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More on Negations

Recall that to negate a statement S is to say “S is false”.

From a logical
point of view, this isn’t very interesting. We will be interested in using the
logic we have learned to negate statements in more interesting ways; this will
play a VERY important role when we start writing mathematical proofs. First,
let’s revisit the Demorgan Laws from propositional logic (the only difference in
what follows is that I am replacing variables with formulas; so α and β below
denote propositional formulas, not necessarily propositional variables). Recall
that the symbol “≡” denotes logical equivalence. Recall that formulas ζ and
ψ are logically equivalent if they have the same truth value regardless of the
truth value of the variables appearing in them.
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More on Negations

1 ¬(α ∧ β) ≡ ((¬α) ∨ (¬β)), and
2 ¬(α ∨ β) ≡ ((¬α) ∧ (¬β)).

We will dispense with the truth tables; what I want is for you to start to feel
why these formulas are true. Please pay attention to the following informal
justification:

(1) If it is NOT the case that (α ∧ β) is true, then it is not the case that
BOTH α and β are true. This means that AT LEAST ONE of the formulas is
false, and this is what is being asserted on the right-hand side of ≡ (similarly,
the right sides implies the left side).

(2) If it is NOT the case that (α ∨ β) is true, then it is not the case that AT
LEAST ONE of α and β is true. Therefore, BOTH are false (similarly, the
right side implies the left side).
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More on Negations

Now let’s see how to negate formulas involving the other logical operators.

First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.”

But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this).

So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Now let’s see how to negate formulas involving the other logical operators.
First, let’s look at the “not” operator.

3. (¬(¬α)) ≡ α.

To see this, begin by translating the above formula on the left: “It is not the
case that (¬α) is true.” But this becomes “It is not the case that α is not
true” (think about this). So if it is NOT the case that α is NOT true, then α
must be true.



More on Negations

Lastly, we come to “if, then” and “if and only if”.

Recall from earlier (I’ve
stressed this many times) that (α→ β) is false ONLY when α is true and β is
false. Thus:

4. (¬(α→ β)) ≡ (α ∧ (¬β)).
Finally, recall that (α↔ β) is true precisely when α and β have the same
truth values. So it follows that (¬(α↔ β)) is true exactly when α and β have
different truth values. How can this happen? It happens exactly when either α
is true and β is false or α is false and β is true. This yields

5. (¬(α↔ β)) ≡ ((α ∧ (¬β)) ∨ ((¬α) ∧ β)).
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More on Negations

Next, let’s practice performing formal negations (in other words, we won’t be
translating to English or vice-versa) using the above facts.

Example

Negate the formula (p → (q ∨ r)) so that every negation symbol immediately
precedes a variable.

Solution Note first that this formula is “globally” an implication, that is, it
takes the form (α→ β), where α is p and β is (q ∨ r). So we first apply 4. to
obtain (¬(p → (q ∨ r))) ≡ (p ∧ (¬(q ∨ r))). Note that the ¬ symbol does
NOT immediately precede a variable; it immediately precedes (. So we now
invoke 2. to obtain (p ∧ (¬(q ∨ r))) ≡ (p ∧ ((¬q)∧ (¬r))). Now both negation
symbols immediately precede variables, and this gives our final answer. □
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Example

Negate the formula (p ∧ (¬q)) so that every negation symbol immediately
precedes a variable.

Solution In this case, the formula is globally a conjunction; it has the form
(α ∧ β), where α is p and β is (¬q). So we begin our negation by applying 1.
to obtain (¬(p ∧ (¬q))) ≡ ((¬p) ∨ (¬(¬q))). We are almost done, but note
that the second ¬ immediately precedes (. So we may now invoke 3. to get
((¬p) ∨ (¬(¬q))) ≡ ((¬p) ∨ q); this last formula is our final answer. □
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More on Negations

We have now argued that

Theorem (Demorgan’s Laws for predicate logic: one-place predicates)

The following hold:

(a) (¬∀xP(x)) ≡ ∃x(¬P(x)), and
(b) (¬∃xP(x)) ≡ ∀x(¬P(x)).

I have not rigorously defined the symbol “≡” in predicate logic (I’ve only done
so in propositional logic). This is coming soon, but for now, just take the
symbol to mean that the two formulas are saying the same thing. The goal
now is to negate statements in predicate logic so that every negation symbol
immediately precedes a predicate.
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More on Negations

Example

Negate the formula ∀x(P(x) ∧ Q(x)) so that every negation symbol
immediately precedes a predicate.

Solution This formula globally has the form ∀xα, where α is (P(x) ∧ Q(x)).
Thus we begin with (a) above to obtain
(¬∀x(P(x) ∧ Q(x))) ≡ ∃x(¬(P(x) ∧ Q(x))). Note that the negation symbol
immediately precedes (, so we are not done yet. Now that there are no
quantifiers to the right of the negation symbol, we REVERT TO
PROPOSITIONAL NEGATIONS AND TREAT THE PREDICATES AS
PROPOSITIONAL VARIABLES. Applying 1. to (¬(P(x) ∧ Q(x))), our final
formula is ∃x((¬P(x)) ∨ (¬Q(x))). Now the negation symbols immediately
precede predicates. □
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PROPOSITIONAL NEGATIONS AND TREAT THE PREDICATES AS
PROPOSITIONAL VARIABLES. Applying 1. to (¬(P(x) ∧ Q(x))), our final
formula is ∃x((¬P(x)) ∨ (¬Q(x))). Now the negation symbols immediately
precede predicates. □
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immediately precedes a predicate.

Solution This formula has the form ∃yβ, where β is (P(y) ↔ Q(y)). So we
begin by invoking (b) above: (¬∃y(P(y) ↔ Q(y))) ≡ ∀y(¬(P(y) ↔ Q(y))).
Observe that the negation symbol again immediately precedes (, and so we
need to do more work. Recall what I stated above in all caps, we now invoke
5. to yield ∀y((P(y) ∧ (¬Q(y))) ∨ ((¬P(y)) ∧ Q(y))). □

I realize that including the proper number of parentheses is cumbersome, but
for mathematicians, engineers, and computer scientists alike, attention to
detail is a fundamentally important trait to possess.
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