
Math 3110 Assignment 1 Solutions

(1)[2 pts each] Let P (x, y) be “x is friends with y” and let Q(a, b) be “a and b are roommates.” Let the
domain for all variables be the collection of all UCCS students. Translate the following into English (use
proper grammar and punctuation).

(a) ∃x∀yP (x, y)

Solution. There exists a UCCS student x such that for every UCCS student y, x is friends with y.

(b) ∀x∀y(P (x, y) ∧Q(x, y))

Solution. For all UCCS students x and y, x is friends with y and x and y are roommates.

(c) ∃x∀y∃z(P (x, y)→ (¬Q(z, x)))

Solution. There exists a UCCS student x such that for all UCCS students y, there exists a UCCS student
z such that if x is friends with y, then z and x are not roommates.

(d) ∀x∀y((¬P (x, y))↔ (¬Q(x, y)))

Solution. For all UCCS students x and y, x is not friends with y if and only if x and y are not roommates.

(e) (∀xP (John, x)→ ∃yQ(John, y))

Solution. If for all UCCS students x, John is friends with x, then there exists a UCCS student y such that
John and y are roommates.

(2) Let P (x, y) be “y = x2” and let Q(x, y, z) be “xy = z”. Answer the following questions.

(a)[3 pts] Find a common domain for x and y (meaning the domain is the same for both variables) for
which ∃x∃yP (x, y) is true. Then find a common domain making ∃x∃yP (x, y) false (your domains should be
collections of numbers).

Solution. True domain: R; false domain: {2}.

(b)[4 pts] Same directions as above, but for the formula ∃x∃y∀zQ(x, y, z) (now you need a common domain
for x, y, and z, of course)

Proof. True domain: {1}; false domain: R.

(c)[3 pts] Same directions as above, but for the formula ∀x∃y∃zQ(x, y, z).

Solution. True domain: R; false domain: {2}.



(3)[2 pts each] Let F (x, y) be “x is friends with y” and let S(x) be “x is a student”. Translate the following
into formulas, where the domain for the variables is the collection of all people.

(a) Mary is friends with everyone.

Solution. ∀xF (Mary, x).

(b) Mary is friends with some student.

Solution. ∃x(F (Mary, x) ∧ S(x)).

(c) There is exactly one student.

Solution. ∃x(S(x) ∧ ∀y(S(y)→ y = x)).

(d) John is friends with everyone that Steve is friends with.

Solution. ∀x(F (Steve, x)→ F (John, x)).

(e) No student has a friend.

Proof. (¬∃x(S(x) ∧ ∃yF (x, y))).

(4)[10 pts] Give a direct proof that the product of two odd integers is odd.

Proof. Let x and y be arbitrary integers, and assume that x and y are odd. We will show that xy is odd. As
x and y are odd, x = 2m + 1 and y = 2n + 1 for some integers m and n. Hence xy = 4mn + 2m + 2n + 1 =
2(2mn + m + n) + 1. As m and n are integers, so is 2mn + m + n. Hence xy is odd.



(5)[10 pts] Prove by contraposition that for all integers x: if x is even, then x− 1 is odd.

Proof. Let x be an arbitrary integer. Assume that x− 1 is not odd. We must show that x is not even. Since
x− 1 is not odd, x− 1 is even. Thus x− 1 = 2m for some integer m. Solving for x, x = 2m + 1. Thus x is
odd, and is therefore (from an example from class) not even.

(6)[10 pts] Prove by contradiction that for evey real number x: if x < 0, then 1
x < 0.

Proof. Assume by way of contradiction that there exists a real number x such that x < 0 and 1
x is not less

than 0. Then 1
x ≥ 0. Multiply both sides of this inequality by x and flip the sign (remember that x is

negative) to get 1 ≤ 0. But this is a contradiction to the fact that 1 > 0.



(7)[10 pts] Prove by induction that every positive integer is either even or odd.

Proof. Let S be the set of all positive integers n which are either even or odd.

(i) (base case) 1 ∈ S: we need for 1 to be even or odd. Since 1 = 2 · 0 + 1, we see that 1 is odd, and this
completes the base case.

(ii) (inductive step) Let n be an arbitrary positive integer, and assume that n ∈ S. We will show that
n + 1 ∈ S. Since n ∈ S, by definition of S, either n is even or n is odd.

Case 1: n is even. Then n = 2k for some integer k. Adding 1 to both sides, n+ 1 = 2k + 1, and hence n+ 1
is odd. This shows that n + 1 ∈ S.

Case 2: n is odd. Then n = 2k + 1 for some integer k. Adding 1 to both sides, n + 1 = 2k + 2 = 2(k + 1).
Since 1, k ∈ Z, also k + 1 ∈ Z, showing that n + 1 is even. Hence in this case too, n + 1 ∈ S.


