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Abstract A multiplicative semigroup S is said to be a ring semigroup provided there
exists an addition + on § such that (S, +, -) is a ring. In this note, we characterize the
ring semigroups S with the property that every two nonzero subsemigroups intersect.
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As stated above, a multiplicative semigroup S is said to be a ring semigroup provided
an addition 4 may be defined on § such that (S, +, -) is aring. Ring semigroups with
special properties have been well-studied in the literature (see [1, 3, 5, 6], and [7], for
example).

In this note, we study ring semigroups for which any two nonzero subsemigroups
intersect. The main theorem we invoke to prove our result is due to Jacobson [4]
which we recall below. The reader might recall that Jacobson’s Theorem is a gener-
alization of Wedderbern’s famous result that every finite division ring is a field.

Proposition 1 (Jacobson) Let D be a division ring, and suppose that for all nonzero
x € D, there exists a positive integer n (depending on x) such that x™ = 1. Then D is
commutative.

Before proceeding, we prove two preliminary lemmas.

Lemma 1 Letr S be a multiplicative semigroup with 0. Then every two nonzero sub-
semigroups intersect iff for all nonzero x,y € S, there exist positive integers m and n
such that x™ = y".
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Proof Trivial. U

Lemma 2 Suppose R is a ring without zero divisors. Suppose further that x is a
nonzero element of R such that either xe = x or ex = x for some e € R. Then R has
an identity.

Proof Suppose xe = x and x # 0 (the case ex = x is handled similarly). Then note
that also e 0. Multiplying on the right by e yields xe? = xe. Since x # 0 and R has
no zero divisors, e2 = e. Since ¢ is idempotent, it follows that e is the identity of R
(see [2], p. 6, Exercise 1(b), for example). Il

We now state and prove our main result.

Theorem 1 Let S be a ring semigroup and let + be an operation such that (S, +, -)
is a ring. Then the nonzero subsemigroups of S intersect iff one of the following holds:

(i) S is a nilring (i.e. every element of S is nilpotent).
(ii) S is an absolutely algebraic field of prime characteristic p.

Proof 1If § is a nilring, the result is clear. If (ii) holds, then it is easy to see that
every nonzero element of S has finite multiplicative order, and hence by Lemma 1
the nonzero subsemigroups of S intersect.

We now suppose that S is a ring semigroup whose nonzero subsemigroups inter-
sect and consider the ring (S, +, -). If every element of § is nilpotent, then S belongs
to family (i) and we are done.

Thus we suppose that S has at least one element x which is not nilpotent. We
first claim that O is the only nilpotent element of S. Suppose by way of contradiction
that there exists a nonzero nilpotent element y € S. Thus y* = 0 for some positive
integer k. By Lemma 1, x™ = y” for some positive integers m and n. But then x =
y™* = (yk)* = 0" = 0. This contradicts the fact that x is not nilpotent, and the claim
is established.

We now show that S has no zero divisors. For suppose that xy = 0 for some
nonzero elements x and y. Again by Lemma 1, there exist positive integers m and n
such that x™ = y". Since xy =0, clearly xy = 0. As x”" = y", we obtain y"*! = 0.
This contradicts the fact that there are no nonzero nilpotent elements.

We arrive at the heart of the proof which is showing that S has a multiplicative
identity. Fix an arbitrary nonzero element « € S. We assume first that there exists a
prime number p such that pa = 0. In this case, note that pa” = 0 for every positive
integer . Suppose now that o« + a? = a + a3 = 0. Then & = o = ¢*(a). It follows
from Lemma 2 that § has an identity. Hence we may assume that either o + o> # 0
or o + a3 £ 0. Let us suppose that & + a2 # 0 (the case « + o> # 0 being analogous).
By Lemma 1, there exist positive integers m and n such that (« 4+ «?)” = o™

Multiplying out on the left, we obtain

a™ +am+1am+l + "'+a2m71012m_1 +a2m =" (1)

for some integers a;+1, ..., axu—1. Suppose first that n < m. Then we may factor
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out & on the left of (1) to obtain o” (@™ ™" + apq o™ 1" 4. ag, 1?1 4
o) = o It follows from Lemma 2 that R has an identity. Suppose now that m <
n. Subtracting, (1) becomes o™ = o — am+1(xm+l — e — g2l g2m Now
factor out o on the right to get o’ = o™ (@™ — A1 — - - - — Arp_10" " — ™).
By Lemma 2 again, S has an identity. Lastly, we suppose m = n. Cancelling o, (1)
reduces to

am+1am+l 4. +Cl2m_10[2n171 +a2m =0 (2)

Recall that o” has additive order p for every positive integer n. Since a®” # 0, it
follows that not all of the a; are divisible by p. Without loss of generality, assume
am+1 is not divisible by p. Subtracting and factoring, (2) becomes ! (a,, 1000 +
o h = —am+1a’"+1. AS a4+ is not divisible by p, —a;,+1 has an inverse r
mod p. Multiplying both sides by r, we have &t (ra, o0 + - - - +ra™ 1) = o™+,
We are now done as before by Lemma 2. Thus we may now assume that pa # 0
for any prime number p. Suppose that there exists a prime number p such that
(pa)" = o™ for some natural numbers m and n with n > m. Factoring out «™ on
the left, we obtain o (p"«"~™) = ' and we’re done as before. Now suppose that
there exists a prime number p such that (pa)” = " for some positive integer n.
In this case, we obtain p"a” — «” = 0. But then (p" — 1)a” = 0. Since R has no
zero divisors, it follows easily that (p” — 1)a’ = 0 for every positive integer i. Write
p" — 1 =gq1---qx where each g; is prime (the case p =2 and n = 1 is impossi-
ble). Now consider (gja)(ga) - (grar) = (p" — 1)a¥ = 0. Since R has no zero
divisors, this forces some g;o = 0, contradicting our assumption that pa # O for
any prime number p. Thus we finally may assume that for every prime number p,
there exist natural numbers m and n such that (pa)” = ¢ and n < m. In particu-
lar, we have (2a)" = o™ and (3a)’ = aX where n <m and j < k. Thus 2"a" = o™
and 3/a/ = aF. Since R has no zero divisors, we obtain 2"« = ™"t and 3/q =
ak=J*1 Let a,b € 7 be such that a2" + b3/ = 1. We have a2"a = aa™"*! and
b3/a = ba*—/+1, Adding, we obtain (a2" 4+ b3/)a = aa™ "t + ba*~/+1 Since
a2 + b3/ =1, we get a = aa™ "1 4 bak~i*1, Since n < m and j < k, we may
factor out an « on the right, and we are finally done by Lemma 2.

Since S has a 1, it now follows from Lemma 1 that for every nonzero x, there exists
a positive integer n such that x” = 1. Now the hypotheses of Jacobson’s Theorem are
satisfied, and it follows that S is a field. Clearly S must have prime characteristic p
since otherwise 2 would have infinite multiplicative order. Since every nonzero x € S
satisfies x"" = 1 for some positive integer n, it follows that S is algebraic over F,.
This completes the proof. g

As a corollary, we obtain the following characterization of the finite fields. We
leave the proof to the reader.

Corollary 1 Let R be a ring which contains at least one element which is not nilpo-
tent. Then R is a finite field iff there exists a positive integer k such that x* = y* for
all nonzero x,y € R.
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