
Math 2150 Notes - June 27, 2022

0.1 More on Negations

Recall that to negate a statement S is to say “S is false”. From a logical point of view, this isn’t very
interesting. We will be interested in using the logic we have learned to negate statements in more interesting
ways; this will play a VERY important role when we start writing mathematical proofs. First, let’s revisit the
Demorgan Laws from propositional logic (the only difference in what follows is that I am replacing variables
with formulas; so α and β below denote propositional formulas, not necessarily propositional variables).
Recall that the symbol “≡” denotes logical equivalence. Recall that formulas ζ and ψ are logically equivalent
if they have the same truth value regardless of the truth value of the variables appearing in them.

1. ¬(α ∧ β) ≡ ((¬α) ∨ (¬β)), and

2. ¬(α ∨ β) ≡ ((¬α) ∧ (¬β)).

We will dispense with the truth tables; what I want is for you to start to feel why these formulas are true.
Please pay attention to the following informal justification:

(1) If it is NOT the case that (α ∧ β) is true, then it is not the case that BOTH α and β are true. This
means that AT LEAST ONE of the formulas is false, and this is what is being asserted on the right-hand
side of ≡.

(2) If it is NOT the case that (α ∨ β) is true, then it is not the case that AT LEAST ONE of α and β is
true. Therefore, BOTH are false.

Now let’s see how to negate formulas involving the other logical operators. First, let’s look at the “not”
operator.

3. (¬(¬α)) ≡ α

To see this, begin by translating the above formula on the left: “It is not the case that (¬α) is true.” But
this becomes “It is not the case that α is not true” (think about this). So if it is NOT the case that α is
NOT true, then α must be true.

Lastly, we come to “if, then” and “if and only if”. Recall from earlier (I’ve stressed this many times) that
(α→ β) is false ONLY when α is true and β is false. Thus:

4. (¬(α→ β)) ≡ (α ∧ (¬β)).

Finally, recall that (α ↔ β) is true precisely when α and β have the same truth values. So it follows that
(¬(α ↔ β)) is true exactly when α and β have different truth values. How can this happen? It happens
exactly when either α is true and β is false or α is false and β is true. This yields

5. (¬(α↔ β)) ≡ ((α ∧ (¬β)) ∨ ((¬α) ∧ β)).

Next, let’s practice performing formal negations (in other words, we won’t be translating to English or
vice-versa) using the above facts.

Example 1. Negate the formula (p→ (q∨r)) so that every negation symbol immediately precedes a variable.

Solution Note first that this formula is “globally” an implication, that is, it takes the form (α→ β), where
α is p and β is (q ∨ r). So we first apply 4. to obtain (¬(p → (q ∨ r))) ≡ (p ∧ (¬(q ∨ r))). Note that the ¬
symbol does NOT immediately precede a variable; it immediately precedes (. So we now invoke 2. to obtain
(p ∧ (¬(q ∨ r))) ≡ (p ∧ ((¬q) ∧ (¬r))). Now both negation symbols immediately precede variables, and this
gives our final answer. �
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Example 2. Negate the formula (p ∧ (¬q)) so that every negation symbol immediately precedes a variable.

Solution In this case, the formula is globally a conjunction; it has the form (α∧β), where α is p and β is (¬q).
So we begin our negation by applying 1. to obtain (¬(p∧(¬q))) ≡ ((¬p)∨(¬(¬q))). We are almost done, but
note that the second ¬ immediately precedes (. So we may now invoke 3. to get ((¬p)∨(¬(¬q))) ≡ ((¬p)∨q);
this last formula is our final answer. �

Next, we will learn how to perform negations in predicate logic (the logic we are currently studying). The
above gives complete information about negating propositional formulas; we want to extend this so as to be
able to negate formulas in predicate logic (doing this partially entails being able to negate in propositional
logic). Instead of beginning with the Demorgan Laws, I’ll motivate them first. Consider a formula ∀xP (x).
Without specifying the domain, this formula translates to “For all x, P (x) (is true).” What would it mean
for the sentence in quotes to be false? It would mean that it is NOT the case that for all x, P (x) is true. So
if it is NOT the case that P (x) is true for ALL x, then there must be at least one value of x for which P (x)
is false (reread that until it clicks). But this just means that ∃x(¬P (x)) (is true).
Similarly, consider a formula ∃xP (x). This formula translates to “There exists x such that P (x).” What
would it mean for this sentence to be false? It would mean that there IS NO x such that P (x) (is true); in
other words, P (x) is false for EVERY x. Translating into predicate logic, we get ∀x(¬P (x)).
We have now argued that

Theorem 1 (Demorgan’s Laws for predicate logic: one-place predicates). The following hold:

(a) (¬∀xP (x)) ≡ ∃x(¬P (x)), and

(b) (¬∃xP (x)) ≡ ∀x(¬P (x)).

I have not rigorously defined the symbol “≡” in predicate logic (I’ve only done so in propositional logic).
This is coming soon, but for now, just take the symbol to mean that the two formulas are saying the same
thing. The goal now is to negate statements in predicate logic so that every negation symbol immediately
precedes a predicate.

Example 3. Negate the formula ∀x(P (x) ∧ Q(x)) so that every negation symbol immediately precedes a
predicate.

Solution This formula globally has the form ∀xα, where α is (P (x)∧Q(x)). Thus we begin with (a) above to
obtain (¬∀x(P (x)∧Q(x))) ≡ ∃x(¬(P (x)∧Q(x))). Note that the negation symbol immediately precedes (, so
we are not done yet. Now that there are no quantifiers to the right of the negation symbol, we REVERT TO
PROPOSITIONAL NEGATIONS AND TREAT THE PREDICATES AS PROPOSITIONAL VARIABLES.
Applying 1. to (¬(P (x) ∧ Q(x))), our final formula is ∃x((¬P (x)) ∨ (¬Q(x))). Now the negation symbols
immediately precede predicates. �

Example 4. Negate the formula ∃y(P (y) ↔ Q(y)) so that every negation symbol immediately precedes a
predicate.

Solution This formula has the form ∃yβ, where β is (P (y) ↔ Q(y)). So we begin by invoking (b) above:
(¬∃y(P (y)↔ Q(y))) ≡ ∀y(¬(P (y)↔ Q(y))). Observe that the negation symbol again immediately precedes
(, and so we need to do more work. Recall what I stated above in all caps, we now invoke 5. to yield
∀y((P (y) ∧ (¬Q(y))) ∨ ((¬P (y)) ∧Q(y))). �

I realize that including the proper number of parentheses is cumbersome, but for mathematicians, engineers,
and computer scientists alike, attention to detail is a fundamentally important trait to possess.
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0.2 Logical Equivalence and Translating I

Next, we will focus on logical equivalence of formulas in predicate logic, negations, and translating to and
from English. The Demorgan Laws I presented for one-place predicates apply in this more general setting.
Before we do that, I’m going to introduce another definition.

Definition 1. Let α and β be formulas in predicate logic. Then α and β are logically equivalent, denoted
by α ≡ β, exactly when regardless of the interpretation of the predicates which appear in α or β and regardless
of the domains of the variables appearing in α or β, α and β have the same truth value.

This definition is quite a mouthful, so let’s look at a couple examples.

Example 5. Show that the formulas ∃xP (x) and ∀xP (x) are not logically equivalent.

Solution To show that two formulas are NOT logically equivalent, you want to find an interpretation (def-
inition) of P (x) as well as a domain for x which makes one formula true and the other false. Let P (x) be
“x is over 6 feet tall” and let the domain for x be the collection of all people. Then ∃xP (x) translates to
“There exists a person x such that x is over 6 feet tall.” This is true, of course. But ∀xP (x) becomes “For
every person x, x is over 6 feet tall.” which is false. This shows that the two formulas above are not logically
equivalent. NOTE: I didn’t use a truth table; truth tables simply aren’t applicable now. �

Example 6. Show that the formulas ∀x(P (x) ∨Q(x)) and (∀xP (x) ∨ ∀xQ(x)) are not logically equivalent.

Solution Again, to show that two formulas are not logically equivalent, you want to find interpretations
(definitions) of P (x) and Q(x) as well as a domain for x which makes one formula true and the other false.
Let P (x) be “x is even” and Q(x) be “x is odd” and let the domain for x be the collection of all integers.
Then how do we translate ∀x(P (x) ∨Q(x))? It is “For all integers x, x is even or x is odd.” Note that this
statement is true. But (∀xP (x) ∨ ∀xQ(x)) translates to “For every integer x, x is even or for every integer
x, x is odd.” But it’s NOT true every integer is even and it’s NOT true that every integer is odd, so the
second statement is false. This shows that the two formulas are not logically equivalent. �

Let’s now revisit the Demorgan Laws but in general predicate logic. Below, α and β denote arbitrary formulas
with arbitrary predicates (not just one-place).

Theorem 2 (Demorgan Laws). Let α and β be formulas and let x be a variable. Then

1. (¬∀xα) ≡ ∃x(¬α), and

2. (¬∃xα) ≡ ∀x(¬α).

You’ve had to negate formulas so that negation symbols immediately preceded predicates. Doing this with
n-place predicates instead of one-place predicates is not any more difficult: you do exactly the same thing
you did before. Let’s combine this skill with translation.

Example 7. Let L(x, y, t) be “x loves y at time t”. Formulate “Everyone loves somebody sometime(s)” (as
a formula), negate so that all negations immediately precede predicates, and then translate the negation to
English in a natural way. Let the domain for x and y be the collection of all people and the domain for t be
the collection of all times.

Solution Again, let’s look for quantifiers first. The statement begins with everyone. So we know we will begin
with a universally quantified variable, say x. Next, the assertion is that x loves someone (not everyone), so
this indicates an existentially quantified y. Finally, sometime indicates the existence of a time (not all the
time), so we will have an existentially quantified variable t. The formula is thus ∀x∃y∃tL(x, y, t). Performing
DeMorgan’s Law three times yields (¬∀x∃y∃tL(x, y, t)) ≡ ∃x∀y∀t(¬L(x, y, t)). Translating the last formula
into English, “There exists a person x such that for every person y and for every time t, x does not love y
at time t” or, more naturally, “There is a person who never loves anyone.” �

Let’s look at two more examples.
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Example 8. Let C(x, y) be “x and y have chatted online” and I(x) be “x has an internet connection”.
Translate “Everyone with an internet connection has chatted with Bob” into a formula, negate as above, and
then translate the negation to English. Let the domain for x and y be the set of all people.

Solution The first part is “For every person x, IF x has an internet connection, THEN x has chatted
with Bob”, which becomes ∀x(I(x) → C(x,Bob)). The negation is ∃x(¬(I(x) → C(x,Bob))) ≡ ∃x(I(x) ∧
(¬C(x,Bob))). In English, this becomes “There exists a person x such that x has an internet connection
and x has not chatted with Bob over the internet” or more simply, “There is a person with an internet
connection that hasn’t chatted with Bob over the internet”. �

Example 9. Let C(x) be “x has a cat”, D(x) be “x has a dog”, and H(x) be “x has a hamster” (I’ve used
these predicates before). Translate: “For each one of cat, dog, and hamster, there is a person that has this
animal as a pet” into a formula, negate, and translate back to English, where the domain for x is the set of
all people.

Solution This one is a bit tricky. Note that the animals do NOT appear in the domain of x and so you
are NOT quantifying over animals!!! You MUST quantify over people ONLY since the variable’s domain is
the set of all people. So what is being asserted is that there is someone with a cat, someone with a dog,
and someone with a hamster. This translates to (∃xC(x) ∧ (∃xD(x) ∧ ∃xH(x))). Then negation is hence
((¬∃xC(x))∨ (¬(∃xD(x)∧∃xH(x)))) ≡ (∀x(¬C(x))∨ (∀x(¬D(x))∨∀x(¬H(x)))). This becomes “For every
person x, x doesn’t have a cat, or for every person x, x doesn’t have a dog, or for every person x, x doesn’t
have a hamster.” More naturally, “Among cats, dogs, and hamsters, there is at least one animal that no one
has as a pet.” �
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