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Assumption List

Assumptions

1 basic algebra1

2 the sum, difference, product, and negatives of integers are integers,

3 every integer is either even or odd,

4 no integer is both even and odd,

5 1 ̸= 0,

6 for all real numbers a, b, and c : if a < b, then a+ c < b + c,

7 for all real numbers a, b, and c : if a < b and c > 0, then ac < bc,

8 for all real numbers a, b, and c : if a < b and b < c , then a < c ,

9 for all real numbers a, b, and c : exactly one of a = b, a < b, b < a holds,

10 every rational number can be expressed in reduced form, and

11 the product of two nonzero real numbers is nonzero.

1When you do basic algebra, you need NOT say “by assumption 1.”; you can just do it in
the course of a proof.
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Proof by Contraposition

Before introducing the proof technique of contraposition, I’d like to give you
an example illustrating a shortcoming of direct proofs.

Let’s try to prove the
statement below using a direct proof:

Example

Prove that for every integer n: if n2 is even, then n is even.

Preformalization: ∀n(n2 is even→ n is even).

Proof.

Let n be an arbitrary integer. Assume that n2 is even. We most prove that n is
even. Since n2 is even, n2 = 2k for some integer k . Taking the square root of
both sides, |n| =

√
2k. But this is about as far as we can get. Remember that

we want for n to have the form 2m for some integer m. As of now, there’s no
obvious way for us to get there, and so we appear to be stuck...
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Proof by Contraposition

But there is a way out, and the way out is to use a new proof technique called
proof by contraposition.

Before I introduce this technique, I want to remind
you that the contrapositive of (p → q) is ((¬q) → (¬p)). The important
fact about the contrapositive is that it is logically equivalent to the original
if-then statement (p → q) (we established this via a truth table back in
propositional logic). Because of this logical equivalence, if you know that a
statement of the form ((¬q) → (¬p)) is true, then it automatically follows
that (p → q) is true. Now let’s formally introduce the technique.

Definition (Proof by Contraposition)

To prove a statement of the form
∀x1∀x2 · · · ∀xn(P(x1, x2, . . . , xn) → Q(x1, x2, . . . , xn)) by contraposition, do
the following:

1 Let x1, x2, . . . , xn be arbitrary members of their respective domains,

2 assume that (¬Q(x1, . . . , xn)) is true, and then

3 deduce that (¬P(x1, . . . , xn)) must be true as well.
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Definition (Proof by Contraposition)

To prove a statement of the form
∀x1∀x2 · · · ∀xn(P(x1, x2, . . . , xn) → Q(x1, x2, . . . , xn)) by contraposition, do
the following:

1 Let x1, x2, . . . , xn be arbitrary members of their respective domains,

2 assume that (¬Q(x1, . . . , xn)) is true, and then

3 deduce that (¬P(x1, . . . , xn)) must be true as well.
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Proof by Contraposition

Let’s now revisit the previous example above, but with this technique in hand.

Example

Prove that for every integer n: if n2 is even, then n is even.

Preformalization: ∀n(n2 is even→ n is even)

Proof.

Let n be an arbitrary integer. Assume that n is not even (note that this is the
“not q”). We must show that n2 is not even (this is the “not p”). By
assumption (3), since n is not even, n is odd. Thus n = 2k + 1 for some
integer k. Squaring both sides, n2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1. By
assumption (2), 2k2 + 2k is an integer, and hence n2 is odd. By assumption
(4), we see that n2 is not even, concluding the proof.
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Proof by Contraposition

Next, I will introduce the basic properties of the usual order < on the real line
(these have also been added to our list of assumptions).

IN ANY
HOMEWORK PROBLEMS, PLEASE REFER TO THE NUMBERS IN THE
ASSUMPTION LIST IN YOUR PROOFS, AND NOT TO THE LETTERS
BELOW.

(a) 1 ̸= 0,

(b) for all real numbers a, b, and c : if a < b, then a+ c < b + c,

(c) for all real numbers a, b, and c : if a < b and c > 0, then ac < bc,

(d) for all real numbers a, b, and c : if a < b and b < c , then a < c , and

(e) for all real numbers a and b: exactly one of a = b, a < b, b < a holds.

Before proving the next example, recall that, for real numbers x and y , x > y
means y < x .
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Proof by Contraposition

Example

Prove that for all real numbers a, b, and c : if a < b and c < 0, then ac > bc.

Preformalization: ∀a∀b∀c((a < b ∧ c < 0) → ac > bc). We will use a direct
proof this time. Notice how I’m following the algorithm I’ve given you for
doing a direct proof.

Proof.

Let a, b, and c be arbitrary real numbers. Assume that a < b and that c < 0.
We must prove that ac > bc. By assumption (6) ((b) above),
c +−c < 0 +−c, that is 0 < −c . But this means that −c > 0. Now by
assumption (7) (assumption (c) above), we see that a(−c) < b(−c), that is,
−ac < −bc. Applying assumption (6) again ((b) above, we may add ac + bc
to both sides of −ac < −bc to get bc < ac. But this means that ac > bc,
and this was what we had to show.
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Let a, b, and c be arbitrary real numbers. Assume that a < b and that c < 0.
We must prove that ac > bc. By assumption (6) ((b) above),
c +−c < 0 +−c, that is 0 < −c . But this means that −c > 0. Now by
assumption (7) (assumption (c) above), we see that a(−c) < b(−c), that is,
−ac < −bc. Applying assumption (6) again ((b) above, we may add ac + bc
to both sides of −ac < −bc to get bc < ac.

But this means that ac > bc,
and this was what we had to show.
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Proof by Contraposition

Next, for real numbers x and y , we define x ≤ y to mean “x < y or x = y”
and x ≥ y to mean “x > y or x = y”.

We will use another proof by
contraposition for our final example.

Example

For all real numbers a, b, and c : if a ≤ b, then a+ c ≤ b + c .

Preformalization: ∀a∀b∀c(a ≤ b → a+ c ≤ b + c).

Proof.

Let a, b, and c be arbitrary real numbers. Assume it is not the case that
a+ c ≤ b + c. We must show that it is false that a ≤ b. Since it is false that
a+ c ≤ b + c, it is false that either a+ c < b + c or a+ c = b + c . By
assumption (9) above ((e) above), we deduce that b + c < a+ c . Recall that
we must show that it is false that a ≤ b. Again, by assumption (9) above, this
is equivalent to showing that b < a. By assumption (6) ((b) above), we may
add −c to both sides of b+ c < a+ c above to obtain b < a, and this is what
we wanted to show.
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