
Math 2150 Assignment 4 Solutions

(0) List the embedded words from the 9/12 and 9/14 lectures (there are 6).

(1)[5 pts each]] Use the recursive definition of “freeness” to justify the following (see examples in notes). You
do NOT need to justify why particular subformulas actually are subformulas, so please don’t confuse this
with those kinds of problems from homework #3.

(a) y occurs free in the formula ∀zP (y) (here y and z are different variables, of course).

Solution. y occurs free in P (y) by 1. of the definition. By 5., y occurs free in ∀zP (y).

(b)[5 pts] y occurs free in ((L(x) ↔ ∃xA(x)) ↔ B(y)).

Solution. y occurs free in B(y) by 1. of the definition. By 3. of the definition, y occurs free in the entire
formula.

(c)[5 pts] z occurs free in ∃y((¬P (z)) ∨ ∃xC(x)).

Solution. z occurs free in P (z) by 1. and ( 6 P (z)) by 2. of the definition. By 3., z occurs free in ((¬P (z)) ∨
∃xC(x)), and by 4., z occurs free in the entire formula.

(d)[5 pts] x occurs free in (∃x(R(x)∧P (x)) → S(x)). (If you think x doesn’t occur free, try building up the
formula from the predicates using the recursive definition (but you need not show me this work))

Solution. x occurs free in S(x) by 1. of the definition, and is thus free in the entire string by 3. of the
definition.



(2) Let P (x) be “x is negative”, Q(x) be “x is positive”, R(x) be “x is not an integer”. Translate the following
into formulas, where the domain for x is the collection of all real numbers. USE CORRECT SYNTAX. [Note
that many of the statements you will be formalizing are false, but this is irrelevant]

(a)[5 pts] There exists a real number which is not positive but is an integer.

Solution. ∃x((¬Q(x)) ∧ (¬R(x))).

(b)[5 pts] Every real number that is an integer is positive.

Solution. ∀x(R(x) → Q(x)).

(c)[5 pts] Every real number is positive, negative, and an integer (correct syntax expected, including all
parentheses).

Solution. ∀x(Q(x) ∧ (P (x) ∧ (¬R(x)))).

(d)[5 pts] A real number is positive if and only if it is negative and not an integer.

Solution. ∀x(Q(x) ↔ (P (x) ∧R(x))).

(3) Let P (x) be “x is a student in Math 100” and Q(x) be “x is an engineering major”.

(a)[5 pts] Express “Every Math 100 student is an engineering major” as a formula if the domain for x is
the collection of students in Math 100. (I did a problem VERY similar to this in the notes; do NOT be
redundant)

Solution. ∀xQ(x).

(b)[5 pts] Express “Every Math 100 student is an engineering major” as a formula if the domain for x is the
collection of all UCCS students.

Solution. ∀x(P (x) → Q(x)).

(c)[5 pts] Express “There exists a Math 100 student that is an engineering major” if the domain for x is the
collection of students in Math 100.

Solution. ∃xQ(x).

(d)[5 pts] Express “There exists a Math 100 student that is an engineering major” if the domain for x is the
collection of all UCCS students.

Solution. ∃x(P (x) ∧Q(x)).



(4) Let P (x, y, z) be the 3-place predicate “x plays y with z” and let Q(a, b) be the 2-place predicate “a
b = 5”.

(a)[5 pts] What is P (Sara, baseball, George)?

Solution. It is Sara plays baseball with George.

(b)[5 pts] What is P (a, b, b)? [this is not a typo]

Solution. It is a plays b with b.

(c)[5 pts] Is Q(a, b) a proposition? (just answer “yes” or “no”)

Solution. No.

(d)[5 pts] What is Q(2, 2)? Is Q(2, 2) a proposition?

Solution. Q(2, 2) is “ 2
2 = 5.” It is a (false) proposition.

(5) Let P (x, y) be “x is friends with y” and let Q(a, b) be “a and b are roommates.” Let the domain for all
variables be the collection of all adults. Translate the following into English using the method I taught you
in the notes/videos.

(a)[5 pts] ∃x∀yP (x, y)

Solution. There exists an adult x such that for all adults y, x is friends with y.

(b)[5 pts] ∀x∀y(P (x, y) ∧Q(x, y))

Solution. For all adults x and y, x is friends with y and x and y are roommates.

(c)[5 pts] ∃x∀y∃z(P (x, z) → Q(z, x))) [you will say “such that” exactly twice here]

Solution. There exists an adult x such that for all adults y, there exists an adult z such that if x is friends
with z, then z and x are roommates.

(d)[5 pts] ∃x∀y(P (x, y) ∧ (¬Q(x, y)))

Solution. There exists an adult x such that for every adult y, x is friends with y and x and y are not
roommates.

(e)[5 pts] (∃xP (John, x) → ∀y(¬Q(John, y)))

Solution. If there exists an adult x such that John is friends with x, then for all adults y, John and y are
not roommates.



(6) Using the notes (see relevant examples I did), justify why the following are formulas:

(a)[5 pts] (∃x∃yP (x, y) → (Q(z) ∧R(a, b)))

Solution. P (x, y), Q(z), and R(a, b) are formulas by 1. since they are predicates. By 2., (Q(z) ∧ R(a, b)) if
a formula. Applying 3. twice, ∃x∃yP (x, y) is a formula. By 2., the entire string is a formula.

(b)[5 pts] ∃z(∀yR(z) ↔ ∃x∃yP (x, y))

Solution. By 1., R(z) and P (x, y) are formulas. Applying 3. twice, ∃x∃yP (x, y) is a formula. By 3. again,
∀yR(z) is a formula. By 2., (∀yR(z) ↔ ∃x∃yP (x, y)) is a formula. A final application of 3. yields that the
entire string is a formula.

(c)[5 pts] (∃xP (x) ∧ ∀y∃z∀x(Q(z, x) ↔ R(y, x)))

Solution. P (x), Q(z, x), and R(y, x) are formulas by 1. since they are predicates. By 2., (Q(z, x) ↔ R(y, x))
is a formula. Applying 3. three times, ∀y∃z∀x(Q(z, x) ↔ R(y, z)) is a formula. By 3., ∃xP (x) is a formula,
and now by 2., the entire string is a formula.

(7) Use the recursive definition of “freeness” to justify the following (see examples in notes). You do NOT
need to justify why particular subformulas actually are subformulas, so please don’t confuse this with those
kinds of problems from (4).

(a)[5 pts] z occurs free in the formula ∃x∃yP (x, y, z)

Solution. z is free in P (x, y, z) by 1. of the definition. By applying 4. twice, z is free in the entire formula.

(b)[5 pts] z occurs free in (∀x∃yP (x, y) → (Q(z) ∨R(a, b)))

Solution. z occurs free in Q(z) by 1. of the definition. By 3., z is free in (Q(z) ∨R(a, b)). By 3., z is free in
the entire formula.

(c)[5 pts] y occurs free in ∀z(R(z) ↔ ∃xP (x, y))

Solution. y occurs free in P (x, y) by 1. of the definition. By 4., y is free in ∃xP (x, y). By 3., y is free in
(R(z) ↔ ∃xP (x, y)). Finally, by 5., y is free in the entire formula.

(d)[5 pts] y occurs free in (∃xP (y) ∧ ∃y∃z∀x(Q(z, x) ∨R(y, x)))

Solution. y is free in P (y) by 1. of the definition. By 4. of the definition, y is free in ∃xP (y). Now by 3., y
is free in the whole formula.



(8) Let C(x, y) be “x and y have chatted online” and let I(x) be “x has an internet connection.” Translate
the following into formulas, and be sure to use correct syntax. You can take the domain for x and y to be
the collection of all people, though the domain really is irrelevant and you can do the following even without
a domain being specified.

(a)[5 pts] Every person that has an internet has chatted with someone online.

Solution. ∀x(I(x) → ∃yC(x, y)).

(b)[5 pts] John has chatted with no one online (your formula should have “John” in it; see problem (1)); but
you should NOT write “no one” anywhere in your formula; you need to express this logically)

Solution. ∀x(¬C(John, x)).

(c)[5 pts] Everyone has chatted with Josie online, but no one has chatted with Bob online [again, your
formula should have “Josie” and “Bob” in it but NOT “no one”).

Solution. (∀xC(Josie, x) ∧ ∀x(¬C(Bob, x))).

(d)[5 pts] If Sally has not chatted with anyone online, then Sally has no internet connection.

Solution. (∀x(¬C(Sally, x)) → (¬I(Sally))).


