
Math 3410 Assignment 10 Solutions

(0) Give me the embedded words from the 10/31 and 11/2 lectures.

(1)[5 pts] Consider the series
∑∞

n=0 1− ( 1
2 )n (there are no parenthesis errors to the left; I inteded it as it is

written). Does this series converge or diverge? If it converges, find the sum. If it diverges, just say ’diverges’.
NOTE: this is NOT a proof! This is a calculus problem...

Solution. This series diverges by the nth term test for divergence (notice that the terms approach 1 as
n→∞, not 0).

(2)[10 pts] Prove or provide a counterexample: if
∑∞

n=0 an is a series and r ∈ R is a nonzero real number
such that

∑∞
n=0 ran converges (that is, the sequence (Sn) of partial sums of the series determined by (ran)

converges to some real number S), then also
∑∞

n=0 an converges.

Proof. This is true. Assume that
∑∞

n=0 ran = S. Then by the Limit Law 2 for Series (multiply through by
1
r ),

∑∞
n=0 an = S

r .



(3)[10 pts] Prove the following: suppoe that (an) and (bn) are real sequences such that the following hold:

1. each ai, bj ≥ 0,

2. an ≤ bn for every natural number n, and

3.
∑∞

n=0 bn converges.

Prove that the series
∑∞

n=0 an also converges. Hint: use the Cauchy Criterion: it holds for the series
∑∞

n=0 bn
since the series converges. Use this to show that the condition also holds for

∑∞
n=0 an.

Proof. Let an, bn satisfy 1. - 3. above. Let ε > 0 be arbitrary. Since
∑∞

n=0 bn converges, there is a natural
number k such that for n > k, we have |bk+1 + · · · + bn| < ε. Because each ai ≤ bi and every ai, bj is non-
negative, we see that for n > k, |ak+1 + · · ·+ an| = ak+1 + · · ·+ an ≤ bk+1 + · · ·+ bn = |bk+1 + · · ·+ bn| < ε.
Thus the series

∑∞
n=0 an also satisfies the Cauchy Criterion, and thus converges.

(4)[10 pts] Suppose that (an)→ L, where (an) is a real sequence and L is a real number. Suppose that r ∈ R
and that an ≤ r for all n ∈ N. Prove that L ≤ r. Hint: I suggest doing this by contradiction.

Proof. Let (an) → L and suppose that an ≤ r for all n ∈ N, where (an) is a real sequence and L, r ∈ R.
Suppose by way of contradiction that L > r. Then L−r > 0. Since (an)→ L, there exists a natural number
k such that for all n ≥ k, we have |an−L| < L− r (think of L− r as ‘epsilon’). So in particular, since k ≥ k,
|ak −L| < L− r. Recall (see the notes where I introduced the absolute value on 9/14) that |ak −L| < L− r
is equivalent to −(L− r) < ak −L < L− r, that is, r−L < ak −L < L− r. But look at the first inequality:
since r − L < ak − L, we may add L to both sides to get r < ak. But this contradicts that an ≤ r for all
n ∈ N, and the proof is complete.



(5)[10 pts] Suppose that
∑∞

n=0(−1)nan is an alternating series and that (an) is a decreasing sequence of
positive real numbers. Prove that the partial sum sequence (S2n+1) is monotonically increasing (see notes).

Proof. We need to show that for every natural number n, S2n+1 ≤ S2(n+1)+1 for every natural number n, that
is, S2n+1 ≤ S2n+3 for every positive integer n. Observe that S2n+1+(−1)2n+2a2n+2+(−1)2n+3a2n+3 = S2n+3

(why?). But this becomes S2n+1+a2n+2−a2n+3 = S2n+3. So to show that S2n+1 ≤ S2n+3, it suffices to prove
that a2n+2 − a2n+3 ≥ 0, that is, a2n+2 ≥ a2n+3. This holds because the sequence (an) is DECREASING,
and the proof is complete.

(6)[10 pts] Suppose that
∑∞

n=0 an is a series and that every an > 0. Prove that the series converges if and
only if the sequence (Sn) of partial sums is bounded. Hint: read over the notes on sequences again. The
partial sums form a particular kind of sequence. Think about it...

Proof. Suppose that
∑∞

n=0 an is a series and that every an > 0. Then note that the sequence (Sn) of partial
sums is an INCREASING sequence. If the series converges, then by definition, the sequence of partial sums
converges (remember: A SERIES *IS* THE SEQUENCE OF PARTIAL SUMS). Remember that we proved
that every convergent sequence is bounded, and so the sequence (Sn) of partial sums is bounded. Conversely,
assume that (Sn) is bounded. Then (Sn) is a monotonically increasing sequence which is bounded above,
and thus (from the notes on sequences) converges.


