
Math 2150 Assignment 6 Solutions

(1) Determine if each of the following is true or false, where the domain for all variables is the set of real
numbers. Work is not required. Recall that a < b is the assertion that a is less than b, a ≤ b asserts that a
is less than or equal to b, a > b asserts that a is greater than b, and a ≥ b asserts that a is greater than or
equal to b.

(a)[3 pts] ∃x∃y((x < y)∧ (y < x)) (As I stated in the notes, I’m adding extraneous parentheses here around
the predicates for improved readability.)

Solution. False (there can’t be two real numbers such that EACH is less than the other).

(b)[3 pts] ∀x∃y(x2 = y)

Solution. True (for every x, choose y to be x2).

(c)[3 pts] ∃x∀y(x ≥ 1
y )

Solution. This is false. There are several ways to see this, but one way is as follows: there is no x for which
x ≥ 1

0 , since 1
0 is undefined.

(d)[3 pts] ∀x∀y(x2 < y)

Solution. This is also false. For any real x, it is NOT the case that x2 < x2 − 1, so it does NOT hold that
for ALL y, x2 < y.

(2) For each of the following, determine whether the formula is true or false. Let the domain for all variables
be the set of real numbers. Work is not required.

(a)[3 pts] ∀x∀y∀z((x+ y ≥ z) ∨ (x+ y < z))

Solution. This is true: for any real numbers x, y, z, either x+ y ≥ z or x+ y < z.

(b)[3 pts] ∀x∃y∀z(x + y > z). (hint: imagine x is in your hand, though you don’t know what x is. Is it
necessarily true that there exists a real number y such that for all real numbers z, we have x+ y > z?)

Solution. This is false. No matter what x is, there is no y for which x + y is greater than EVERY real
number z. If this were true, then x+ y would have to be greater than itself, which is false.

(c)[3 pts] ∃x∀y∀z(xyz ≤ 0)

Solution. This is true (let x = 0).

(d)[3 pts] ∀x∀y∃z((x < y) ∧ (y < z)).

Solution. This is false. If x = 2 and y = 1, then x < y is false.



(3) Let P (x, y) be “x and y are related”, let U(x) be “x is an uncle”, and let A(x) be “x is an aunt”.
Translate the following into formulas, where the domain for the variables is the collection of all people.

(a)[5 pts] Everyone is related to a person who is both an aunt and an uncle.

Solution. ∀x∃y(P (x, y) ∧ (A(x) ∧A(y))).

(b)[5 pts] There is exactly one uncle.

Solution. ∃x(A(x) ∧ ∀y(A(y)→ y = x)).

(c)[5 pts] Everyone is related to him/her/themself as well as to two (different) uncles (note: I did NOT say
is related to EXACTLY two uncles, so be careful).

Solution. ∀x∃y∃z((P (x, x) ∧ (P (x, y) ∧ P (x, z))) ∧ ((A(y) ∧A(z)) ∧ y 6= z)).

(d)[5 pts] John is related to Mary and to Martha but to no one else.

Solution. ((P (John,Mary) ∧ P (John,Martha)) ∧ ∀x(P (John, x)→ (x = Mary ∨ x = Martha))).

(e)[5 pts] The collection of people that John is related to is exactly the same as the collection of people that
are related to either Peter or to Mary.

Solution. ∀x(P (John, x)↔ (P (Peter, x) ∨ P (Mary, x))).

(4) Let T (x, y, z) be “x has traveled to y in z”, where the domain for x is the collection of all people, the
domain for y is the collection of all countries, and the domain for z is the collection of all years (A.D., let’s
say - so e.g., 1981). Translate the following into formulas. Be careful to use correct syntax.

(a)[5 pts] Peter has traveled to some country in 1999 (‘Peter’ and ’1999’ are constants, but ’some country’
is NOT - use quantifier/variable).

Solution. ∃xT (Peter, x, 1999).

(b)[5 pts] Katie traveled to exactly one country in 2004 (so we are saying that in the year 2004, Katie traveled
to exactly one country).

Solution. ∃x∀y(T (Katie, y, 2004)↔ y = x).

(c)[5 pts] Mike and John traveled to no common country in 2000 (that is, the collection of countries Mike
traveled to in 2000 is disjoint from the collection of countries that John traveled to in 2000).

Solution. (¬∃x(T (Mike, x, 2000) ∧ T (John, x, 2000))).

(d)[5 pts] Beth traveled to no countries in 1954.

Solution. ∀x(¬T (Beth, x, 1954)).



(5)[5 pts] The definition of a sequence (xn) converging to a real number L is the following: “For every
positive real number ε, there exists a natural number k such that for every natural number n: if n ≥ k, then
|xn − L| < ε.”

(a)[5 pts] Express the statement above in quotes as a formula in predicate logic, where the domain for ε is
the collection of positive real numbers, and the domain for k and n is the collection of natural numbers.

Solution. ∀ε∃k∀n(n ≥ k → |xn − L| < ε).

(b)[5 pts] Negate your formula and express your answer WITHOUT ANY NEGATION SYMBOLS (hint: if
a and b are real numbers and a < b is false, a ≥ b; think about it!).

Solution. ∃ε∀k∃n(n ≥ k ∧ |xn − L| ≥ ε).

(c)[5 pts] Translate your formula from (b) into English (but you don’t have to translate the inequalities into
words).

Solution. There exists a positive real number ε such that for every natural number k, there exists a natural
number n such that n ≥ k and |xn − L| ≥ ε.

(6) The definition of a function f with domain the set of real numbers being injective is as follows: “For all
real numbers x and y: if f(x) = f(y), then x = y.”

(a)[5 pts] Express the statement above in quotes as a formula in predicate logic, where the domain for x and
y is the set of real numbers. NOTE: “f” is a *constant*; it is NOT quantified.

Solution. ∀x∀y(f(x) = f(y)→ x = y).

(b)[5 pts] Negate your formula above so that the only negation you have in your formula is “x is not equal
to y”, which I’d like you to express as “x 6= y” in your formula below.

Solution. ∃x∃y(f(x) = f(y) ∧ x 6= y).

(c)[5 pts] Translate your formula from (b) into English. You can keep equations and “x 6= y” the way they
are - no need to translate these into English.

Solution. There exist real numbers x and y such that f(x) = f(y) and x 6= y.



(7) Let F (x, y, t) mean “x can fool y at time t”. Let the domain for x and y be the collection of all people
and the domain for t be the collection of all times.

(a)[5 pts] Express “Joe can fool all of the people some of the time” as a formula.1

Solution. ∀y∃tF (Joe, y, t).

(b)[5 pts] Express “Joe can fool some of the people all of the time’ as a formula.

Solution. ∃y∀tF (Joe, y, t).

(c)[5 pts] Express “Joe cannot fool all of the people all of the time” as a formula.

Solution. ∃y∃t(¬F (Joe, y, t)).

1In predicate logic, “some” translates to “at least one” which translates to “there exists”.


