
Math 2150 Notes - July 14, 2022

To begin, I’m going to restate our list of assumptions as they will continue to play a role in our work.

Assumptions

1. basic algebra1

2. the sum, difference, product, and negatives of integers are integers,

3. every integer is either even or odd,

4. no integer is both even and odd,

5. 1 > 0,

6. for all real numbers a, b, and c: if a < b, then a + c < b + c,

7. for all real numbers a, b, and c: if a < b and c > 0, then ac < bc,

8. for all real numbers a, b, and c: if a < b and b < c, then a < c, and

9. for all real numbers a, b, and c: exactly one of a = b, a < b, b < a holds.

10. every rational number can be expressed in reduced form.

11. the product of two nonzero real numbers is nonzero.

12. if x is an integer and x|1, then x = ±1.

We now introduce another proof technique: proof by contradiction. The idea is as follows: let’s say you
want to prove some statement S (which you know to be true). Assume that S is false. Now deduce both P
AND (¬P) for some proposition P. But this CANNOT happen: a proposition can’t be true and false at the
same time! Hence the assumption that led to this conclusion, namely (¬S), must be false. But this means
that S is true. In summary,

Definition 1 (Proof by Contradiction). Suppose you want to prove a statement S by contradiction. Follow
the steps below:

1. Assume that S is false, that is, assume (¬S).

2. Deduce both P and (¬P) for some proposition P.

3. Conclude that S is true.

The tricky part of a proof by contradiction involves step 2. You are not given what P is; it’s up to you to
find such a P. Let’s look at an example (note that this is one of our assumptions).

Example 1. Prove that no integer is both even and odd.

Preformalization: we are proving (¬∃x(x is even and x is odd). This is our statement S.Thus the negation
is ∃x(x is even and x is odd); this is (¬S). We now give the proof, following the above steps.

Proof. Assume by way of contradiction that there exists some integer x which is both even and odd. Since
x is even, x = 2m for some integer m; since x is odd, x = 2n + 1 for some integer n. Hence 2m = 2n + 1.
Subtracting the 2n from both sides, 2m− 2n = 1. Now factor out the 2 to get 2(m− n) = 1. Dividing by 2,
we get m − n = 1

2 . Now, recall from assumption (2) that the difference of two integers is an integer. Thus
m−n = 1

2 is an integer. But this contradicts the fact that 1
2 is not an integer, and the proof is complete.

1When you do basic algebra, you need NOT say “by assumption 1.”; you can just do it in the course of a proof.
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Now let’s revisit a previous problem for which we used a proof by contraposition.

Example 2. Prove that for all integers n, if n2 is even, then n is even.

Preformalization: ∀n(n2 is even → n is even). Negation: ∃n(n2 is even and n is not even).

Proof. Assume by way of contradiction that there exists an integer n such that n2 is even and yet n is
not even. Since n is not even, by assumption (3), n is odd. Hence n = 2k + 1 for some integer k. Hence
n2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1. Now, by assumption (2), 2k2 + 2k is an integer. This proves that n2

is odd. By assumption (4), n2 is not even. But this contradicts our assumption above that n2 is even, and
the proof is complete.

Remark 1. Once you have reached something “impossible” or contradictory in a proof by contradiction, you
can end the proof.

We now give a proof of the existence of an irrational number. Recall that a real number r is rational provided
r = a

b for some integers a and b with b 6= 0. A well-known fact of basic algebra is the following: every rational
number can be expressed in so-called lowest terms, that is, every rational number can be written in the form
a
b for some integers a and b with b 6= 0 and such that the only positive number that divides evenly into both
a and b is 1. This fraction is called reduced. We now present our next example. Note that a real number
is irrational provided the number is not rational.

Example 3.
√

2 is irrational.

Proof. Assume by way of contradiction that
√

2 is rational. Then by assumption (10),
√

2 = a
b for some

integers a and b with b 6= 0 such that a
b is reduced. Squaring both sides, we get 2 = a2

b2 . Now multiply
both sides by b2 to obtain 2b2 = a2. By assumption (2), b2 is an integer, and hence a2 is even. By an
earlier example in the notes (in the section on contraposition), a is even. Hence a = 2k for some integer k.
In 2b2 = a2, replace a by 2k to get 2b2 = (2k)2, that is, 2b2 = 4k2. Divide by 2 to obtain b2 = 2k2. By
assumption (2), k2 is an integer, and hence b2 is even. As before, this implies that b is even. Hence b = 2m
for some integer m. But now 2 is a factor of both a and b, contradicting that the only positive integer factor
of both a and b is 1.

Let’sl continue to practice the proof techniques that I introuced this week. Toward this end, we will make
use of the following definition:

Definition 2. Let a and b be integers (recall what “integer means”: a whole number or its negative). Say
that a is a factor of b provided there is an integer x such that ax = b. If a is a factor of b, we often denote
this fact by a|b.

Example 4. 2 is a factor of 6 because 2 · 3 = 6. Similarly, −3 is a factor of 12 because −3 · −4 = 12. Every
integer is a factor of 0: for any integer c, c · 0 = 0.

Now let’s prove a few basic facts about factors.

Example 5. Prove that for any integers a and b: if a is a factor of b, then also −a is a factor of b.
Preformalization: ∀a∀b(a|b→ −a|b).

Proof. We shall use a direct proof here. Thus let a, b be arbitrary integers. Assume that a is a factor of b.
We must show that −a is also a factor of b. Since a is a factor of b, there is an integer x such that ax = b.
But note that ax = (−a)(−x), and so we see that (−a)(−x) = b. Since x is an integer, it follows from
assumption (2) that −x is also an integer. Thus −a is a factor of b, completing the proof.

Example 6. Prove that for all integers a and b: if a is a factor of b and b is a factor of a, then a = ±b.

Preformalization: ∀a∀b((a|b ∧ b|a)→ a = ±b).
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Proof. Again, we will present a direct proof. Let a and b be arbitrary integers. Assume that a|b and b|a.
We must prove that a = ±b. Since a|b, ax = b for some integer x; since b|a, by = a for some integer y. Now
replace a in the first equation with by to get byx = b. If b = 0, then since by = a, it follows that a = 0y = 0.
In this case, a = b = 0 and so clearly a = ±b since a = b. Now assume that b is not zero. Then we may
cancel the b in the equation byx = b to obtain yx = 1. But since x and y are integers, assumption (12)
implies that either x = y = 1 or x = y = −1. Recalling above that by = a, we get either a = b or a = −b,
and so a = ±b, concluding the argument.

Example 7. Prove by contradiction that for every real number x: if x > 1, then x2 > x.

Preformalization: ∀x(x > 1→ x2 > x); negation: ∃x(x > 1 ∧ x2 ≤ x).

Proof. Assume by way of contradiction that there exists some real number x such that x > 1 and x2 ≤ x.
Then either x2 = x or x2 < x. In the former case, we may divide through both sides of the equation by x
(since x > 1, x 6= 0) to get x = 1. In the latter case, by assumption (7), we may divide both sides of x2 < x
by x to get x < 1. But this contradicts x > 1 (using assumption (9)).

Look back to the previous proof. Is there something we haven’t justified? Actually, yes there is. Note above
that we divided both sides of the inequality x2 < x by x. But this is the same thing as multiplying both
sides of the inequality by 1

x . We did this and didn’t change the inequality sign. But in order to know that
this move is “legal”, we need to know that 1

x > 0. So this is the loose end we must tie up. Let’s do this now.

Lemma 1. For every real number x, if x > 0, then 1
x > 0. Preformalization: ∀x(x > 0→ 1

x > 0). Negation:
∃x(x > 0 ∧ 1

x ≤ 0).

Proof. Suppose by way of contradiction that there exists a real number x such that x > 0 and 1
x ≤ 0. Note

that we can’t have 1
x = 0 (since then 0 = 1, contradicting assumptions (5) and (9)), and so since 1

x ≤ 0, we
deduce that 1

x < 0. Multiply both sides of this inequality by x (this is ok, since x > 0) to obtain x · 1x < x ·0,
that is, 1 < 0. But this is a contradiction to assumptions (5) and (9), and the proof is complete.

We round out this set of notes with another proof by contraposition.

Example 8. Prove that for every real number x, if x2 ≤ x, then x ≤ 1.

Preformalization: ∀x(x2 ≤ x→ x ≤ 1).

Proof. Let x be an arbitrary real number. Assume that it is not the case that x ≤ 1. We must show that
it is not the case that x2 ≤ x. By assumption (9), x > 1. Now, x > 1 and 1 > 0, and so by assumption
(8), it follows that x > 0 (note that to apply (8) legally, we should say that 0 < 1 and 1 < x, and so by (8),
0 < x. But this means that x > 0). So now we know that x > 1 and that x > 0. Hence by assumption (7)
(technically applied to 1 < x), we may multiply both sides of x > 1 by x to get x2 > x. It now follows from
assumption (9) that x2 ≤ x is false.
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