
Math 2150 Notes - June 15, 2022

A short remark to start: when I teach this course, I usually talk about equivalent ways to express “if p,
then q” (for example, p is sufficient for q, q is necessary for p, p implies q, etc.). For the math majors in the
course, you may want to familiarize yourself with such alternative methods; Rosen discusses this in section
1.1 of the text. However, none of this material will come up throughout the remainder of the course, and I
would prefer to spend a bit more time on predicate logic (the next topic for us) and proofs.

Today, we will focus on “translating” formulas into English and English propositions into formulas. This
skill certainly will be required when we get to proofs.

To begin, to negate a proposition p means to assert that “p is false” or that “p is not true” or that “it is
not the case that p”, etc. But often we would like to be a bit more eloquent when we do this in English.

Example 1. Negate the propositon “2 + 2 = 5”.

Solution We might start by noting that the negation asserts that “2+2 = 5 is false”. But this is an awkward
way to phrase this. It is much easier to simply say that “2 + 2 is not equal to 5”, or more compactly (using
mathematical notation), 2 + 2 6= 5. �

Example 2. Negate the proposition “blue is a color”.

Solution The simplest way to negate this statement is to assert “blue is not a color”. �

IMPORTANT: when negating a proposition, you shouldn’t care about whether that proposition is true or
false; focus instead on how to say “it is not the case that” in a natural way. The truth values are irrelevant
here.

Example 3. Negate the proposition “x > y” (you may recall from the first set of lecture notes that as stated,
this is not a proposition, but it’s better if I don’t use specific numbers here, so we will fudge this a bit).

Solution This one requires a bit more thought than the other two examples (and a bit of knowledge about
the usual ordering of real numbers, but this is knowledge you all should have). What does it mean to assert
“x is not greater than y”? Question: if x is not greater than y, does that mean that x is less than y? (some
of you will think the answer is “yes”; if you’re such a student, please pay attention to what follows) NO: if
x = y, then x is also not greater than y, so you can’t conclude that x is necessarily less than y. But we can
say that if x is not greater than y, then x is LESS THAN OR EQUAL TO y, that is, x ≤ y. �

Next, let’s look at some examples of translating formulas into English sentences. Throughout the next three
examples, we will be utilizing the following propositions: p is “You have the flu”, q is “You miss the final
exam”, and r is “You pass the class”.

Example 4. Translate ((p ∨ q) ∨ r) into English.

Solution Just read from left to right: “You have the flu or you miss the final exam or you pass the class.”
It’s a bit more natural to just write “You have the flu, you miss the final exam, or you pass the class.” Strive
to make your sentences as natural as you can. �

Remark 1. You may wonder if the translation would be different if we were given the formula (p ∨ (q ∨ r))
(notice the shift in parentheses). The answer is no. The reason for this is that it doesn’t matter where you
put the parentheses as both formulas are logically equivalent (which can be easily checked with a truth table).

Example 5. Translate ((p→ (¬r)) ∨ (q → (¬r))) into English.

Solution Again, we read from left to right: “If you have the flu, then you don’t pass the class or if you miss
the final exam, then you don’t pass the class”. This would be awarded full credit if I were grading. But it
is again more natural to say, “If you have the flu or if you miss the final, then you don’t pass the class”. �
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Now let’s go the other direction, that is, let’s take English statements and translate them into formulas (here
is where using the correct syntax is important; you may want to consider reviewing the examples in the
notes from last week on how to construct formulas using the inductive definition). In what follows, p will be
“Grizzly bears have been seen in the area”, q is “Hiking is safe on the trail” and r is “Berries are ripe along
the trail”.

Example 6. Translate into a formula: “Berries are ripe along the trail, but grizzly bears have not been seen
in the area.”

Solution (r ∧ (¬p)). �

Remark 2. Note the word “but” in the sentence above. This may be confusing the first time you see it
because it doesn’t immediately translate to “not”, “and”, “or”, “if then”, or “if and only if”. Here’s how to
think about it: the sentence above gives you exactly two pieces of information: r and (¬p). The fact that you
see “but” instead of “and” doesn’t change the information you are given. Moral: translate “but” as “and”.

Example 7. Translate into a formula: “If berries are ripe along the trail, then hiking is safe if and only if
grizzly bears have not been seen in the area.”

Solution This one (which I took from the text) is a bit tricky; it’s actually ambigous when written in English
this way. The author intends you to group everything after the word “then” together in parentheses to get
(r → (q ↔ (¬p))). But one could also interpret this as follows: ((r → q) ↔ (¬p)). The former makes more
sense than the latter, but I would give you credit for either. �

We now revisit implications and biconditionals (“if then” and “if and only if”). Recall that (p→ q) is only
false when p is true and q is false; (p↔ q) is only true when p and q have the same truth values.

Example 8. Determine if “If the earth is made of cheese, then 1 + 1 = 3” is true or false.

Solution Let p be “the earth is made of cheese” and q be “1+1=3”. Then p is false and q is false. Since
(p→ q) is ONLY false when p is true and q is false, we see that the statement “if p, then q” is true. �

Example 9. Determine if “1 + 1 = 2 if and only if 2 + 2 = 6” is true or false.

Solution Similarly, 1 + 1 = 2 is true and 2 + 2 = 6 is false. Since these propositions don’t have the same
truth value, “1 + 1 = 2 if and only if 2 + 2 = 6” is false. �

We conclude this set of notes by using Demorgan’s Laws to negate English sentences. Recall that (¬(p∨q)) ≡
((¬p) ∧ (¬q)) and (¬(p ∧ q)) ≡ ((¬p) ∨ (¬q)).

Example 10. Negate the statement “I will either go to the store or go to the park” by using one of the
Demorgan Laws.

Solution Let p be “I go to the store” and q be “I go to the park”. Then observe that (¬(p∨q)) ≡ ((¬p)∧(¬q)),
and so the translation is “I don’t go to the store and I don’t go to the park”. �

Example 11. Negate the statement “John is tall and 2 + 2 = 5” by using one of the Demorgan Laws.

Solution Let p be “John is tall” and q be “2+2 = 5”. Then (¬(p∧q)) ≡ ((¬p)∨ (¬q)), and so the translation
is “John is not tall or 2 + 2 6= 5”. �

Remark 3. You don’t need to show me work on homework problems similar to this; I showed the work above
because I’m teaching and want to be as helpful as possible.
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