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Intro to Sets

We now transition to an important topic in mathematics: the concept of a
set.

Likely, many of you already have experience with these objects from other
classes (though likely some of you do not). I will, of course, make the
introduction to this topic completely self-contained. We will begin by
discussing, intuitively, what a set is, and then discuss various operations on
sets. This will culminate in learning to write proofs of assertions involving sets
(you may not like this, but given the focus of the course, you shouldn’t be
surprised!).OK, let’s get started...
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Intro to Sets

Intuitively, a set is simply a collection of objects.

There are various notational
conventions for denoting sets and for denoting their objects; we will get to
this shortly. But for now, just think of a set as a “collection of things”. If you
are desiring a mental picture, think of a basket with a bunch of objects in it
(but be forewarned, that there may be infinitely many objects in the basket).
Let’s look at several examples.

Example

Consider the expression {1, 2}. Think of the { and } as making up the basket
and the numbers 1 and 2 as being the contents of the basket. The expression
{1, 2} denotes the set whose objects, or members or elements are the
numbers 1 and 2.
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Intro to Sets

Example

Next, consider the expression {Greg Oman, ◦, □}.

As above, this denotes the
set whose members are Greg Oman (me), a circle ◦, and a square □. I give
this example to illustrate that sets need NOT consist only of numbers.

I could give more examples as above, but I trust that isn’t necessary. The
general idea is this: an expression which begins with “{”, ends with “}”, and
has explicit object separated by commas denotes the set whose members are
precisely those objects separated by commas. We now introduce some more
notation.
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Intro to Sets

Definition

Suppose that S is a set (for concrete examples of a possible S , see the
previous two examples).

If an object x is a member (or element) of S , then we
denote this fact by “x ∈ S” (the character between x and S is the Greek
letter epsilon). If x is NOT a member of S , we denote this fact by x /∈ S .

Let’s return to the two previous examples. Note that the number 1 is a
member of the set {1, 2}, and 1 ∈ {1, 2} is the notation used for this
assertion. However, 3 is not a member of {1, 2}, and we express this by
“3 /∈ {1, 2}”. Similarly, ◦ is a member of the set {Greg Oman, ◦, □}, and this
is denoted by ◦ ∈ {Greg Oman, ◦, □}.
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Intro to Sets

Sometimes, a finite set will contain so many elements that it’s simply not
practical to list them all out explicitly.

Certainly one can conceive of the set
containing all the integers from 1 to 1, 000, but no one would want to actually
have to read through all these numbers, which is what would be required if
one used the above notation. Luckily, there is a convention to handle this.
Let’s look at two examples.

Example

The notation {1, 2, 3, 4, . . . , 1, 000} denotes the set of all positive integers
from 1 to 1, 000.

Example

The notation {· · · ,−3,−2,−1, 0, 1, 2, 3, . . .} denotes the set of all integers.

The ellipsis “...” should be interpreted informally as “the pattern continues
forever”. If you see them on the left and right as in the previous example, it
means the patter continues in both directions forever.
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Intro to Sets

Now, often in mathematics, one may want to consider sets which are large
and don’t have an obvious relationship or pattern within its elements.

Luckily,
there is also a convention for this. This will be a bit more abstract (just
warning you). The idea is that you can define the set by giving a property that
every member of the set has.

Example

{x : x is a prime number less than 14}. IMPORTANT: you should read this as
“the set of all objects x such that x is a prime number less than 14”. In other
words, it is the set of all prime numbers less than 14. This is a small set, and
we can just use the first convention to denote it: {2, 3, 5, 7, 11, 13} (1 is not a
prime number, by the way).

Example

{x : x is an even integer} denotes the set of all even integers. We can use our
second convention to denote this set: {. . . ,−6,−4,−2, 0, 2, 4, 6, . . .}.
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Intro to Sets

In general, an expression of the form {x : P(x)}, where P(x) is some property
of x (for example, being a prime less than 14 or being an even integer)
denotes the set of all object x such that property P is true of x .

For
completeness, I should mention that there are philosophical difficulties
associated with defining sets in this way. For example, suppose I define {x : x
is an object such that x = x}. Well, everything is equal to itself, so this “set”
contains “everything”. This actually leads to a contradiction (though I’ll leave
out the details), famously known as “Russell’s Paradox”. That said, this is not
going to come up in our class, though as a professor, I need to make you
aware of the fact that one cannot always do this (but you need not pay any
more mind to this matter at this point).
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Intro to Sets

Next, we address the following important and natural question: when are two
sets equal?

The idea here is that a set is completely determined by the
members that it contains. So we regard sets A and B to be equal provided that
A and B have the same members. Let’s pause to look at another example.

Example

Let A = {1, 2} and B = {2, 1}. Note that the members of A are the numbers
1 and 2. Also note that the members of B are the numbers 1 and 2. THE
FACT THAT THEY ARE LISTED IN DIFFERENT ORDERS IS
COMPLETELY IRRELEVANT! PLEASE REMEMBER THIS. Hence A = B.
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Intro to Sets

Example

Let A = {x : x is a real number such that 2x = x} and B = {0}.

Note that
the only real number x with the property that 2x = x is the number x = 0. So
0 is the only member of A. Note explicitly that 0 is the only member of B. So
A and B have the same members, and hence A = B.

We now make an important observation which will allow us to usher in some
predicate logic: let A and B be sets. Then A = B asserts that A and B have
the same members. Another way of say this is that (i) every member of A is a
member of B and (ii) every member of B is a member of A. This is how we
make the formal definition:
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Intro to Sets

Definition

Let A and B be sets.

Then A = B means that for all objects x : if x ∈ A, then
also x ∈ B AND if x ∈ B, then x ∈ A. Going back to propositional logic, this
bi-implication is equivalent to “if and only if”. Thus we may express this more
compactly: A = B means that for all objects x : x ∈ A if and only if x ∈ B.

We will have more to say about this definition shortly. But first, l want to
introduce a particular set that pops up quite often in mathematics, though it
may feel a bit odd at first.

Example

Consider the set {x : x is a real number and x ̸= x}. Question: does this set
have any members at all? In other words, does there exist any real number x
which is not equal to itself? (don’t think too hard here) NO, of course not. So
this set has no objects at all (think of this as an empty basket).
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Example

Consider the set {x : x is a real number and x ̸= x}. Question: does this set
have any members at all? In other words, does there exist any real number x
which is not equal to itself? (don’t think too hard here) NO, of course not. So
this set has no objects at all (think of this as an empty basket).
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Intro to Sets

We now make the following definition.

Definition

The set with no members is called the empty set, and is commonly denoted
by either ∅ or {, }. I will exclusively use the first notation, as this is by far the
most common.

Next, we introduce another basic concept in set theory. Let’s start with an
example.

Example

Let A = {1, 2, 3} and let B = {1, 2, 3, 4, 5}. Observe that every element
(member) of A is also an element (member) of B. Just take a second to
convince yourself of this.

We now make the following more general definition.
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Definition

Let A and B be sets.

If every element of A is also an element of B, then we
say that A is a subset of B, and we write A ⊆ B to denote this assertion.
More formally, A is a subset of B asserts that for all objects x : if x ∈ A, then
x ∈ B (and this is the definition we will use when writing proofs).

We have now established enough definitions to start wading into proofs,
though we are only going to scratch the surface for now. But please take the
time to read and process all of the steps in the following proofs. The proof
techniques should be familiar; we are just applying them to this new setting.
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Example

For every set A, ∅ ⊆ A.

Note that this is a universally quantified statement: ∀A(∅ ⊆ A), where the
domain for A is the collection of all sets. We will use a direct proof to establish
this. In what follows, I’m going to be pretty verbose to help guide you.
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Proof.

Let A be an arbitrary set.

We must prove that ∅ ⊆ A. But what does this
mean? Look back to the final sentence of the previous definition: this means
that we must prove that for all objects x : if x ∈ ∅, then x ∈ A. More formally,
we must prove that ∀x(x ∈ ∅ → x ∈ A). Note that what we must prove is a
universally quantified implication now. But we have already learned of proof
techniques to deal with this! We will use a proof by contradiction .
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Proof.

The negation of what we must prove is ∃x(x ∈ ∅ ∧ x /∈ A).

So now let’s
proceed. Suppose by way of contradiction that there exists some object x such
that x ∈ ∅ and x /∈ A. We have a contradiction immediately, since by
definition, no object is a member of ∅. The proof is now complete.

Now let’s dig into some of the definitions introduced above in a bit more
detail. We introduce another definition (things are going to get a bit more
abstract now, just warning you).

Definition

Let S be a set. Then the power set of S is the set P(S) whose members are
exactly the subsets of S .
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Intro to Sets

For the purposes of this class, you should assume that *numbers are not
sets*.

For example, 4 is NOT a set, whereas {4} IS a set; it’s the set whose
only member if 4. (in axiomatic set theory, numbers actually are sets, but
trust me when I say that you don’t want me to go into this)
We have seen that the empty set is a subset of every set. IMPORTANT: thus
if S is any set, since ∅ ⊆ S , by definition it follows that ∅ ∈ P(S). On the
other extreme, every set is a subset of itself.
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Intro to Sets

Example

For every set S , S ⊆ S .

[∀S(S ⊆ S)].

Proof.

We will use a direct proof here. Let S be an arbitrary set. We must prove that
S ⊆ S . Again, what does this MEAN? By definition (as in the previous
example), we must prove that for all objects x : if x ∈ S , then x ∈ S (formally,
we must show ∀x(x ∈ S → x ∈ S)). We can use a direct proof to do this. Let
x be an arbitrary object, and assume that x ∈ S . We must show that x ∈ S .
But this is obvious: we assumed that x ∈ S , and therefore, x ∈ S .
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