
Math 2150 Assignment 5 Solutions

(1) Negate so that negation symbols immediately precede propositional variables. Be careful to use correct
syntax. Just giving the formulas is sufficient here; you do not need to show work.

(a)[5 pts] ((¬q) ∨ (¬p))

Solution. (q ∧ p).

(b)[5 pts] (r ∧ (s → t))

Solution. ((¬r) ∨ (s ∧ (¬t))).

(c)[5 pts] ((¬p) ↔ q)

Solution. (((¬p) ∧ (¬q)) ∨ (p ∧ q)).

(d)[5 pts] ((p ∧ q) ∨ (¬r))

Solution. (((¬p) ∨ (¬q)) ∧ r).

(2) Negate so that negation symbols immediately precede predicates (see notes!). Again, you need not show
work here (though doing so may help increase partial credit).

(a)[5 pts] ∃x(P (x) ∧Q(x))

Solution. ∀x((¬P (x)) ∨ (¬Q(x))).

(b)[5 pts] ∀x(P (x) → (Q(x) ∨R(x)))

Solution. ∃x(P (x) ∧ ((¬Q(x)) ∧ (¬R(x)))).

(c)[5 pts] ∀x(P (x) → ∀y∀z(Q(y, z) ∧R(y)))

Solution. ∃x(P (x) ∧ ∃y∃z((¬Q(y, z)) ∨ (¬R(y)))).

(d)[5 pts] ∃x∃y∃z(P (x, y) ↔ Q(z))

Solution. ∀x∀y∀z((P (x, y) ∧ (¬Q(z))) ∨ (P (x, y) ∧ (¬Q(z)))).



(3) Show that the following formulas are not logically equivalent:

(a)[5 pts] ∃x(P (x) ∧Q(x)) and (∃xP (x) ∧ ∃xQ(x))

Solution. Let P (x) be ‘x is even’, let Q(x) be ‘x is odd’, and let the domain for x be the collection of all
integers. The first formula translates to ‘There exists an integer x such that x is even and x is odd’, which
is false. The second translates to ‘There exists an integer x such that x is even and there exists an integer
x such that x is odd, which is true. So the formulas are not logically equivalent.

(b)[5 pts] ∀x(P (x) → Q(x)) and ∀x(P (x) ↔ Q(x))

Solution. Let P (x) be ‘x is an integer, let Q(x) be ‘x is a real number’, and let the domain for x be the
collection of all real numbers. Then the first formula translates to ‘For all real numbers x, if x is an integer,
then x is a real number’, which is true. The second translates to ‘For all real numbers x, x is an integer if
and only if x is a real number, which is false. Thus the formulas are not logically equivalent.

(c)[5 pts] ∀x(P (x) → Q(x)) and ∀x(P (x) ∧Q(x))

Solution. Let P (x) be ‘x is an integer’, let Q(x) be ‘x is a real number’, and let the domain for x be the
collection of all real numbers. The first formula translates to ‘For all real numbers x, if x is an integer, then
x is a real number’, which is true. The second translates to ’For all real numbers x, x is an integer and x is
a real number, which is false. Thus the two formulas are not logically equivalent.

(d)[5 pts] ∃x∀yP (x, y) and ∀x∃yP (x, y)

Solution. Let P (x, y) be ‘x < y’ and let the domain for x and y be the collection of real numbers. The first
formula translates to ‘There exists a real number x such that for all real numbers y, x < y’, which is false.
The second becomes ‘For all real numbers x, there exists a real number y such that x < y’, which is true.
Thus the formulas are not logically equivalent.



(4) Let T (x) be “x is tall”, let F (x, y) be “x and y are friends”, and let S(x, z) be “x plays z”. Let the
domains for x and y be the collection of all people and the domain for z be the collection of all sports.
NOTE: there is nothing ”magical” about the letters chosen above. For example (see previous hw), S(a, b) is
“a plays b”. As another example, “(F (a, b) ∧ S(b, golf))” is “a and b are friends and b plays golf.”

(a)(i)[5 pts] Translate “Someone has a friend that doesn’t play golf” into a formula.

Solution. ∃x∃y(F (x, y) ∧ (¬S(y, golf))).

(a)(ii)[5 pts] Negate your formula in (i) so that all negation symbols immediately precede predicates.

Solution. ∀x∀y((¬F (x, y)) ∨ S(y, golf)).

(a) (iii)[5 pts] Translate your formula from (ii) into English.

Solution. For all people x and y, either x and y are not friends, or y plays golf.

(b)(i)[5 pts] Translate “Everyone has a friend that is not tall and who plays either baseball or football” into
a formula.

Solution. ∀x∃y((F (x, y) ∧ (¬T (y))) ∧ (T (y, baseball) ∨ T (y, football))).

(b)(ii)[5 pts] Negate your formula in (i) so that all negation symbols immediately precede predicates.

Solution. ∃x∀y(((¬F (x, y)) ∨ T (y)) ∨ ((¬T (y, baseball)) ∧ (¬T (y, football)))).

(b)(iii)[5 pts] Translate your formula from (ii) into English.

Proof. There exists a person x such that for every person y, x and y are not friends, or y is tall, or y plays
neither baseball nor football.

(c)(i)[5 pts] Translate “Everyone who is tall plays basketball and volleyball” into a formula.

Solution. ∀x(T (x) → S(x, basketball) ∨ S(x, volleyball)).

(c)(ii)[5 pts] Negate your formula in (i) so that all negation symbols immediately precede predicates.

Solution. ∃x(T (x) ∧ ((¬S(x, basketball)) ∧ (¬S(x, volleyball)))).

(c)(iii)[5 pts] Translate your formula from (ii) into English.

Solution. There exists a person x such that x is tall and x plays neither basketball nor volleyball.


