . . . (mod V ), (ji) ( (ji+1), and trivially for each i, j · 1ji+1 =

1
ji
(mod V ). It is easy to verify that the map

mi 7→ 1
ji
defines a V -module isomorphism between M and K/V . Conversely, suppose V is a DVR overring of D with finite

residue field. By Theorem 2 of [6], K/V is a faithful Jonsson module over D, whence K/V is a faithful congruent module over
D. This completes the proof. �

Weend this sectionwith a final nonexistence result.We first recall a fact about valuation ringswhichwewill need shortly
as well as an earlier result from the literature due to the author.

Lemma 9. Let V be a valuation ring which is not a field. If A is a proper ideal of V , then
√
A is a prime ideal of V .

Proof. The proof of this assertion is contained in the proof of Theorem 17.1 of [13]. �

Lemma 10 ([10], Theorem 3). If M is a congruent module over the ring R, then M is either torsion or torsion-free.

Proposition 9. Let V be a finite-dimensional valuation domain of dimension d > 1. Then V does not admit a faithful congruent
module.

Proof. We assume by way of contradiction that V admits a faithful congruent moduleM . By Lemma 10,M is either torsion
or torsion-free. IfM is torsion-free, it follows from Lemma 3 that V is Dedekind. But then V has dimension at most one, and
we have a contradiction. ThusM is torsion. In particular, ifm is any nonzero element ofM , then Ann(m) is a nonzero proper
ideal of V . It follows from Lemma 9 that

√
Ann(m) is a nonzero prime ideal of V . Since V has positive finite dimension, V

possesses a (unique) minimal nonzero prime ideal P . It now follows that:

P ⊆
√
Ann(m) for every nonzero elementm ∈ M. (19)

Fix any nonzero element p ∈ P . Then (19) implies thatM is (p)-primary. It follows from Proposition 2 thatM is countable,
and from Corollary 1 that if J is the maximal ideal of V , then (M, J) is special. In particular,

⋂
∞

n=1 J
n
= {0}. But now Lemma 7

implies that V is one-dimensional, and we have a contradiction. This completes the proof. �
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6. Open questions

We end this paper with a list of open questions which we feel are important and/or interesting.

Question 1. Is it possible to classify the faithful congruent modules over an arbitrary Noetherian domain in ZFC?

Question 2. Is there a faithful uncountable congruent module over a domain D which is not free?

Question 3. Suppose that M is a faithful congruent module over the domain D and (M, J) is special for some maximal ideal J of
D. Is M injective? Must M be a Jónsson module?
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