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More Series Tests

Theorem (Absolute Convergence Test)

Let
∑∞

n=0 an be a series. Then
∑∞

n=0 an converges absolutely if and only if
the partial sums of the series

∑∞
n=0 |an| are bounded.

Proof.

Let
∑∞

n=0 an be a series. Assume first that this series converges absolutely. We
have seen that every convergent sequence is bounded, and thus the partial
sums of the series

∑∞
n=0 |an| are bounded. Conversely, suppose that the partial

sums Sn of the series
∑∞

n=0 |an| are bounded. Note that Sn+1 = Sn + |an+1|,
and so we see that Sn+1 ≥ Sn. We now know that the sequence of partial
sums of the series

∑∞
n=0 |an| is increasing and bounded above, and hence

converges (recall that we proved that any increasing sequence of real numbers
which is bounded above converges).
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More Series Tests

Corollary

If
∑∞

n=0 an is a series with non-negative terms whose partial sums are
bounded, then

∑∞
n=0 an converges.

We have consider geometric series, that is, series of the form
∑∞

n=0 r
n, where

r is some fixed real number, and we know precisely when these series converge
and, when they do, what their sum is. A class of series which at first blush
may look similar to a geometric series is a series of the form

∑∞
n=0

1
ns , where s

is a positive real number. We have yet to study these series, but we embark
upon this task now. Toward this end, we present another test.
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More Series Tests

Theorem (Cauchy Condensation Test)

Let (an) be a monotonically decreasing sequence with positive terms.

Then
the series

∑∞
n=0 2

na2n converges if and only if
∑∞

n=0 an converges.

Sketch of Proof.

Let (an) be a monotonically decreasing sequence with positive terms. Let Tn

be the nth partial sum of the series
∑∞

n=0 2
na2n and let Sn be the nth partial

sum of the series
∑∞

n=0 an. For any n ∈ N, note that (**)
Tn = a1 + 2a2 + 4a4 + · · ·+ 2na2n ≥
a1 + a2 + a3 + a4 + a5 + a6 + a7 + · · ·+ · · ·+ a2n+1 .Suppose then that∑∞

n=0 2
na2n converges. Then the partial sums of the series

∑∞
n=0 2

na2n are
bounded. Invoking (**), we see that the partial sums of the series

∑∞
n=0 an

are also bounded. By the corollary, we see that
∑∞

n=0 an converges.
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More Series Tests

Proof.

Conversely, suppose that
∑∞

n=0 an converges.

Note the following:

1 T0 = a1 ≤ 2(a0 + a1)

2 T1 = a1 + 2a2 ≤ 2(a0 + a1 + a2)

3 T2 = a1 + 2a2 + 4a4 ≤ 2(a0 + a1 + a2 + a3 + a4)

4 T3 = a1+2a2+4a4+8a8 ≤ 2(a0+ a1+ a2+ a3+ a4+ a5+ a6+ a7+ a8)

5 ·
Since

∑∞
n=0 an converges, (Sn) is bounded above; say that Sn ≤ M for all

n ∈ N. But then 2Sn ≤ 2M for all n ∈ N, and we see that (2Sn) is also
bounded. by the above items, it follows that Tn ≤ 2S2n ≤ 2M. So the partial
sums of the series

∑∞
n=0 Tn are bounded, and so by the corollary above,∑∞

n=0 2
na2n converges.
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More Series Tests

We can use the Condensation Test to show that if s > 1 is an integer, then
the series

∑∞
n=1

1
ns converges.

Theorem (p-series Test)

Suppose that s > 1 is an integer. Then
∑∞

n=1
1
ns converges.

Proof.

Observe first that the sequence (an) = ( 1
ns ) is decreasing and positive. So by

the Cauchy Condensation Test, it suffices to prove that
∑∞

n=1 2
na2n

converges, where an = ( 1
ns ). Note that for any positive integer k, we see that

2ka2k = 2k 1
(2k )s

= 2k · 1
2ks

= 2k

2ks
= 2k−ks = 2k(1−s) = (21−s)k . Now, since

s > 1, we see that 1− s < 0, and so 0 < 21−s < 1. It now follows from the
Geometric Series Test that the series
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n=1 2

na2n converges, and so by
Cauchy Condensation,
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n=1

1
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