
Math 2150

Test 1 - October 6, 2022 Solutions

Directions/Comments:

(0) You are to work ALONE on this exam, but are free to use whatever resources you’d like.
(1) Put your name below.
(2) Test due by 5:15 pm as a PDF upload to Canvas (unless you are registered w/ ODS and get

extra time; in this case, email me a PDF of your exam. NOTE: you must already be registered in
order to have this privilege; I will look up your accommodations).

* Good Luck *

Name:..................................................................



(1)(a)[1 pt each] Circle all of the following which are propositions. No justification required.

1. John is cute.

2. No person on the planet has more than one arm.

3. x2 ≥ 0.

4. Tacos are gross.

5. Every living thing that is not alive is a popsicle.

6. On November 3, 1943, there was a fox somewhere in Antarctica.

7. Close the door!

8. How much does a new iPhone cost?

9. There exists a person that doesn’t exist.

10. Every cat has claws.

Solution. (1) is not a proposition (‘John’ isn’t uniquely specified and ‘John is cute’ expresses an
opinion), (2) is a (false) proposition, (3) is not a proposition (it is ambiguous), (4) not a proposition
(it is an opinion), (5) is a (true) proposition (there isn’t anything alive that isn’t alive), (6) is a
proposition, (7) is a command, so not a proposition, (8) is not a proposition, (9) is a (false)
proposition, and (10) is a proposition.

(1)(b)[7 pts] Using a truth table and some (very) short justification, determine if the compound
formula ((¬(p ∧ q))↔ (p→ (¬q))) is a tautology, a contradiction, or neither.

Solution.

p q (¬q) (p ∧ q) (¬(p ∧ q)) (p→ (¬q)) ((¬(p ∧ q))↔ (p→ (¬q)))

T T F T F F T
T F T F T T T
F T F F T T T
F F T F T T T

Because the final column consists of all Ts, the formula is a tautology.



(1)(c)[8 pts] Using a truth table and some (very) short justification, determine if the formulas
(p ∨ (q ∧ r)) and ((p ∨ q) ∧ (p ∨ r))) are logically equivalent [you should write small here to make
sure you can include all subformulas, which I expect you to do.]

Solution.

p q r (q ∧ r) (p ∨ q) (p ∨ r) (p ∨ (q ∧ r)) ((p ∨ q) ∧ (p ∨ r))

T T T T T T T T
T F T F T T T T
F T T T T T T T
F F T F F T F F
T T F F T T T T
T F F F T T T T
F T F F T F F F
F F F F F F F F

Since the final two columns of truth values are the same, the two formulas are logically equivalent.



(2) Throughout this problem, let h be ‘John is happy’, let s be ‘John is sad’, let a be ‘John is
angry’, and let t be ’John is tired.’

(a)(i)[4 pts] Express “John is happy if and only if John is both not sad and not angry” as a formula
in propositional logic using the above variables. Be careful to give correct syntax.

Solution. (h↔ ((¬s) ∧ (¬a))).

(a)(ii)[4 pts] Negate the formula in (a)(i) so that every negation symbol immediately precedes a
propositional variable.

Solution. ((h ∧ (s ∨ a)) ∨ ((¬h) ∧ ((¬s) ∧ (¬a)))).

(a)(iii)[4 pts] Translate your formula in (a)(ii) into English.

Solution. John is happy and either sad or angry or John is not happy, not sad, and not angry.

(b)(i)[4 pts] Express “If John is angry, then either John is not happy or John is tired” as a formula
in propositional logic as above.

Solution. (a→ ((¬h) ∨ t)).

(b)(ii)[4 pts] Negate the formula in (b)(i) so that every negation symbol immediately precedes a
propositional variable.

Solution. (a ∧ (h ∧ (¬t))).

(b)(iii)[4 pts] Translate your formula in (b)(ii) into English.

Proof. John is angy, happy, and not tired.



(3)(a) Using the 4th page of the September 14 notes, justify that the following are formulas.

(i)[5 pts] (∀y(P (x)→ Q(z))↔ ∃x(¬H(x, y))).

Solution. P (x), Q(z), and H(x, y) are formulas by 1. since they are predicates. By 2., (P (x) →
Q(z)) is a formula, and by 3., so is ∀y(P (x)→ Q(z)). By 2., (¬H(x, y)) is a formula, and by 3., so
is ∃x(¬H(x, y)). A final application of 2. shows that the entire string is a formula.

(ii)[5 pts] (∀x(¬P (x))→ ∃y(∃zH(y, z) ∨Q(a, z))).

Solution. P (x), H(y, z), and Q(a, z) are formulas by 1. since they are predicates. By 2., (¬P (x))
is a formula, and by 3., ∃zH(y, z) is a formula. By 2., (∃zH(y, z) ∨ Q(a, z)) is a formula. By 3.,
∃y(∃zH(y, z) ∨Q(a, z)) is a formula. Now by 2., the entire string is a formula.

(3)(b) Using page 6 of the September 14 notes, justify that the indicated variable occurs free in the
given formula.

(i)[5 pts] z occurs free in ∀x(∃y(P (x)→ Q(z))↔ (¬H(x, y))).

Proof. z occurs free in Q(z) by 1. of the definition. By 3., z is free in (P (x) → Q(z)). By 4., z
is free in ∃y(P (x) → Q(z)). By 3., z is free in (∃y(P (x) → Q(z)) ↔ (¬H(x, y))). z is free in the
whole formula now by 5. of the definition.

(ii)[5 pts] a occurs free in (∀x(¬P (x))→ ∃y∀z(H(y, z) ∧Q(a, z))).

Solution. a occurs free in Q(a, z) by 1. of the definition. By 3. of the definition, a is free in
(H(y, z)∧Q(a, z)). By 5., a is free in ∀z(H(y, z)∧Q(a, z)). By 4., a is free in ∃y∀z(H(y, z)∧Q(a, z)).
Now a is free in the entire formula by 3. of the definition.

(iii)[5 pts] x occurs free in (∀x(P (x)→ Q(x)) ∧ (∀yH(y) ∨ A(x))).

Solution. x is free in A(x) by 1. of the definition. By 3., z is free in (∀yH(y) ∨ A(x)). A final
application of 3. shows that x is free in the entire formula.



(4)(a) In each of the following formulas, find a *common* domain (meaning the domain is the
SAME for all variables) for all variables (some collection of real numbers) making the formula true
and another making the formula false (say which does what). Here, P (x, y, z) is “x < yz” (x is less
than yz) and Q(a, b) is “a2 = b”.

(i)[3 pts] ∃a∀bQ(a, b).

Solution. True: {0}, false: set of integers.

(ii)[3 pts] ∀x∃y∃zP (x, y, z).

Solution. True: set of integers, false: {0}.

(iii)[3 pts] ∃x∃y∀zP (x, y, z).

Solution. True: collection of all integers which are greater than one; false: set of integers.

(4)(b) Determine if the following are true or false if the domain for all variables is the set of all
integers {. . . ,−3,−2,−1, 0, 1, 2, 3, . . .}. Justification is not required.

(i)[3 pts] ∀x∀y((y > x + 1)→ ∃z(x < z < y)).1

Solution. True.

(ii)[3 pts] ∃x∀y∀z(xyz = x).

Solution. This is true (choose x = 0).

(iii)[3 pts] ∃x∀y(x + 1 + y = y).

Solution. True (choose x = −1).

(iv)[3 pts] ∃x∃y((x = 2y) ∧ (x = 2y + 1)).

Proof. This is false.

(4)(c)[3 pts] Consider the formulas ∃x(P (x) → Q(x)) and ∃x(P (x) ∧ Q(x)). Find a domain for x
and interpretations of P (x) and Q(x) which make one formula true (say which one) and the other
false.

Solution. Let P (x) be “x 6= x”, let Q(x) be “x = x”, and let the domain for x be the collection of
all real numbers. Then ∃x(P (x)→ Q(x)) is true but ∃x(P (x) ∧Q(x)) is false.

1Note that I am adding parentheses around the predicates for readability.



(5) In what follows, let O(x, y) be “x owns y”, let J(x) be “x has a job”, and let R(x, z) be “x
and z are related”. Let the domain for x and z be the collection of all people and the domain for
y be the collection of all objects.2

(a)(i)[3 pts] Translate into a formula: “Any two different people that are related both have jobs.”

Solution. ∀x∀y((x 6= y ∧R(x, y))→ (J(x) ∧ J(y))).

(a)(ii)[3 pts] Negate your formula from (a)(i) so that every negation symbol immediately precedes
a predicate.

Solution. ∃x∃y((x 6= y ∧R(x, y)) ∧ ((¬J(x)) ∨ (¬J(y)))).

(a)(iii)[3 pts] Translate your formula from (a)(ii) into English.

Solution. There exist different people x and y such that x and y are related and either x doesn’t
have a job or y doesn’t have a job.

(b)(i)[3 pts] Translate into a formula: “There exists a person that doesn’t have a job and owns
exactly one object.”

Solution. ∃x((¬J(x)) ∧ ∃y(O(x, y) ∧ ∀z(O(x, z)→ z = y))).

(b)(ii)[3 pts] Negate your formula from (b)(i) so that every negation symbol immediately precedes
a predicate.

Solution. ∀x(J(x) ∨ ∀y((¬O(x, y)) ∨ ∃z(O(x, z) ∧ z 6= y))).

(c)(i)[3 pts] Translate into a formula: “If Mary and John are related, then Mary and John own
exactly the same objects.”

Solution. (R(Mary, John)→ ∀x(O(Mary, x)↔ O(John, x))).

(c)(ii)[3 pts] Negate your formula from (c)(i) so that every negation symbol immediately precedes
a predicate.

Solution. (R(Mary, John)∧∃x((O(Mary, x)∧ (¬O(John, x)))∨ ((¬O(Mary, x))∧O(John, x)))).

(c)(iii)[3 pts] Translate your formula from (c)(ii) into English.

Solution. Mary and John are related and there exists some object x such that Mary owns x but
John doesn’t, or Mary doesn’t own x but John does.

2If “=” or “ 6=” comes up in your formula, you may put parentheses around this predicate or not; I don’t care.


