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Intro to Proofs

Today we venture into proofs, which will take up the second half of the
course.

You have all solved calculus and algebra problems, often getting a
numerical or algebraic “answer.”. Now the focus will shift dramatically.
Instead of “getting an answer”, we will be interested in why the mathematics
works the way it does. This involves writing proofs of mathematical
statements, which are logical arguments given in English which should
convince the reader (sufficiently well-versed in logic and mathematics) that
what you assert is, in fact, true. The first type of proof I will introduce is that
of direct proof; we given the general idea below.

Definition (Direct Proof)

To prove a statement of the form
∀x1∀x2 · · · ∀xn(P(x1, x2, . . . , xn) → Q(x1, x2, . . . , xn)) directly, do the
following:

1 Let x1, x2, . . . , xn be arbitrary members of their respective domains,

2 assume that P(x1, . . . , xn) is true, and then

3 deduce that Q(x1, . . . , xn) must be true as well.
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Intro to Proofs

A word about why this works.

The first step follows what I’ve said previous in
predicate logic: when given a sequence of universally quantified variables, let
them be arbitrary, and then ask (even though you don’t know what the values
actually are) if what follows is necessarily true. Now, suppose that you have
completed steps 2. and 3. above. Then it cannot be that P(x1, x2, . . . , xn) is
true and Q(x1, x2, . . . , xn) is false, since we have shown that assuming
P(x1, . . . , xn) to be true, then Q(x1, . . . , xn) must also be true. In other
words, (P(x1, x2 · · · , xn) → Q(x1, x2, . . . , xn)) is true. Because x1, x2, . . . , xn
were arbitrary, it follows that
∀x1∀x2 · · · ∀xn(P(x1, x2, . . . , xn) → Q(x1, x2, . . . , xn)) is also true.
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Intro to Proofs

So now that we have this technique, let’s look at a couple of examples. First,
we introduce some definitions.

Definition

The set {, . . . ,−3,−2,−1, 0, 1, 2, 3, . . .} is the set of integers. An integer x is
even if x = 2n for some integer n; x is odd if x = 2m+ 1 for some integer m.

We are almost ready to do a proof. But first, we state some assumptions we
will make in proofs without justification; this should become clear shortly. We
will add to our list of assumptions as we uncover more mathematics.
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Intro to Proofs

Assumptions

1 basic algebra1

2 the sum, difference, product, and negatives of integers are integers,

3 every integer is either even or odd,

4 no integer is both even and odd,

5 1 ̸= 0,

6 for all real numbers a, b, and c : if a < b, then a+ c < b + c,

7 for all real numbers a, b, and c : if a < b and c > 0, then ac < bc,

8 for all real numbers a, b, and c : if a < b and b < c , then a < c ,

9 for all real numbers a, b, and c : exactly one of a = b, a < b, b < a holds,

10 every rational number can be expressed in reduced form, and

11 the product of two nonzero real numbers is nonzero.

1When you do basic algebra, you need NOT say “by assumption 1.”; you can just do it in
the course of a proof.
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11 the product of two nonzero real numbers is nonzero.

1When you do basic algebra, you need NOT say “by assumption 1.”; you can just do it in
the course of a proof.
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Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English).

This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even).

[Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural]

Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers.

It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above.

So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Example

Prove that the sum of two even integers is even.

Before we do the proof, let’s do a “preformalization” by converting what we
have to prove into a formula (involving some English). This is intended to be
somewhat informal, but the purpose is so you can see precisely how to apply
steps 1.-3. in Definition 1 above.

∀x∀y((x is even ∧ y is even) → x + y is even). [Note that you of course could
have used x1 and x2 here, but x and y are a bit more natural] Note that the
domain for x and the domain for y is the set of all integers. It is VERY
important to be able to do the preformalizations correctly, or else you won’t
know how to proceed through steps 1. - 3. above. So now let’s write the
proof. Note how I am following steps 1. - 3. above.



Intro to Proofs

Proof.

Let x and y be arbitrary integers.

Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even.

We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even.

Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m.

Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m).

By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer.

Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers.

In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above.

Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES.

Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER.

This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even.

Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Proof.

Let x and y be arbitrary integers. Assume that x and y are even. We must
show that x + y is even. Since x is even, x = 2n for some integer n; since y is
even, y = 2m for some integer m. Hence x + y = 2n + 2m = 2(n +m). By
assumption 2., n +m is an integer. Hence x + y is even.

Remark

Note that EVERY LETTER THAT WAS INTRODUCED IN THE PROOF
WAS DESCRIBED – FOR EXAMPLE, I DIDN’T JUST WRITE “x” and “y”
above; I stated that they were integers. In general, every letter introduced in a
proof should be described as above. Also, note the use of COMPLETE
SENTENCES. Next, observe that to be even, it is not enough to merely be 2·
some number; the “some number” must be an INTEGER. This is the reason
for justifying that n +m above is an integer: it must be in order for x + y to
be even. Lastly, note that we let x = 2n and y = 2m; since x and y were
picked at random, it’s virtually certain that x and y are NOT equal, and this
necessitates using the different letters m and n.



Intro to Proofs

Let’s do two more examples.

Example

Prove that the sum of an even integer and an odd integer is odd.

First, let’s preformalize: ∀x∀y((x is even and y is odd) → x + y is odd). [The
domain for x and y is the set of integers]

Proof.

Let x and y be arbitrary integers. Assume that x is even and y is odd. We
must show that x + y is odd. Because x is even and y is odd, x = 2n for some
integer n and y = 2m + 1 for some integer m. Thus
x + y = 2n + 2m + 1 = 2(n +m) + 1. By assumption 2, n +m is an integer.
Hence x + y is odd.

Remark

Again, observe that we want to justify that n +m is an integer because the
definition of “odd” requires us to be two times an integer plus one.
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