
Math 3410

Test 2 Solutions

(1)(a)[2 pts each] Circle all of the following which are true. No justification needed.

1. If a sequence (an)→ 0 and an 6= 0 for all natural numbers n, then ( 1
an

)→∞.

2. If (an) is a Cauchy sequence of real numbers, then (2an) is also Cauchy.

3. If (an) is a convergent sequence, and if each an ≥ 0, then the limit of (an) is also greater than
or equal to 0.

4. If (an) does not converge, then for every real number r, (ran) also does not converge.

5. Every real sequence either converges to some real number or converges to ±∞.

Solution. 1. is false, 2. is true, 3. is true, 4. is false (take r = 0), and 5. is false.

(1)(b)[10 pts] Suppose that (an) is a real sequence which converges to some real number L. Suppose
further that r ∈ R and that r ≤ an for every natural number n. Prove that r ≤ L. Hint:
contradiction. This is similar to a problem from hw#10.

Proof. Let (an) be a real sequence which converges to L and suppose that r ∈ R and r ≤ an for
every natural number n. Suppose by way of contradiction that r > L. Then r−L > 0. Thus there is
some natural number k such that |ak−L| < r−L, which is equivalent to −(r−L) < ak−L < r−L.
From the second inequality, we get ak < r. But this contradicts r ≤ ak.



(2)(a)[2 pts each] Circle all of the following which are true. No justification required.

1. If (an) is any sequence such that (a2n) converges and (a2n+1) converges, then (an) converges.

2. Let an be defined by an = 1 if n is even and an = n
n+1

if n is odd, for any n ∈ N. Then
(an)→ 1.

3. Every convergent sequence is bounded.

4. Every sequence has a monotonically increasing subsequence.

5. Every convergent sequence is contractive.

Solution. (i) is false, (ii) is true, (iii) is true, (iv) is false, and (v) is false.

(2)(b)[10 pts] Give a direct proof that if (xn) and (yn) are Cauchy sequences, then (xn + yn)
is also Cauchy. Do NOT simply say, “Since (xn) and (yn) are Cauchy, they converge. So by the
limit laws, (xn + yn) converges, hence is also Cauchy.” In other words, given that (xn) and (yn)
are Cauchy, prove that for every ε > 0, there exists a natural number k such that for every natural
number n ≥ k, |(xn + yn) − (xk + yk)| < ε. The proof is similar to the proof that the sum of two
sequences which converge to zero also converges to 0 (see notes).

Proof. Assume that (xn) and (yn) are Cauchy sequences, and let ε > 0. Then there exists natural
numbers k1 and k2 such that for all natural numbers n ≥ k1, m ≥ k2, we have |xn − xk1| < ε

2
and |ym − yk2| < ε

2
. Now let k = max(k1, k2), and let n ≥ k be arbitrary. Then we see that

|(xn + yn) − (xk + yk)| = |xn − xk + yn − yk| ≤ |xn − xk| + |yn − yk| < ε
2

+ ε
2

= ε, proving that
(xn + yn) is Cauchy.



(3)(a)[2 pts each] Circle all of the following which are true. No justification needed.

1. If
∑∞

n=0 an is any series such that (an)→ 0, then
∑∞

n=0 an converges.

2. If (an) and (bn) are any sequences such that an ≤ bn for every natural number n, and if
∑∞

n=0 bn
converges, then

∑∞
n=0 an converges.

3. Suppose that each an > 0, and
∑∞

n=0 an diverges (that is, does not converge). Then the
sequence (Sn) of partial sums of

∑∞
n=0 an converges to ±∞.

4. Consider a series
∑∞

n=0 an, and let Sn be the nth partial sum of the series, and where each
an > 0. Then either (Sn)→ r for some real number r or (Sn)→∞.

5. If
∑∞

n=0 an is any convergent series, then the sequence (Sn) of partial sums of the series is
bounded.

Solution. 1. is false, 2. is false, 3. is true, 4. is true, and 5. is true.

(3)(b) Do the following. For all, an example alone suffices. You do NOT need to provide ANY
justification.

3 pts Give an example of a series
∑∞

n=0 an, where each an > 0, (an+1

an
)→ 1, and

∑∞
n=0 an diverges.

Solution. Let an = 1
n+1

.

3 pts Give an example of a series
∑∞

n=0 an, where each an > 0, (an+1

an
)→ 1, and

∑∞
n=0 an converges.

You do not need to justify anything - an example alone suffices.1

Solution. Let an = 1
(n+1)2

.

4 pts Give an example of a series
∑∞

n=0 an such that
∑∞

n=0 an does not converge to a real number,
to ∞, or to −∞. Hint: think about an alternating series...

Solution. Consider the series
∑∞

n=0(−1)nn.

1Examples of 1. and 2. can be found in the notes - they are nothing exotic. An Example satisfying 3. is also NOT anything
complicated.



(4)(a)[6 pts] We used the Cauchy Condensation Test to prove that for any integer s ≥ 2, the
series

∑∞
n=0

1
n2 converges (notes). You showed that

∑∞
n=0

1
n

diverges using the Cauchy Condensation

Test. Use a test of your choice to prove that if s ≤ 0 is an integer, then
∑∞

n=0
1
ns diverges. Be

careful here: if you want to apply Test X, make sure that the hypotheses of Test X are satisfied
before you apply it.

Proof. Let s ≤ 0 be an integer, and consider the series
∑∞

n=0
1
ns =

∑∞
n=0 n

−s. Since s ≤ 0, we see
that −s ≥ 0, and hence (n−s) does not converge to 0 (it converges either to 1 (if s = 0) or ∞ (if
s > 0). Thus the series diverges by the nth Term Test for Divergence.

(4)(b)[7 pts] Let x be a real number, and consider the series
∑∞

n=0
(−1)nx2n

(2n)!
. Prove that this series

converges. Hint: you have a hw problem (hw#11) that is very similar in spirit to this one.

Proof. The idea is very similar to the one used in the relevant hw problem: if we take the absolute
value and show that the corresponding series converges (that is, if we show that the series converges
absolutey), then by the Absolute Convergence Test, the original series will also converge. So
we may assume without loss of generality that x > 0, and we let n ∈ N. Then observe that
x2(n+1)

(2(n+1)!

x2n

(2n!)

= x2(n+1)(2n)!
(2(n+1))!x2n

= x2

(2n+1)(2n+2)
. Now, note that 0 ≤ 1

(2n+1)(2n+2)
≤ 1

n+1
, and so by the Squeeze

Theorem, we see that ( 1
(2n+1)(2n+2)

) → 0, and so x2

(2n+1)(2n+2)
converges to x2 · 0 = 0. By the Ratio

Test (and the Absolute Convergence Test) the series converges.

(4)(c)[7 pts] Consider the series
∑∞

n=1
2n2

n4+1
. Use the p-Series Test, problem 3 of hw#10 (this is

the so-called Comparison Test), and any relevant limit laws to show that this series converges (do
not worry that the sum starts at 1 instead of at 0 - this doesn’t affect anything, and you may apply
the tests even though the indexing starts w/ n = 1). You should begin by dividing top and bottom
by a certain power of n.

Proof. Let n ≥ 1 be an integer. Begin by dividing top and bottom by n2 to get 2
n2+ 1

n2
. Next, note

that 2
n2+ 1

n2
≤ 2

n2 . By the p-series test, we see that
∑∞

n=1
1
n2 converges, and by The Limit Laws

for Series (Law 2),
∑∞

n=1
2
n2 converges. Finally, we apply the Comparison Test to conclude that∑∞

n=1
2n2

n4+1
converges.



(5)(a)[10 pts] Let f : A→ B and g : B → C be functions, where A, B, and C are sets. Prove that
if g ◦ f is injective, then f is injective. Recall that g ◦ f : A→ C is defined by (g ◦ f)(a) = g(f(a))
for all a ∈ A.

Proof. Let f : A→ B and g : B → C be functions, where A, B, and C are sets. Assume that g ◦ f
is injective. Now let x, y ∈ A and assume that f(x) = f(y). Then g(f(x)) = g(f(y)), that is,
(g ◦ f)(x) = (g ◦ f)(y). Since g ◦ f is injective, x = y, and this proves that f is injective.

(5)(b)[10 pts] For any set S, let IS : S → S be defined by IS(s) = s for all s ∈ S; IS is the
so-called identity function on S (note that IS simply sends every s ∈ S to itself). Suppose that
S is a set and f : S → S is a function. Suppose also that there is a function g : S → S such that
f ◦ g = g ◦ f = IS. Prove that f is one-to-one and onto.

Proof. Let S be a set and f : S → S is a function. Suppose also that there is a function g : S → S
such that f ◦ g = g ◦ f = IS. It is easy to see that IS is injective, adn so g ◦ f is injective. By
(a), f is injective. To show that f is onto, let s ∈ S be arbitrary. Then (f ◦ g)(s) = IS(s), that is,
f(g(s)) = s. This proves that f is onto.



EXTRA SPACE


