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4.1. INTRODUCTION

4.1 Introduction

Discrete-time signals very often occur as a result of periodic (uni-
form) sampling continuous-time signals. As we will see later it is
not too difficult to design a sampling system that allows reasonably
accurate reconstruction of a continuous-time signal from discrete-
time samples.

An important result is that continuous-time signal processing can
be implemented by first sampling, discrete-time processing, and then
reconstruction of a continuous-time signal. The following block di-
agram illustrates such a system.

o Alasing [ & [ AD Ly DSP L DAL icion-—
Filterg Hold Converter, i Processor i Converter, Filter
100...1  001..1
000..1 001..0
11..0 110...1
110..0 010..1
111 ... 1 11 .1
010..0 010..0

Continuous-time signal processing using discrete-time signal
processing techniques
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4.2 Periodic Sampling

The most common method of obtaining a discrete-time representa-
tion of a continuous-time signal is via periodic sampling. We obtain
x[n] from the continuous-time signal x.(¢) by sampling every T sec-
onds

x[n] =x.(nT) —oo<n<oo.

e The sample spacing 7" is the sampling period

e The reciprocal of 7', f; = 1/T is the sampling frequency
(rate) in samples per second

e A mathematically convenient way of representing ideal sam-
pling is shown below

C/D Converter Equivalent block

|
|
Conversion from | | x (1)
|
|

Impulse Train
t
Xe() to Discrete-Time [ | * — = CD
Sequence | x[n] ? x[n]
| _
Lo 2 =x.(nT) 7 = x.(nT)

Continuous to discrete (C/D) converter

e Here s(¢) is an impulse train

s)y= Y 81 —nT)

n=—oo
and

xXs(t) = x.(t)s(t) = i X.(nT)o(t —nT)

n=-—0oo
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4.3. FREQUENCY DOMAIN ANALYSIS

is a weighted impulse train, related to x[n]

e Note that x,(¢) and x[n] differ in that x[n] is simply the sample

values of x.(¢) while x,(z) is composed of impulses with area
equal to the sample values of x.(¢)

il Tl

—4-3-2-101 2 3 4 —43210123

Comparisons between x;(¢) and x[n]

4.3 Frequency Domain Analysis

e The frequency domain relationship between the input and out-
put of an ideal C/D converter can be obtained as follows:

SG2) = Flsi = = Y 8@ k9. 2, =,

k=—00

and since

xg(1) = xe(1)s(2)

X.(/9) = Fix (0} = Zixc(j 2) % 5(/9)

1

=X, (JQ)*_;Z:OOMZ k)
1 © . .

== 2 X(jQ—kjQ)

k=—00
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4.3.1 Continuous-Time Fourier Transform—Review

e The continuous-time Fourier transform pair that we are using
1s

X(jQ) = /Oox(t)e_jmdt

(0. ¢]

x(1)

1 [ .
—/ X(jQ)e/MdQ
21 J_o

e For future reference define the continuous-time rectangular win-
dow function as

. Yy _ |1, lt] < t/2
)] | 0, otherwise
e Also define the sinc() function as

. sin ;T X
sinc(x) =

TX

Continuous-time Fourier transform pairs

x(1) X()
x(t—1,) e /% X(j Q)
e/l x (1) X(j2—j,)
x(1)cos(Qof +¢) | F[X(Q2— Qe + X(jQ + jQ)e /Y]
x1(f) * x2(2) X1(J$2) X2(j£2)
x1(#)x2(2) - X1(jQ) * X5(j Q)
A5(1) A
A 27 A8(Q)
e " u(t), (la|>0)|1/(a+ jRQ)
x(t) =TI (%) tsinc ()
2Bsinc(2Bt) (), (BinHz)
SF S0 —KT) Q5 K@ -nD,), Q=%
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4.3. FREQUENCY DOMAIN ANALYSIS

e Returning to the frequency domain analysis of sampling, we
see that the E.T. of x;(¢) consists of replicas of X (j €2) placed
at all multiples of the sampling frequency €2

e Suppose that x.(¢) has bandlimited Fourier transform as shown
below

X (j&)

Q

_'QN 'QN

Fourier transform of x.(¢)

e If x.(¢) is bandlimited to €2y we see from the following figure

that no spectral overlap occurs in X;(j €2) provided Q;—Qy >
Q N Or Q s > 282 N

1 X, (7€)
T
_'Q'N 'Q'N T'Ql‘s Q
(Q —Qy)

Spectrum of x,(r) for @, > 2Qy
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e Note that if Q2 < 22y then frequency domain overlap known

as aliasing occurs

X, ()

1
MA_M\_A_A_M
TN N, N NN NN N N
/ A A A AL A A A A< Aliasing
yi 1L\ 1L\ 1L\ 1L\ /\I/\ 1L\ 1L\ \

Q-7 Q Q

Spectrum of

xs(t) for Q, < 20N

e Exact recovery of x.(¢) from x(¢) is possible if the frequency
translated replicas of X.(j€2) do not overlap when added to-
gether. Using an ideal lowpass filter we can recover x.(¢) from
xs(t) to within a 1/ T scale factor.

oo

s(1) = Z S(t—nT)

n = —oo

x.(1) 0

S e xr(t)

H,(jQ)

|deal lowpass filter recovery system
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4.3. FREQUENCY DOMAIN ANALYSIS

X Q)
1

H (j&)
QN<QC<(QS—QN) 7 r

o Q — Q

Sample Recover
l X () Q >2QN @

Exact recovery using an ideal lowpass filter

e Hence we conclude that if H,(j€2) is an ideal lowpass filter
with gain 7" and cutoff frequency €2, chosen such that

QN <QC <QS_QN,
we can write

X, ()= X.(jR) or x,(t) = x.(t)

e Note that if Q; < 2Qy then x.(¢) is not recoverable from
Xs(t) due to the presence of aliasing

ECE 5650/4650 Modern DSP 7
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Example 4.1:
Suppose that x.(1) = cos Q,¢
\ . X (G2)
|
1 | Q
The spectrum of x.(¢) 2y &

e With Q, < ,/2 we see from the following figure that using
an ideal lowpass filter the reconstructed output is

X, (t) = cos Q,t

Recovery Q

LPF : QO<7—t = 2 :
iT_)_(S_(]Q) ' lio XF(IQ) T
" L 0 . T+ Q<=
A T:AT T:A TAIlasmg A T U
| I 1 I 1 |
1 | 1 | L 1 | 1 Q 1 1 Q
2

Pre and Post reconstruction spectra

e With Q; > Q, > Q,/2 we see from the following figure that
using an ideal lowpass filter we can not recover the true x.(¢).
The reconstructed output with aliasing is

X, () = cos(2y — 2,)t

ECE 5650/4650 Modern DSP



4.4. RELATING X(E’®) TO X¢(J ) AND Xg(J )

Recovery o T Q.
LPFﬂl X (GQ) 07Tt 2 X .(jQ)
_ '1:_ _S_ ] r
g ot | Aliasin T 29> 7_;
AbA7T A A g A
| 1| 1| | I o I o
_QS_QO QS QO Qs _(QS_QO) (QS_QO)

Pre and Post reconstruction spectra, with aliasing

Nyquist Sampling Theorem
Let x.(¢) be a bandlimited signal such that

X (jR2) =0 for || > Qy

Then x.(¢) can be recovered from its samples x.(nT)

= x[n], provided

27
QS = — >2S2
T N

o 2y is referred to as the Nyquist frequency

e 2Q2y is referred to as the Nyquist rate

4.4 Relating X(e/®)to X.(j Q) and X;(j Q)

e To begin with consider the Fourier transform of x;(¢) in terms
. ) F ;
of x.(nT) using the transform pair A8(t —t,) <— Ae /%o

0,@)

X,(jQ) = Y xe(nT)e /20"

n=-—o0oo

ECE 5650/4650 Modern DSP 9



CONTENTS

e Note that x[n] = x.(nT) and

(0.@)

X(ejQT) = Z x[n]e‘jQT”

e It now follows by variable substitution that
X,(j Q) = X(/)w=ar = X(e/*")
and hence that

. LS yvio
X(e]QT) :? Z Xc(j2— jkS2)

k=—0c0

or equivalently that

: - w  2rnk
xem =1 3 x (i i)

k=—00

e The transformation between X(e/®) and X,(j ) simply re-
quires the frequency scaling w = QT

e With the above frequency scaling we see that while X(j€2)
has period Q;, X (e’/®) always has period 2. This is consistent
with the fact that x;(¢) has sample spacing T' = 1/ f; and x[n]
always has unit sample spacing.

10 ECE 5650/4650 Modern DSP



4.5. RECONSTRUCTION OF A BANDLIMITED
SIGNAL FROM ITS SAMPLES

4.5 Reconstruction of a Bandlimited
Signal from Its Samples

At this point we know from the sampling theorem that it is possible
to reconstruct a bandlimited signal from its samples. We are now in-
terested in obtaining a time domain formula for reconstructing x.(¢)
directly from its samples x [n].

e As the first step we can write

o0

xs(t) = Z x[n]é(t —nT)

n=-—0oo

e The reconstruction filter with frequency response H,(j €2) has
impulse response 4, (¢) so the filter output is

o0

xe(t) = x5(0) % he (1) = ) x[n]hy (¢ —nT)

n=-—oo

e Recall that the ideal reconstruction filter is an ideal lowpass
filter with gain T and cutoff frequency Qy < Q. < Q,/2 =

/T, thus
_q Q2
T (50

T Q.t
= —chinc( ‘ )
T T

e The time domain formula for obtaining x,(¢) from x[n] then is

h(t)

(©.¢)

x(t) = Y x[nlsinc[Qc(t —nT) /7]

n=—0oo
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e As aspecial case we may choose as the cutoff frequency 2, =
Q;/2 = /T, then we can write

(0. ¢]

x(t) = Z x[n]sinc[(t —nT)/T]
B = sin[r(t —nT)/T]
B n;oox[n] n(t—nT)/T

e Note that the reconstruction filter interpolates signal values be-
tween the impulses in x,(¢) to form x,(¢)

Ideal Reconstruction System

r——-- - - - ---—-— - - - - - - - = A
! Ideal '
Convert From i x,.()
¥l Sequence o | RoOpSiUCton_1_
Impulse Train | x () H.(jQ) |
I
I

Block diagram and waveforms associated with ideal
reconstruction

12 ECE 5650/4650 Modern DSP



4.5. RECONSTRUCTION OF A BANDLIMITED

SIGNAL FROM ITS SAMPLES
x.(1)
t
x (1) A
T T T 1
T
xr(l‘) - Sum the sinc()
7 \ function contributions
f NS
// X \
7/ \ N7 N7
/ /o /< 2N A \\/
/ / \ / \ 7/ N\ Y \ RN
= = =~ = =\ S\, T TN A t-
_ < _ / ~ ;

|[deal bandlimited interpolation with the lowpass cutoff
frequency set to the Nyquist frequency

e In future developments we will refer to the ideal discrete-to-
continuous-time (D/C) converter as a system which has fre-
quency domain relationship

X, (jQ) = H,(jQ)X(e/*7)

with the cutoff frequency of the lowpass reconstruction filter
assumed tobe 7/ T

ECE 5650/4650 Modern DSP 13
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Ideal Reconstruction System

r-—— - - - - - - --—-—-—- - - - — = a
! Ideal !
Convert From - x (1)
x[n]4>: Sequence to %Recogﬁggﬁctlon : ’
| Impulse Train | x () H (jQ) |
| A |
I Sampling Period T |
. A
Equivalent
Blocks

x[n] — D/C — x.(1)

|deal D/C reconstruction system

4.6 Discrete-Time Processing of Con-
tinuous-Time Signals

A major application of discrete-time signal processing is in the pro-
cessing of continuous-time signals. The processor blocks needed to
accomplish this are shown in the following figure

| ) : |
Ly C/D " D1s§rete-T1me " D/C Ly
x (1) | x[n] ystem yln] Ly (1)
| 4 4 |
| T T |

Discrete-time processing of continuous-time signals using a
C/D-H (e/®)-D/C system

e Without specifying anything about the discrete-time system we
can at the very least say that

x[n] = x.(nT)

14 ECE 5650/4650 Modern DSP



4.6. DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

or in the frequency domain

: Q- w  2nk
X(ejw)z? Z Xc(]__J—)

P T T
and o
yr(t) = ) ylnlsinc[(t —nT)/T]

or in the frequency domain

Y,(jQ) = H,(jQ)Y(e/?T)
(TY(T), || < x/T
—]0, otherwise

e To relate x.(¢) to y,(z) we must know the relationship between
x[n] and y[n]

4.6.1 Linear Time-Invariant Discrete-Time Sys-
tems

The process of relating x.(¢) to y,(¢) is now straightforward since
LTI systems have the property that

Y(e/?) = H(e!”)X(e’?)

e Direct substitution of the above result into the previous expres-
sion for Y, (j<2) yields

Y,(jR) = H.(jQH(E )X

Y, (j ) HAJQ)H(efQT)% > X, (jsz—j@)

T

k=—00

ECE 5650/4650 Modern DSP 15
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e If we further assume that the input is bandlimited, thatis X.(j 2) =
0 for |2| > /T, then the ideal reconstruction filter will re-
move all but the fundamental term (k = 0) in X(e/®), i.e.

H(e/®*N)X(jQ), Q| <n/T

Y. (jQ) = .
() 0, otherwise

e An alternate representation for Y, (j €2) is
Y, (j2) = Her(j2) X (7 €2)

where the effective continuous-time frequency response is de-
fined as
H'%h), Q| <x)T

H.(jQ2) = ,
(J2) 0, otherwise

e The above characteristic is valid only if (1) the discrete-time
system is LTI, and (2) if x.(¢) is bandlimited with Nyquist rate
less than £2;

Example 4.2:

Consider an ideal lowpass filter with cutoff frequency w.. The
discrete-time system response over the fundamental interval [—r, 77)

is
1, |o| < w,

H(e!”) =
o 0, otherwise

H(ejm)

16 ECE 5650/4650 Modern DSP



4.6. DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

e Assuming the input is bandlimited and sampled above the Nyquist
rate, the effective continuous-time frequency response is

19 |Q| < a)C/T

Hen(j$2) = 0, otherwise

H ()

1

2 0%
T T

e Note that in the continuous-time domain the lowpass cutoff
frequency is Q. = w./T

e To be more specific suppose x.(¢) has the bandlimited spec-
trum shown below

) X0Q)
Q
—QN 0 QN
. 27
no (-
/\ N \T/<
2| | Q.0 Q | | =
2T TSy N T 2n
T T T T
-2 —TC T 27 @

Plots of X.(j2) and X(j Q)

ECE 5650/4650 Modern DSP 17
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X(eim H e/(D 2n-Q\T) T Y(ejQT) .
1/T7E ( ) lrl—/?g—-;/—Hr(]Q)
/ N / . /\ \ /\
NI R NR Y [y
—27:_5T(o (DCSTM 2r o, o1 2 Q
D.Iglta| N , r rr rrfT r
Filter T Y(efm) Q@ A
m K \ K \ Reconstruct
7_2|75 | _(Dc (Dc | 2|75 (Dc (Oc
T T

Plots of X(e/®), Y(e/®), Y(e/¥T), and Y, (j Q)

Comments:

e The system is effectively an ideal lowpass filter with cutoff
frequency Q2. = w./ T

e A variable cutoff frequency lowpass filter can be implemented
by simply varying the sample period 7', in particular setting
QnT < w, results in no filtering, i.e. y,(t) = x.(¢)

e Since the discrete-time system provides additional bandlimit-
ing, the condition that 2y < €2,/2 to avoid aliasing may be
relaxed. Specifically the condition for no aliasing is

Qr —QNT) > w,,
compared with the Nyquist theorem which requires

(27‘[ — QNT) > QNT

18 ECE 5650/4650 Modern DSP



4.6. DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

Example 4.3:

Consider an LTI system with frequency response as shown be-

low:

(O]

©

=

=

&

< 0]
Alt.

Freq. Q
Axis f

Magnitude and phase response of H(e/®)

Suppose this system is placed between ideal C/D and D/C con-
verters to form a continuous-time processor with 77 = 0.2 seconds
(fs = 5 samples/sec.). To consider the effect of not sampling above
the Nyquist rate consider the system response to a sinusoidal input

of the form
x;(t) =sin2xfit, i =1,2,3

where f1 =1, f, = 6,and f3 = 4 Hz.

e Note that after sampling with 7 = 0.2 we have x[n] =
xa[n] = —x3[n]

ECE 5650/4650 Modern DSP 19
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> 1(t) = sin27t

I
12

Two continuous-time signals giving the same discrete-time
sequence after sampling every 0.2 sec.

Input Signal DSP System Output Slgnal
x,(r) = sin2mr yl(t) = Asin| nt—q)]

BVIRVAIEAS S / V \

|
~
y

A/D

y

H(®)
y
D/A

A

fi = 1Hz fi = 1Hz
= Y, (2) = Asin[27nt - 0]

sin 127t
AT /\ /\Allasmg'

5

t ol o LS Lo < s
< = a
-1 T = 0.2s _A_/27t \/ \
fl = 12 Hz S, = 1Hz
y3(1) = —Asin[27z — ]

D/A

H('®)

A/D

t) = sin8mt
i N A/
r—» SRy = >
~1 T = 0.2s _A 2”\/ \\/Allasmg'
fi = 4Hz f3 = 1Hz

System input/output response for all three inputs

ECE 5650/4650 Modern DSP




4.6. DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

4.6.2 Impulse-Invariant Design

We wish to implement a bandlimited continuous-time system, H.(j €2),
using a C/D-H (e/®)-D/C system. We must choose H(e/®) and T
such that H,rr(j€2) = H.(j2).

Continuous-Time
x,.(1) > System » y,.(1)
h(1). H,(jQ)

Exchange Exchange

Discrete-Time I
—» C/D System —» D/C +H»

x[n] | hlnl, H®) | yn] i Y
T

Heff(iQ) = HC(jQ)

Desired LTI system; (top) continuous-time system (bottom)
equivalent system for band limited inputs

e To obtain the desired response we must have
H(e’”) = H(jo/T), |o|<n
with 7" chosen such that
H.(jR2)=0 for |Q|>n/T
e Note that if we let
hin] = F H{H(j ) isnr = he(nT)

then in the frequency domain we have
,  [— 0 2rk
H(e’?) = = H\|j=—)]—
(/) =— ) H. (/T = )

ECE 5650/4650 Modern DSP 21
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e On the interval [—m, ) the frequency response is just

H() = ZHe(jo/ T).

which 1s the desired result to within a constant

e To obtain an impulse-invariant version of the continuous-time
system we thus specify that

h[n] = T he(nT)

Example 4.4: Impulse Invariant Design

e Both Python and MATLAB can be used to explore analog fil-
ters and impulse invariance based digital filter design

e For this introduction to impulse invariant design we will per-
form the transformation by hand since we only consider a sim-
ple first-order system

h(t) = Ae* u(t)

e The corresponding Laplace transform is
A

S — S50

Hc(S) —

e In elementary circuit theory H,.(s) would come from a simple

RC lowpeass filter with A = 1/RC and s) = —1/RC, thus
1 1
h(t) = —=e"RCu@t),  H.(s) = ———
) =%ece 10 ‘) =1 RE

Note: The filter 3dB frequency is f3 = 1/(2aRC)

22 ECE 5650/4650 Modern DSP



4.6. DISCRETE-TIME PROCESSING OF CONTINUOUS-TIME SIGNALS

Applying the definition of impulse invariant simply requires
that we set

T
h[n] = Th.(nT) = Ee—"T/RC uln] = 2x fsTe 7T y[n]

The z-transform of the impulse invariant digital filter is

27Tf3T
— e—2ﬂf3TZ—1

H(z) = "

The frequency response of the filter is

27‘[f3T
_ e—2nf3Te—ja)

H(e!?) = "

e We now use MATLAB to compare the frequency response of
the two filters for f = 1/T = 10kHz, and f3 = .1, 1,and 5
kHz

— As a practical matter we will first match the gains of the
two filters at dc

1
. =1

Hc(jQ)|S2:O —

Similarly with gain term G added to H (e/®) we have,

27Tf3T

H(ejw)‘wzo = Gl — o—21f3T g—jO

Thus to match the dc gain of the analog filter we must set

1 — e—27tf3T

G =
27Tf3T
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arange(0,10+0.05,0.05)

1/10

Hc_H(f,fc,T):

Hc = 1/(1 + 1j*f/fc)

H= (1 - exp(-2*pi*fc*T)) /(1 - exp(-2*pi*fc*T)*exp(1j*2*pi*f*T))
return Hc, H

subplot(311)

Hc, H = Hc_H(f,0.1,T)

plot(f, 20*1ogl0(abs(Hc)), 'b--")
plot(f, 20*1ogl0(abs(H)),'b")
title(r'Impulse Invariant Design of a 1lst-Order Lowpass')
ylabel(r'$|H(F) | _{dB}S$")

gridQ

subplot(312)

Hc, H = Hc_H(f,1.0,T)

plot(f, 20*1ogl0(abs(Hc)), 'b--")
plot(f, 20*1ogl0(abs(H)),'b")
ylabel(r'$|H(F) | _{dB}S$")

gridQ

subplot(313)

Hc, H = Hc_H(f,5.0,T)

plot(f, 20*1ogl0(abs(Hc)), 'b--")
plot(f, 20*1ogl0(abs(H)),'b")
ylabel(r'$[H(F) |_{dB}$")
xlabel(r'Frequency (Hz)")

gridQ

tight_layout()

o o
(0]
=l

Impulse Invariant Design of a 1st-Order Lowpass

0 A ]
f,=0.1kHz| === Analog Filter
= * N\ fy = 10 kHz Digital Filter
< -20 1 S
70 e T
_40_ T T T _I ________ I_—-_-___.I
0 2 4 6 8 10
0 - =
N f, = 1.0kHz
g * TSNS f, = 10 kHz -
= ~= rror
< —-10 1 “s~~
T -r- M{calog Filter T~ t From
Digital Filter Il S éha&ng
—20 + T T T T —_— T
0 2 4 6 8 10
0 FT—es — _
= J; = 10KHz RaaiRA Error
€ araloa Tt *““~--§~ From
=5 Dr]a'toglle'llter ~=~~<_ Aliasing
IgItal Fliter
g f. ]
0 2 4 6 8 10

Frequency (Hz)
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4.7. CONTINUOUS-TIME PROCESSING OF
DISCRETE-TIME SIGNALS

4.7 Continuous-Time Processing of
Discrete-Time Signals
Using the definitions of the ideal D/C and C/D converters we can in

theory construct a system for continuous-time processing of discrete-
time signals.

hinl, H®)

Continuous-time processor for discrete-time signals using a
D/C-H.(j 2)-C/D system

e It is not difficult to show that the overall discrete-time system
has frequency response

H(e'") = H.(jo/T), |o|<n

e Note that since X () = 0 for |2| > /T (due to the de-
sign of the ideal D/C), the response of H.(j2) above /T is
actually arbitrary
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Example 4.5:

Use a D/C-H,(j £2)-C/D system to implement a noninteger discrete-
time delay.

e The discrete-time frequency response we desire is of the form
H(e’®) = e /%, |w| <
where A is not necessarily an integer

e Note that for the special case of A being an integer then y[n] =
x[n — A]

e A continuous-time system which gives arbitrary delay is
Ho(jQ) = H(e/%T) = /%7
or in the time domain

yc(t) — xc(t - AT)

e Since x.(¢) is the bandlimited interpolation of x[n], and y[n] =
Ve (t)|;=nT, We can write

yln] = yc(nT) = x.(nT — AT)

— Z x[k]sinc[(nT — AT —kT)/T]

k=—00
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4.7. CONTINUOUS-TIME PROCESSING OF
DISCRETE-TIME SIGNALS

N — x (1) —— e
(a) E I T t

ATy (1) = x (1-T/2)

yln] R Half-Sample e—-o_
PR It W Delay - e
(b) N [ X [ t
0 T 4T

Plots of (a) x[r] and (b) y[n] for a half-sample delay system

Example 4.6: Half-Sample Delay in Python

e A half-sample delay can be created entirely in the discrete-time
domain as well

e One such system capable of doing this is the moving average
system described in Chapter 2

e Recall that for a causal moving average system (M; = 0 and
M, = M), the frequency response is

1 sin|o(M + 1)/2]e_ja)M/2
M +1 sin(w/2)

H(e/?) =

e The term e~/“M/2 provides a pure delay in the time domain
which we see is a half-sample if M is odd
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e A simple Python simulation will demonstrate this

n = arange(-20,20)

X = cos(2*pi*0.1%n)

M =75

y = signal.lfilter(ones(M+1)/(M+1),1,x)
subplot(211)

stem(n,x,Tinefmt="b"' ,markerfmt="'bo")
title(r'Half-Sample Delay Difference for $M$ odd')
ylabel(r'$x[nl1$")

x1im([-2,10])

gridQ;

subplot(212)

stem(n,y, linefmt="g' ,markerfmt="go")
xTabel('Index n')

ylabel(r'$y[n]$")

xTim([-2,10])

gridQ;

tight_layout()
Half-Sample Delay Difference for M Odd

1A @ q
® ® ®
T * ?
< A ¢ ¢
Sy —CELS SHR N R
—2 0 2 : 4 6 8 10
0.5 - ’
|
S 00 e T | T ~— -
> 2.5 Sample
Delay
_05_' T T T T T
-2 0 2 4 6 8 10
Index n

M /2-Sample delay of a moving average filter; M = 5
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4.8. CHANGING SAMPLING RATE USING DISCRETE-TIME PROCESSING

4.8 Changing Sampling Rate using Dis-
crete-Time Processing

In discrete-time signal processing systems we may wish to change
the underlying sampling rate somewhere within the system. For ex-
ample we may start with

x[n] = x.(nT)
and later find it more appropriate or efficient to work with
x/[n] = x.(nT")

where T # T (typically T/ T' is rational).

4.8.1 Analog Techniques:

Conceptually the simplest way to change the sampling rate is to first
reconstruct x.(¢) from x|[n] using an appropriate analog interpolation
filter, then resample x.(¢) with period 7"’ to obtain x’[n].

4.8.2 Sampling Rate Reduction by an Integer
Factor

Define a new sequence x;[n] with rate reduced by a factor M with
respect to x[n] as

xq[n] = x[nM] = x.(nMT)

e The system which performs the sampling rate reduction (pre-
filtering may also be included) is referred to as a downsampler,
or a decimator
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x[n]——» l M ——» x4ln] = x[nM]

Sampling Sampling
Period T Period T'= MT

Downsampler or decimator (no prefilter shown)

To study the operation of the downsampler we will consider
x4[n] and x[n] in the frequency domain

Recall that since x[n] = x.(nT) we can write
: " ) 2wk
X(e/®) = — X, |i=—;="
(e’®) 7};% (?T ]T)

Similarly since x;[n] = x.(nM T) we can write

o  Q— W 2mr

xie =5 ¥ x (-7
_ 1 e ¥ S w 2nr
~mT &~ \UMr T MT

The above equation shows that X;(e/®) consists of replicas of
X.(jw/MT) placed at all multiples of 27, while in contrast
X (e’/?) consists of replicas of X.(jw/T) at 27 spacings

To relate X(e/®) to X;(e/®) we can reindex the sum in X (e/®)
using 7 =i + kM with —oc0o <k <ococand0 <i <M — 1
(note we still have —o0 < r < 00)

30
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4.8. CHANGING SAMPLING RATE USING DISCRETE-TIME PROCESSING

It can then be shown that
1 M—1
Xd(e]a)) _ M Z X(e](a)/M—Zm/M))
i=0

The above equation shows that an alternative interpretation of
X4(e’?) is that it consists of M copies of X(e/®) frequency
scaled by M (i.e. w — w/M), each shifted by integer multi-
ples of 27 /M

No matter how X, (e’/?) is viewed its period is always 27

With downsampling the potential for aliasing exits since the
new sampling rate may actually be below the Nyquist rate of

X (1).

Example 4.7:

Consider downsampling using M = 2 a signal with bandlimited

spectrum as shown below

/IRQ)
Q

—Q Q

N N
. QT
1| X069, X
/\ 7 /\
l l Q
2m Qy Qy 2
T T

Spectra of X.(j2) and X(e/7)
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1 X(eiw) say @y = T/2

1 T
/\ ( 5 /\
l l l l -
e o = QT

—T —Oy Oy T 2T
1 @
| X
7 J€ )
‘ ‘ o= QT
27 —TT T 2T
In Terms of _
the New 1| X;0€) M=2
Sampling T
Rate
1 1 1 1 O=29
4m 2m 2m 4n T
T T T T

Spectra of X(e/?), X4(e/?), and X,(j Q) for M =2

e Note that in the above example €2 has been chosen so that af-

ter downsampling with M = 2, no aliasing results (i.e. 4Q2y =
just

27/ T and Qy = (x/T") or 7/ (2T))

e In general to avoid aliasing when downsampling by M we
must ensure that x[n] is bandlimited such that

oM <m or wy <nm/M
where wy is the lowpass bandwidth of x[n] (i.e. oy = QNT)

e In some cases we may need to filter x[n] with an ideal lowpass
filter with cutoff frequency w. = /M before downsampling
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4.8. CHANGING SAMPLING RATE USING DISCRETE-TIME PROCESSING

e The filter output, denoted X[r], may then be downsampled
without aliasing to obtain X [n]

e Note that with the introduction of the prefilter X;[n] # x.(nMT),
but is equivalent to sampling x.(¢) after filtering with an ideal
lowpass filter having cutoff frequency 2, = /(M T)

Lowpass Filter _ _
nl—— ! Gain=1 |—» l M » X n] = X[nM]
Cutoff = /M| x[n]
Sampling Sampling Sampling
Period T Period T Period T'= MT

General system for decimation by M

Example 4.8:

Consider a second example where 4€2 5 o /T, butnow M = 3.

L x®
T T
/\ '/ : /\
| | | | -
2T —T Oy Wy T 2T © Qr
. 1 o)
Aliasing! —_ _
9 w7 | Xa@D M=3

o= QT

Downsampling with aliasing
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e The downsampled sequence x,[n] will contain aliasing since
the downsampled signal bandwidth in the @ domainis QyMT =
3n/2>m

e Note that an ideal lowpass prefilter with cutoff frequency w,. =
7 /3 can be used to eliminate aliasing

e Spectral plots of the modified downsampling system are shown
on the following page

10)
1] Hy@™)
T
T
| | | | —
27 -7 T ks T 27 ® = QT
M M
®
1] X% M =3
| | | | - QT
-27 -t T T T 2n ®
3 3 -
L x,d%) M =3
MT
| | | | o= OT
=21 -7 I’ 27

Downsampling with prefiltering to avoid aliasing
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4.9. INCREASING THE SAMPLING RATE BY AN INTEGER FACTOR

4.9 Increasing the Sampling Rate by an
Integer Factor

Define a new sequence x;|[n]| with rate increased by a factor L as a
lowpass filtered version of

Xe[n] = x[n/L] = x.(nT/L), n=0, L, £2L,...

e The system which performs the sampling rate increase (includ-
ing postfiltering) is referred to as an upsampler, or an interpo-

lator
Lowpass Filter
x[n]l— T L » Gain=L ——» xi[n]
X nl = x[n/Ll | cytoff = n/L
Sampling Sampling Sampling
Period T Period T'= T/L Period T'=T/L

e The first stage of the upsampler is also known as a sampling
rate expander or just expander.

e We can write the expander output as

[n] = x[n/L], n =0, £L, £2L,...
el = 0, otherwise
= > x[k][n — kL]
k=—00

e To obtain x;[n] from x.[n] requires discrete-time reconstruc-
tion (interpolation), since x.[n] is an impulse train consisting
of nonzero samples every L samples
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e The operation of the upsampler is best viewed in the frequency
domain

e To begin with we can write

X.(e’?) = % ( % x[k]é[n —kL]) e /en

n=—00 \k=—00
= Y x[kle /M = X(e/*")
k=—00

e From the above equation we see that the expander output is

simply a frequency scaled version of X(e/?) (i.e. w — wlL =
QLT)

Example 4.9:

Consider upsampling a signal with bandlimited spectrum as shown

below using L. = 2
/IR )
Q

-Qy Qy
L x(®
T
| | ow=QT
27 -7 o 27

Spectra of X,(j2) and X(e/®)
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| | | | o= OT

-2T -t T T 7 2T
L L
(O]
L | H)
| | | | = ¢
27 -T T T o 27 ® QT
L L.m
1 _ LX)
/\ ' 4 /\
| | | | o= QT
27 -T T T o 27
L L

Spectra of X,.(e/?) and X;(e/?) for L2 when H;(e’/?) is ideal

e In the previous example we saw that the reconstruction filter
was used to remove all the frequency-scaled images of X.(/ §2)
except those located at integer multiples of 2

e In general if we use an ideal lowpass filter for interpolation
the filter gain must be L (this gives an overall gain of L /T =
1/T"), and the cutoff frequency must be 7/ L

e Assuming an ideal lowpass interpolation filter we can then
write the upsampler output as

(©.@)

xi[n] = Z x[k]sinc[(n —kL)/L]

k=—00
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e In practice the ideal lowpass filter cannot be implemented ex-
actly, however very good approximations are possible

e As an alternative to the ideal lowpass filter one may wish to
consider using linear interpolation which corresponds to a filter
with impulse response

I—|n|/L, |n| < L

finln] = 0, otherwise

e For the case of linear interpolation the upsampler output is

o0

x;[n] = Z Xel[k]hiin[n — k]
k=—o00

f— i X[k]hhn[l’l — kL]
k=—oc0

Example 4.10:

Shown below is an example of linear interpolation for the case
L = 5. Note that in data plotting linear interpolation is inherent
when straight line segments are used to connect the data points.
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4.9. INCREASING THE SAMPLING RATE BY AN INTEGER FACTOR

hinlnl

R ARREE T

|
n
(@)
AHO
®
®
S

Xpin[7]

et T

n
0

Linear interpolation; impulse response, & 1/0O

e The limitations of using a simple linear interpolation filter can
be seen in the frequency response of the filter

e It can be shown that

oy 1 [sin(wL/2) 2
Hiin(e’”) = L | sin(w/2) }

wid
|
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e Note that unless the original sampling rate is well above the
Nyquist rate, the interpolation filter will allow adjacent band
energy (/L < |w| < ) to leak into x;[n]

e Intuitively we can reason that if the sampling rate is well above
the Nyquist rate, then the signal does not vary much between
samples, thus linear interpolation gives accurate results

4.9.1 Changing the Sampling Rate by a Ratio-
nal Number Factor

To change the sampling rate by a rational number such as 77 =
TM/L all we need to do is cascade an interpolator (upsampler) with
a decimator (downsampler).

e Note that the interpolation filter of the upsampler will be in cas-
cade with the downsampler prefilter, thus the two filters may
be combined into a single lowpass filter with cutoff frequency
equal to the minimum of 7 /L and =/ M

Interpolator Decimator

LPF : : LPF |
—>?L—> Gain=L ﬁ» Gain = 1 —>¢M—>
[

x[n] I Cutoff = /L I Cutoff = /M | x4ln]
- - Z - -
T L Memehﬂog ™
Common Filter I
Lowpass Filter
Gain=L ~
x[n]—> f L™ cuofi= [ ™ ‘M > xlnl
min(rn/L, w/
T Sampling T ( " T  Sampling 1M
Period L [, Period L
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4.9. INCREASING THE SAMPLING RATE BY AN INTEGER FACTOR

Example 4.11:

In commercial compact disc (CD) players upsampling using L =
2 or 4 1s often employed to simplify the design of the analog re-
construction filter, and also to avoid the use of a sharp cutoff filter
which introduces unwanted phase shifts near the audio frequency

bandedge.

e In the CD system the initial sampling rate is fixed at 44.1 kHz

e The spectrum of the output signal following conversion to an
impulse train is shown below

NARARA

22.05 44.1 132.3 176.4 220.5 f(kHz)

Spectrum
Amplitude

e The digital-to-analog converter (DAC) performs a zero-order
hold operation on the impulse train so that the output becomes
a stair-step approximation (more on this in Section 4.12.4).
The frequency response of the zero-order hold is of the form
of a sinc() function

22.05 kHz

Freq. . f Reconstruction Filter
sinc| ——
Driy 441 Must Remove Above

Spectrum
Amplitude

| |~ \ 72| 77 1 | | |
2\l % % 777 7T

22.05 44.1 88.2 1323 1764 2205 f(kHz)

Audio spectrum including zero-order hold (DAC) response
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e By using say L. = 4 upsampling (4 times oversampling) and
a digital interpolation filter, the nearest spectral image that the
analog reconstruction filter has to remove is shifted from 44.1
kHz up to 176.4 kHz

Digital Filter Removes

These Spectral Translates
\ i
\ /
\ I
- | |

Spectrum
Amplitude

e I S—
22.05 44.1 88.2 132.3 176.4 220.5 f(kHz)
: f Removing This
81nc(176.4 Energy is Easy

Spectrum
Amplitude

% | | | | V22 | 77 |
22.05 44.1 88.2 132.3 176.4 220.5 f(kHz)

Spectrum following upsampler & ZOH (DAC)
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Example 4.12: Digital Radio Receiver Techniques

The design of modern wireless receivers relies heavily upon dig-
ital signal processing techniques. Capturing a radio frequency (rf)
signal from the cellular band (~850 MHz), PCS band (~1900 MHz),
or from any microwave carrier frequency for that matter, and con-
verting it into a complex baseband discrete-time signal, is the subject
of this example.

e Three primary options exist:

1. Convert to an in-phase and quadrature (I&Q) baseband
signals using analog circuitry, then sample using two A/D
converters to form a discrete-time complex baseband sig-
nal

2. Convert only to an intermediate frequency (IF) using ana-
log circuitry, then bandpass sample (undersample) the IF
signal using a wideband input A/D, and digitally mix (fre-
quency translate) to a complex baseband signal

3. Directly bandpass sample the received rf signal using a
minimum of analog circuitry, and then form a discrete-
time complex baseband signal using combinations of dig-
ital mixing, filtering, and decimation

e In this example we explore the second option which is often
referred to as IF sampling'?’

"Matt Easley, “Digital Processing in the IF Domain,” Communication System Design, August
1999, pp. 46-51.

2Joseph Liberti and Theodore Rappaport, Smart Antennas for Wireless Communications, Pren-
tice Hall, Upper Saddle River, NJ, 1999.

3Gary Saulnier, et al, “A VLSI Demodulator for Digital RF Network Applications: Theory and
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e A block diagram of an IF sampling digital receiver is shown

below
SAW Filter ~70 MHz
RF IF BPF A/D
Front-End fir, B (wideband)
. x (1)
R_ecelved Local a
Signal(s) Oscillator fLO fs
Re{r,[n]}
Digital
‘2 " |LPF, B2
Complex 73[7] cos[2m(f./4)Tn] ryln]
Baseband —sin[2®(f./4)Tn] SR
Signal §
f s ) Digital
s T 5 LPF, B/2
Im{r,[n]}

IF sampling digital receiver block diagram

e The rf front-end bandpass filters and low noise amplifies the
received signal

e The rf bandpass filter is wide with respect to the signal of in-
terest since the receiver is typically capable of tuning to many
different rf carrier frequencies

e The received rf signal is converted to a common IF frequency
using an analog mixer followed by a narrow bandpass filter,
often a surface acoustic wave (SAW) device if the IF is in the
vicinity of 70 MHz

Results,” IEEE Journal and Selected Areas in Communications, October 1990, pp. 1500-1511.
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4.9. INCREASING THE SAMPLING RATE BY AN INTEGER FACTOR

e The IF filter is very important here in that it must pass the
desired signal yet reject adjacent channel signals and noise

e The choice of the exact IF frequency, fir, and the correspond-
ing bandwidth B are design parameters

e The signal spectrum of x,(¢), prior to sampling, is shown be-
low
X ()

IF Signal
of Interest

—— Rf,Hz

| | / | | | I I
1 —Mf il % 0 ’ Js M fig
f./4 >

The spectrum of IF signal x,(z)

e By undersampling the IF signal we can accomplish both digi-
tizing and frequency translation in one step

e Undersampling introduces controlled aliasing such that the de-

sired signal can be futher processed in the fundamental interval
[—fs/2, fs/2] Hz or [—m, 7] rad/s on the w axis

e The design constraints (formulas) are that we choose

| fie — Mfs| = fo/4
B < f/2
Note: As a matter of practice B is fixed by the signal that is

being received and f; is chosen to allow for filter transition
bands, but also to be an integer multiple of the bit rate; fir and

ECE 5650/4650 Modern DSP 45



CONTENTS

M are chosen accordingly within physical design constraints
of devices

e The above two expressions insure that following the under-
sampling the IF spectrum X,(f) (X,(;j€2) with Q replaced
by 27 f) will be centered on =+ f;/4 and the various spectral
translates will not overlap (alias) with each other

— Note: If M f; is above fir the signal spectrum will flip

i2nf/
Rl(e] Tf/ f,
Alias of IF Signal
Interest of Interest
/ \/ \/// \|/ N/ \ A/ \/ \/// \Rsz
fIF _Mf /s U Mf fip
4 4
2t w0 = o ®
2 /T

2(6 “) =R 1( ]m) AU Frequency

Digital Lowpass

Filter Response o Complex Signal
y
cen | \ ol \|/ / \ / | .
" “ ®

27 nOn
2

R3(e ) Decimation by 2

Translate

Complex Signal

e The entire spectrum will next be shifted down or up in fre-
quency by f;/4 Hz (;r/2 on the w axis); in general down unless
the spectrum is flipped
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e This frequency translation is performed in the discrete-time do-
main using a complex local oscillator of the form

e/ TUsINTn — cos[2m(f,/4)Tn] £ j sin[27( f;/4)Tn]
= cos|mn/2] £ j sin[rn/2]

Note: This multiplication is very simple as cos and sin take
only the values 0, 1, and -1 (very nice!)

e Frequency translation results in a complex signal, which in this
case is now centered on dc, so we call it a complex baseband
signal, which is composed of real (I) and imaginary (Q) parts

e Each signal path, real and imaginary, is now typically filtered
by a linear phase FIR filter to provide signal matched filtering

e Since the signal of interest is constrained to lie on the interval
of [7/2, m /2] we can also decimate the signal by two to further
save processing resources

e Further simplifications are possible and are discussed in the
references

Specific Frequency Plan

e Consider a PCS band application for the design of an IS-95
Code Division Multiple Access (CDMA) receiver

e The Block E receive band 1s 1885-1890 MHz, which in Col-
orado Springs is used by Qwest

e Three CDMA carrier frequencies reside in this block, the cen-
ter carrier frequency is 1887.5 MHz with a bandwidth of 1.25
MHz
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e The IS-95 CDMA signal has a chip rate of 1.2288 Mchips/s
and is pulse shaped to occupy an rf bandwidth of 1.25 MHz

e Here we choose f; = 7.3728 Msamples/s (6 samples/chip) so
fs/4 = 1.8432 MHz is our digital IF frequency

e The analog IF frequency must be either 1.8432 MHz above or
below M x 7.3728 MHz

e Choosing M = 9 and then fir = 68.1984 MHz works, which
then requires fio = 1819.3016 MHz

4.10 Multirate Signal Processing

In multirate signal processing more than one sampling rate is em-
ployed in the DSP system. This in general means one or more deci-
mator, interpolator, and the associated digital filters.

e The CD player example (Example 4.11) is a multirate system

e A rate changing system where the ratio of input over output
sampling rates is say 101/100, would nominally require inter-
polation using L = 100 followed by decimation using M =
101; intermediate rate changes by smaller amounts can reduce
the computational burden

The theme of this section is how to efficiently combine filter-
ing downsampling/upsampling operations into what is known as a
polyphase decomposition.

48 ECE 5650/4650 Modern DSP
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4.10.1 Interchanging of Filtering and Downsam-
pling/Upsampling
The polyphase decomposition approach relies on a downsampling

and an upsampling identity.
Downsampling Identity

x[n]—» *M - » H(z) +—» yln]
x [n]

xinl— | HGY) | y M 7]
xb[n]

e To show the equivalence we work in the frequency domain on
the lower system, and write that

Xp(e’”) = H(eM) X (e!?)

e From the previous analysis of decimation by M, we know that

M—1
Z X(ej(a)/M—2m'/M))H(ej(a)—Zm'))
i=0

: 1
Y(e/?) =
() =~
e Due to the periodicity of H(e/®), H(e/@~2)) = H(e/®), so
the above becomes
| M—1
joy _ joy T Jj/M=2mi/M)
Y(e’”) = H(e )MZ(;X(e )
= H(ej‘”)Xa(ej“’)

by application of the decimator results to x[n]
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Upsampling Identity

x[n]l—| H(z) ——» 4 L +—» Yyln]

x ]

xnl—wl b L HE) e yIn]
xb[n]

Two equivalent upsampling systems

e Beginning with the top system, we can write that

Y(ejw) — Xa(eja)L)
= X(e/"LyH(e/*h)

e Using the previously developed results for an interpolator, we
also know that

Xp(e?) = X (/")

so it follows upon substitution that in the lower system,

Y(el) = H(e"") X, (e””)

4.10.2 Polyphase Decompositions

e The polyphase decomposition begins by breaking impulse re-
sponse /[n] into M subsequences, A [n], as follows:

] hin + k], n = integer multiple of M
n| =
- 0, otherwise
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e To return to the original impulse response, /[n], from the sub-

sequences just form the sum

M-—1
hin] = ) hiln — k]
k=0

e As a simple example consider the following 10-point /[n] with

M = 2:
le

hin]

BE

? n
0 1 2 3 4 5 6 7 8 9
le
holn]
> { f ?
° ° ° ° —
0 1 2 3 4 5 6 7 8 9
0.9 °
L] [
L
—o ® ° ® ® ® n
0 1 2 3 4 5 6 7 8 9

Decomposition of i[n] for M = 2 into h;[n] sequences

e By delaying and decimating /[n] or the A, [n] sequences by M,

we obtain sequences denoted ey [1]

ex[n] = h[nM + k] = hi[nM]

ECE 5650/4650 Modern DSP
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e Continuing the simple example above, eg[n] and e;[n] are as

follows:
18 ¢ylnl = A[n2+0] = hy[n2]
M =2
0.2 N X
| | | -
0 1 2 3 4
0.9¢ e(lnl = h[n2+1] = h[n2]
0.1 { I T .
0 1 o) 3 4

Decomposition of i[n] for M = 2 into e, [n] sequences

e A block diagram representation that breaks /[n] down into the
components e [n] and then reassembles /[n] is useful in under-
standing how to build an efficient decimator and interpolator

52
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- ¢M B ?M
h[n] # h[n] eo[n] ho[n] h[n]
-1
<

#MT?M

hln+ 1]

\—>¢M4>?M4*

hin+M-1] ey 10n]

Polyphase decomposition of /#[n] using e;[n] components

e The block diagram shown above is not yet practical since the
z blocks are unrealizable

e Working from Ej(z) = Z{ei[n]} we can write H(z) as

M-1
H(z) = ) E(z")z™*
k=0

e Suppose w[n] = x[n] * h[n], then polyphase filtering of x|[n]
to produce w|n| can be represented as shown below
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Eg(z")

E @)
wln]

Epy 1)

Polyphase filtering structure for win] = x[n] * h[n]

4.10.3 Polyphase Implementation of Decimation
Filters

e A complete decimation system requires a lowpass prefilter fol-
lowed by a decimator

Mnl— - HGz) ¢M - wn] = y[nM]
yln]

A decimation by M system

e Since the decimator only keeps every M th sample, it would be
nice to make this operation more efficient

e Using the polyphase decomposition of /[n] followed by a dec-
imator we can form the following block diagram:
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[N C W — ‘M

E ") ‘M.

wln]
Z—l
E,_ (") F—» ‘M
Apply the Downsampling Identity
— Ey(2)
—>  E,(2)
wln]

Z
‘M £, ()

Polyphase decomposition decimation

e The second version of the above figure results from the down
sampling identity for an N -point FIR filter

e In the final polyphase implementation each filter, E;(z), re-

quires - (ﬁ) multiplications and % (% — 1) additions per input

M\M
sample

e Comparing the total computations count per input sample for
the direct N-tap FIR decimator and the polyphase decimator
we have the following:
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Decimator Operations per Input Sample
Scheme Additions Multiplications
Direct Implementation N -1 N
Efficient Polyphase (% — 1) + (M —1) %

e For N = 50 and M = 4 the saving in multiplications is 50
versus 50/4 = 12.5 or a factor of 4

e The additions count i1s 49 versus 14.5 or a factor of about 3

4.10.4 Polyphase Implementation of Interpola-
tion Filters

e A complete interpolation system requires an interpolator fol-
lowed by a lowpass postfilter to fill in the zero samples

x[n]— ¢ L P H(z) — yln]
wiln

An interpolation by L system

e Since the interpolation inserts L —1 zero samples between each
input sample, it would be nice to make this operation more
efficient as with the decimator described earlier

e Apply a polyphase decomposition of /[n] following interpola-
tion by L
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yln]

S

y[n]

] ? L—»  EyH
x[n]
. ? L—»  E@GH
L ? L —» EL_I(ZL)
Apply the Upsampling Identity
— Eo(z)
x[n]
— E,(z2)

— E; (2)

S

Polyphase decomposition interpolation

e The second version of the above figure results from the up sam-

pling identity

e In the final polyphase implementation each filter, E;(z), re-

N

quires (%) multiplications and (4 —1) additions per input sam-

L
ple

e Comparing the total computations count per input sample for
the direct N -tap FIR interpolator and the polyphase interpola-
tor we have the following:
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Interpolator Operations per Input Sample
Scheme Additions Multiplications
Direct Implementation NL —1 NL
Efficient Polyphase | L(5 —1) + (L — 1) L(7)

e For N = 50 and L = 4 the saving in multiplications is 200
versus 50 or a factor of 4

e The additions count 1s 199 versus 49 or a factor of about 4

4.11 Discrete-Time Random Signals

To prepare for the study of quantization noise in digital processing
of analog signals and other related modeling issues, we now need to
take time out to introduce the basics of random process theory.

In this section the emphasis will be on the characterization of
discrete-time random processes as opposed to both continuous and
discrete-time random processes. The major concepts are statistical
averages, correlation and covariance functions, and the power spec-
trum. Of special importance is the analysis of random signals in lin-
ear time invariant systems. Before getting into the random process
topics we will briefly review probability and random variables.

4.11.1 Probability

Consider an experiment which has possible outcomes &;.

e The &;’s are elements of the space S known as the sample space

e A subset of S is a collection of elements §; i.e. for

ACS BcCS
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we might have
A=1{6} B ={§, &, &)
Note that here A C B
e Events:

— Subsets of S which make up a o-field are events on S
— The sample space S is called the certain event

— The empty set, @, is called the impossible event
e Associated with each event is a measure called probability
e Axioms of Probability:

1. P(A) >0forall Ain S
2. P(S) =1
3. f AB = AN B = { then

P(A+ B)=P(AUB)= P(A) + P(B)
Note that (3) extends to

P (L_Jl A,-) =P (Z A,-) = ZZ::P(AZ-)

i=1
e Joint Probability:

P(AB) = P(AN B) = P(A, B)
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e Conditional Probability:
Given two events A and B, the probability of A given B is

A
P(A|B) = PP((BB))
also P(AB)
P(B|A) = PA)
= P(B|A)P(A
P(A|B) = ( }')(1)3)( ) (Bayes Rule)

e Theorem of Total Probability:

Given n mutually exclusive (disjoint) events
Al'Aj =0 i ?é] = 1,2,...,7’1

such that Y 7_, A; = S, then for an arbitrary B C S
n
P(B) =) P(B|A)P(4))
i=1

proof

SO

but P(BA;) = P(B|A;)P(A;)
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e Independence:

Events A and B are statistically independent if and only if
P(AB) = P(A)P(B)
It then follows that

P(A|B) = P(A) and P(B|A) = P(B)

4.11.2 Random Variables

A random variable 1s a rule that assigns a numerical value to out-
comes of a chance experiment

X 1S a random
variable (rv) and

. x 1s a value it
may take on.

p X

X&) X&)  X(&y)

Elementary outcomes mapped to the real line

It may be continuous, discrete, or mixed. A random variable (rv)
will be denoted as x(&;) = x or X(&) = X. The values it takes on
will be denoted by x.

e Cumulative Distribution Function (CDF): or probability dis-
tribution function

Py(x) = P[{§ :x(§) < x}] = P[x < x]
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Properties

1. Py(—00) =0, Py(co) =1

2. Right continuous i.e.

lim+ Px(x) — Px(xo)

X—>X,
3. A nondecreasing function i.e.

Py(x1) < Px(x2), if x1 < x2

e Probability Density Function (PDF):

0 = B0
Px  dx
Note that .
P = [ putuydn
Properties
1. px(x) >0

2. [T px(x)dx =1
3. Plx; <X < Xx3] = Px(x2) — Px(xy) = fxxf px(x) dx

e Joint RVs:

CDF
Pyy(x,y) = P[x < x,y < )]
PDF
82Px,y(x, y)
pX,Y('x’y) - axay
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Note:

X py
Paten) = [ [ poytuvydudo

e Conditional pdfs:

. Pxy(x,y)
_ DPxy\x, )y

and Bayes rule

Pxly(X|y) py(y)
Px(x)

pylx(y |X) —

e Independent RVs:

Px,y(xa y) = Px(x)Py(y)
Pxy(x,y) = px(x)py(y)

e Statistical Averages:

Mean or first moment

my = E{X} = /oo xpx(x) dx

o0

Fundamental Theorem of Expectation

o0

Elg(x)} = / ¢(¥) pre(x) dx

—00

mean square & {x*} (second moment)
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variance
0f = E{(x —my)*} = E{x*} —m?
Note: oy = standard deviation

Definition: Random variables x and y are uncorrelated if

EXy} = EXENYS

Note if either x or y has zero mean, then uncorrelated rvs are
also orthogonali.e. E{xy} = 0

e Important PDFs:
Uniform

If rv x is uniform on the interval [a, b], then

|
—, a<x<b

— ) b—a’ — 7 =

x) = )
Px(x) 0, otherwise

A shorthand notation is simply to say x ~ U [a, b].

P(x)

The rv x uniform on [a, b]

Gaussian or Normal:

If rv x 1s normal with mean m, and variance af, then

1 —(x=my)?

2
X) =
Px(x) 210}

e 20x
A shorthand notation is simply to say x ~ N [my, 67].
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Px)

2 2
narrow < Gwide

The rv x normal with parameters m, and o2

e The area under the tail of a Gaussian PDF can be written in
terms of the Q()-function, that is

where
—t2/2 dt

1 (0,0)
Q(x) = E/x e
Note that Q(0) = 1/2and Q(—x) = 1 — Q(x).

P(x)

FArea = P[X>x]

///////

///////
/////////////
///////////////

Tail of normal pdf

A simple, reasonably accurate approximation for Q(x) over
0<x<oois

N 1 1 322
el = [(1 —a)x + av/x? +b} \/Zne

wherea = 1/mand b = 27
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Example 4.13: A short table of values for QO (x)

x | Q) Approx. | x | O(x) Approx.
0.5 | 3.09E-01 | 3.05E-01 | 3.0 | 1.35E-03 | 1.35E-03
1.0 | 1.59E-01 | 1.57E-01 || 3.5 | 2.33E-04 | 2.32E-04
1.5 6.68E-02 | 6.63E-02 | 4.0 | 3.17E-05 | 3.16E-05
2.0 [2.28E-02 | 2.26E-02 || 4.5 | 3.40E-06 | 3.40E-06
2.56.21E-03 | 6.19E-03 || 5.0 | 2.87E-07 | 2.87E-07

4.11.3 Random Processes

Formally a random process (rp) is a family (ensemble) of functions
x(¢, §) for continous-time or x|, £] for discrete-time, such that each
outcome §&; forming the space S is assigned a time function x(z, &;)
or a sequence X[n, &.

e A discrete-time random process can also be viewed as being
a sequence of random variables indexed by the discrete-time
variable n
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Ensemble of sample functions when all &;’s are considered

e Interpretations of x[n] are:

— A family of time functions, n and x variables

— A single time function, n variable and x fixed

— A random variable, n fixed and x variable

— A single number, n and x both fixed

e Notationally it is easier to write rp X[n] = x[n] and let it be un-
derstood from the discussion which of the four interpretations

1s intended
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Random Process Characterization

e Since rp x[n] is just an rv for any particular index value, n, we
can define the mean and variance as:

my[n] = E{x[n]}
and
oyln] = Ellx[n] —m[n]*}
= E{lx[n]*} — [m[n]|?
e In general the mean and variance are functions of time index

n, but if the rp x[n] is stationary, then they are both constants

e The autocorrelation sequence of x[n] is defined as
Pxx[n, m] = E{x[n]x"[m]}
for the general case of a complex rp

e The autocovariance sequence is defined as
Yaxln,m] = E{(x[n] — my[n])(x[m] — my[m])*}
= ¢Qxx[n, m] —my[n]m[m]
Note that yy.[n, n] = 02[n]
o If x[n] is wide-sense stationary (WSS), then

my[n] = m,
2 2
o;[n] = o;

Prxx[n + m,n] = gy[m]

Yax[ + m,n] = yx[m] = ¢xx[m] — |mx|2
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e The cross-correlation between jointly WSS sequences x[n] and
y[n] is
Pxy[m] = E{x[n + m]y*[n]}

e Similarly the cross-covariance is defined as
Vay[m] = E{(x[n + m] —my)(y[n] —m,)"}
e If jointly WSS sequence x[n] and y[n] are uncorrelated, then

E{x[n + m]y*[n]} = E{x[n + m[}E{Y ™ [n]} = mym]

If either process has zero mean, then as a special case of being

uncorrelated E{x[n + m]y*[n]} =0

e The power spectral density of a WSS rp is

Po() = @i (e’?) = Flgpuc[m]}

Conversely

| 7 : :
O x[m] = —/ D, (e/?)e’’" dw
2 J_

T

e The mean square of x[n] is also interpreted as the average
power

T

S} = perlo] = [ B, (o)t

—TT

Note that the ac power or variance is just

1 T
7= 1@ = 5 [ P do— ]
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Time Averages

e Define the time average mean as

L
i = fim 5 3 st

Similarly define the time average autocorrelation function as

1 L

(x[n + m]x*[n]) = nggo TH”;LX[n + m]x*[n]

From a practical implementation point-of-view we would like
to replace the ensemble averages with corresponding time av-
erages over a single observed sample function

If a process 1s mean-ergodic, then the statistical mean and the
time average mean are equivalent

If a process is correlation-ergodic, then the statistical autocor-
relation and the time average autocorrelation are equivalent

Unless stated otherwise in this course we will assume that we
are dealing with ergodic processes (also WSS), thus the oper-
ations (-) and £{-} may be interchanged

In practice it is not possible for L. — oo, thus my, a)%, and
¢x[m] must be estimated using say, a record of L samples
from x[n]

70
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e Given a finite-length record of x[n], n = 0,1,...,
L — 1, an estimator for the autocorrelation sequence assum-
ing x[n] is real, is

L—|m|—1

n 1
Pxxlm] = { 6Zn:0

x[n]x[n + |ml|], |m| <L -1
otherwise

e Important properties of this estimator are its mean and variance
(Note: The estimate ¢, .[m] is an rv). The variance is difficult
to calculate.

e The mean is easily shown to be

g{qux[m]} = { (L_lel) ¢xx[m], |m| <L-1

0, otherwise

Thus the estimate is biased, but the bias is small for |m| < L.

e An unbiased estimator is

v L A
Grxlm] = | ——— | dxx[m]
L — |ml|
e A general observation with regard to the variance of both es-
timators is that as |m| increases fewer samples are used in the
estimate, thus it is expected that the variance should also in-
crease

LTI Systems with RP Inputs

Let x[n] be a real rp input sequence and /[n] a real impulse response,
the output rp y[n] is
(09

yln) = > hlklx[n —k]

k=—00
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o If &{x[n]} = m,, then

k=—00 my
o0
=m. 3 hlk]
k=—00
S
H(el0)

e Since x[n] is WSS ¢, [n + m,n] = ¢,[m] then it can be
shown that

¢yylm] = ¢y [m] * h[—m] * h[m]

An alternate expression is

o0

¢yy[m] — Z ¢xx[m_l]c[l]

[=—00

where c|[/], called the autocorrelation sequence of h|n], is de-
fined as

cll] = i kR[] + k] = h[~1] * h[]]
k=—c0

27 [H(z)H(1/2)]

e Taking the Fourier transform of both sides of the above expres-
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sion for ¢, [m] gives
@y, (e7?) = C(e/)Dx(e’?)
= H(e/*)H" (/) Dy (e’?)
= |H(ejw)|2q)xx(ejw)
e White Noise
A WSS rp w[n] is a white noise sequence if
Efwnl} = 0 and ¢y [m] = o25m]
Thus the power density spectrum is constant
Py (@) = CI)ww(ejw) = 03), lw| < 7

— Note: White and Gaussian are unrelated random process
properties, although they often occur together in practice,
e.g., white Gaussian noise. . .

O, Lm] P (®)
2
) 2
w F.T. G,
P
m % % % % ®
0 2n -7 0 T 27

Autocorrelation and power spectrum for white noise

Example 4.14: Exploring White Noise Processes in MATLAB

In this example we will use MATLAB to investigate the correla-
tion and spectral properties of white noise processes. To begin with
we generate both uniform and Gaussian white noise sequences, x,,[7]
and x4[n] respectively, each of length L = 4096 points.
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e The sequence x,4[n] is Gaussian with zero mean and unit vari-
ance

e The sequence x,[n] has uniform amplitude pdf with zero mean
and unity variance, i.e., x,[n] ~ U(—+/3, v/3), why?

randn (4096,1) ;
sqrt (3)*(2*rand (4096,1)-1);

>> Xg
>> Xu

Time Sequence of Gaussian and Uniform White Noise
2.5 . :

- Gaussian -

2_
1.5
1

o
o

Amplitude
S
(&) o

I
=
b" —

|
\V]

10 20 30 40 50
Sample Index — n

|
ey
o

Unit variance uniform and Gaussian white noise

e 'To estimate the autocorrelation function of these sequences we
use the signal processing toolbox function xcorr (), which can
for example form either the biased or unbiased estimates of

Grx[m]

XCORR Cross-correlation function estimates.
C = XCORR(A,B), where A and B are length M vectors (M>1), returns
the length 2%M-1 cross-correlation sequence C. If A and B are of
different length, the shortest one is zero-padded. C will be a
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row vector if A is a row vector, and a column vector if A is a
column vector.

XCORR(A), when A is a vector, is the auto-correlation sequence.
XCORR(A), when A is an M-by-N matrix, is a large matrix with
2%M-1 rows whose N”2 columns contain the cross-correlation
sequences for all combinations of the columns of A.

The zeroth lag of the output correlation is in the middle of the
sequence, at element or row M.

XCORR(A,B,MAXLAG) computes the cross-correlation over the
range of lags: -MAXLAG to MAXLAG, i.e., 2*xMAXLAG+1 lags.
XCORR(A,MAXLAG) computes the auto-correlation over the
range of lags. If missing, default is MAXLAG = M-1.

[C,LAGS] = XCORR returns a vector of lag indices (LAGS).
XCORR(A,’flag’), XCORR(A,B,’flag’) or XCORR(A,B,MAXLAG,’flag’)

normalizes the correlation according to ’flag’:
biased - scales the raw cross-correlation by 1/M.

unbiased - scales the raw correlation by 1/(M-abs(lags))

coeff - normalizes the sequence so that the auto-correlations
at zero lag are identically 1.0.

none - no scaling (this is the default).

See also XCOV, CORRCOEF, CONV, COV and XCORR2.

e We will use the unbiased estimator for L = 4096 point records

e The theoretical autocorrelation function for both sequences is

of course

£m] = ¢}, Im] = 078[m] = §[m]

xcorr (xg,25, ’unbiased’) ;
xcorr (xu, 25, >unbiased’) ;

>> [phig_xx, lag]
>> [phiu_xx, lag]
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Autocorrelation Function of Gaussian White Noise

-1_
0.8}
=
2 06}
=
O
—
5 04f
O
0.2F o SRR
-20 -10 0 10 20
Lag Value —m

Sample autocorrelation of Gaussian white noise

Autocorrelation Function of Uniform White Noise

1 -

0.8
=

2 o6}
N
=
(D)
=

S 04f
@)

0.2

-20 -10 0 10 20
Lag Value —m

Sample autocorrelation of uniform white noise
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e An estimate of the power spectral density (psd) can be obtained
by Fourier transforming the autocorrelation function estimate
of directly using the signal processing toolbox function psd ()

e The function psd() uses Welch’s method of averaging modi-
fied periodograms

e A periodogram is basically the discrete Fourier transform (DFT)
of a block of signal samples in magnitude-squared form (we
will study this more later for now psd is just a tool)

PSD Power Spectral Density estimate.
Pxx = PSD(X,NFFT,Fs,WINDOW) estimates the Power Spectral Density of
a discrete-time signal vector X using Welch’s averaged, modified
periodogram method.

X is divided into overlapping sections, each of which is detrended
(according to the detrending flag, if specified), then windowed by
the WINDOW parameter, then zero-padded to length NFFT. The magnitude
squared of the length NFFT DFTs of the sections are averaged to form
Pxx. Pxx is length NFFT/2+1 for NFFT even, (NFFT+1)/2 for NFFT odd,
or NFFT if the signal X is complex. If you specify a scalar for
WINDOW, a Hanning window of that length is used. Fs is the sampling
frequency which doesn’t affect the spectrum estimate but is used

for scaling the X-axis of the plots.

[Pxx,F] = PSD(X,NFFT,Fs,WINDOW,NOVERLAP) returns a vector of frequen-
cies the same size as Pxx at which the PSD is estimated, and overlaps
the sections of X by NOVERLAP samples.

[Pxx, Pxxc, F] = PSD(X,NFFT,Fs,WINDOW,NOVERLAP,P) where P is a scalar
between 0 and 1, returns the P*100% confidence interval for Pxx.

PSD(X,...,DFLAG), where DFLAG can be ’linear’, ’mean’ or ’none’,
specifies a detrending mode for the prewindowed sections of X.
DFLAG can take the place of any parameter in the parameter list
(besides X) as long as it is last, e.g. PSD(X,’mean’);

PSD with no output arguments plots the PSD in the current figure window,
with confidence intervals if you provide the P parameter.

The default values for the parameters are NFFT = 256 (or LENGTH(X),
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whichever is smaller), NOVERLAP = O, WINDOW = HANNING(NFFT), Fs = 2,
P = .95, and DFLAG = ’none’. You can obtain a default parameter by
leaving it off or inserting an empty matrix [], e.g. PSD(X, [],10000).

NOTE: For Welch’s method implementation which scales by the sampling
frequency, 1/Fs, see PWELCH.

e Here we force psd to average sixteen periodograms by setting
NFFT to 256, e.g., Px = psd(x,256,1);

e The theoretical psd is of course

P (w) = 0)% =1, Vo

Periodogram Spectral Estimate of xg[n] using 16-256pt Records
10 - - : -

PSD in dB

L
o
T

L
(6]
T

0 0.1 0.2 0.3 0.4 0.5
Normalized Frequency f

Power spectrum estimate of Gaussian white noise

78 ECE 5650/4650 Modern DSP



4.11. DISCRETE-TIME RANDOM SIGNALS

Periodogram Spectral Estimate of x [r] using 16-256pt Records
10 - - : -

PSD in dB

0 0.1 0.2 0.3 0.4 0.5
Normalized Frequency f

Power spectrum estimate of uniform white noise

Linear Systems and White Noise

In the second part of this example we will investigate the correla-
tion, crosscorrelation, and spectral properties of white noise that has
been passed through a first-order lowpass filter. We will consider the
following system with real a

yln] = ayln =11 + (1 —a)x[n] = H(z) = — 0 |zl > laf

l—az~
e The theoretical output autocorrelation function is

$yylml = Y pexlm —1le[ll = )Y o78lm —I]c[l]
[=—00 [=—00
= o2c[m]
where
clll= Y hlkhll + k] = h[I] * h[]
k=—00
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e We can find c[/] using z-transform methods:
cll] = Z_I[H(Z)H(z_l)] (from conv. thm.)

Now,

H(z)H(zT) =( —a)21 —az!' 1—az

—(1 —a)? z~1

a (1—az7 (1 —a'z71)
—(1 —a)? Ay Ar

a |:1—azz—1 i 1—a—12—1]’
1
;

Solve for A; and A, and inverse transform

lal < |z| <

-1

z —a
A — =
! 1 — a—lz—l s—1l—g—1 1 — 612
z1 a
A == — = :>
T 1—qz! ., 1—a?
1 —a)? 1\"”
clm] = (1 2 [amu[m] + (—) ul—m — 1]}
—a a
1 — 2
— (1 az a” —co <m < 00
—a
e Finally,
, (L—a)’ m|
m|=o
¢yy[ ] X 1 a2

e Leta = 0.8 and compare the theoretical autocorrelation func-
tion with that measured (for just x.[n]), again using xcorr ()
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>> yg = filter(1-0.8,[1 -0.8],xg);
>> [phig_yy, lag] = xcorr(yg,25,’unbiased’);
>> phig_yythy = .2°2/(1 - .872)%0.8."(abs(lag));

Filter Output Autocorrelation Function

0.12

0.1}

0.08}

0.06}

Correlation

0.04t

0.02

-20 -10 0 10 20
Lag Values — m

e We can also compare the theoretical power spectrum with the
averaged periodogram

e The theoretical psd at the filter output is

Pyy(w) = q)yy(ejw) = U)%lH(ejw)F

>> psd(yg,256,1);

>> hold

>> [Py, F] = freqz(0.2,[1 -.8],256,1);
>> plot (F,20*%1ogl10(abs(Py)),’r’)
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Periodogram Spectral Estimate of y g[n] using 16-256pt Records

PSD in dB

O T
0 0.1 0.2 0.3 0.4 0.5
Normalized Frequency f

Output power spectrum estimate of filtered white noise,
Py(a))

e The cross-correlation between the input and output sequences
is defined as

bxylm] = E{x[n +m]y[n]}

= E{x[n + m] i hlk]x[n —k]}

k=—00

= Y hlk]gulm + k]

k=—00

e The cross power spectrum is obtained by Fourier transforming
both sides in the above

O, (/) = H(e/)D* (/%) "E" H(e/?) D, (/)
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e [f the input is a zero mean white noise random process, it then

follows that

Dxy[m]

and the cross spectrum is

o, (ej‘”)

= o2h[m]

= 02H(e’®)

e Again with a = 0.8 the theoretical impulse response and esti-
mated cross-correlation estimate are shown below

>>
>>
>>
>>
>>
>>
>>

[phig_xy, lag] = xcorr(xg,

yg,25,unbiased’) ;

phig_xythy = zeros(size(lag));

s1 = find(lag >= 0);

phig_xythy(s1) = 0.2*%0.8.~(lag(s1));

plot(lag,phig_xythy,’r’)
hold
plot(lag,phig_xythy,’r’)

Filter Input/Output Crosscorrelation Function

0.2}

0.15}

0.1}

Crosscorrelation

0.05}

TN

| /7 V:The(')ryf

5

10 15 20 25

Lag Values —m

Input/output cross

correlation ¢, [m]
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4.12 Digital Signal Processing of Ana-
log Signals

In this section practical issues associated with the idealized C/D-
H(z)-D/C system are investigated. The section begins with the an-
tialiasing filter which bandlimits the input signal to satisfy the sam-
pling theorem. We will see that multirate sampling can be used
to ease analog design requirements. Next we model the analog-to-
digital (A/D) conversion process in more detail than the simple C/D
presented earlier. The quantization of the analog input will be mod-
eled using stochastic (random) process theory. Finally, the digital-
to-analog (D/A) conversion process is modeled in more detail.

The modeling enhancements provided by this section of the notes
1s summarized by comparing the differences between subfigures (a)
and (b) of the following figure.

x.(7) *n] Fhiscrete-time | Y1 V(1)
—> CD [—*> system | ™ DC [—>
;“ (a) Simple Model T

x.(2) x, (1) NG Aln]

) Discrete-time
—»H, (Q)— S&H— A/D —>

| System y[n]
} } Compensated
- H(Q) la—
y.(1) r(JQ) | D/A
Vya(t
(b) Detailed Model A }

DSP of analog signals: (a) Simple Model, (b) Detailed Model
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4.12.1 Prefiltering to Avoid Aliasing

A general rule in digital signal processing is to minimize the sam-
pling rate for core processing algorithms whenever possible. The
analog signal of interest, x.(z), may need analog preprocessing be-
fore conversion to a discrete-time signal.

1. The signal x.(¢) my need to be bandlimited to contain just a
useful band of frequencies

2. The signal x.(¢) may be adequately bandlimited already, but
high frequency noise is present above the Nyquist frequency
and will hence alias into the band of interest

Preprocessing is performed by passing x.(¢) through an antialiasing
filter with frequency response H,,(j 2).

x (1) x[n] yln]

* (1) Anti- Discrete- )
— aliasing — C/D —*» tme —» D/C >
Filter System

i
T

~

Use of an antialias prefilter H,,(j 2)

e An ideal antialiasing filter is of the form

1, |Q<Q.<x/T

H,,(jQ2) =
(/8) 0, otherwise

e Bandlimiting x.(¢) to have bandwidth at or below /T radi-
ans/s ( f;/2 Hz) insures for the case of an ideal H,,(j€2), that
no aliasing can possibly occur

ECE 5650/4650 Modern DSP 85



CONTENTS

e If this is true then the effective analog frequency response is

HE®), 19| < Q. <n/T

He(jS2) = .
, otherwise
where H (e/®) is the discrete-time system frequency response

e As a matter of practice no time-limited signal is strictly ban-
dlimited and H,,(j€2) cannot be made bandlimited, thus we
often settle for a minimum attenuation of aliased signal and/or
noise components with respect to the desired signal

e As asimple approximation, if we can make H,,(j €2) small for
|2| > /T then

Heff(jQ) ~ Haa(j Q)H(ejQT)

and the spectrum of y,(¢) can be modeled as

Yr (] Q) = Xc (] Q)I_Ieff(j Q) + Yalias-sig(j Q) + Yalias-noise(j Q)

result of imperfect H,,

Using Multi-Rate Sampling to Simplify the Analog Design

When the desired signal bandwidth, Q2 y, is close to 7/ T = /2
(fn is close to f;/2) the design requirements for the antialiasing
filter become more challenging

e A sharp-cutoff (high-order) design is needed

e The filter must begin to roll-off before €25, which introduces
amplitude distortion
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— Once 1n the discrete-time domain this distortion can be
partially compensated for with a digital equalization filter

e Phase distortion near the band edge also occurs in sharp-cutoff
analog filters

e Realizing a sharp-cutoff analog filter can be both difficult and
expensive

e A way to simplify the analog design requirements is via multi-
rate sampling

Low-Order High-Order
—| Antialiasing —{ C/D — (Sharp-cutoff) —» ‘M R
Filter ~ Filter o, = i/M
x (1) : x, (1) x[n] x4ln]
Haa(/Q)
T = _(L)
M\Q,y,

Using oversampling to simplify the design of H,,(j 2)

e Assuming the usable lowpass bandwidth is again €2y we choose
an oversampling factor of M, so the sampling rate is now
Qg =2MQy

e The simple antialiasing filter can have a very gradual cutoff, so
long as it has significant attenuation at M2 y

e In the discrete-time domain we now implement a sharp-cutoff
antialiasing filter with digital cutoff frequency of w, = 7w/ M
and then decimate by M

— The sharp-cutoff digital filter can have linear phase and
thus provide near perfect bandlimiting behavior
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— An obvious drawback is the need for additional process-
ing as a trade for the more difficult/expensive analog filter

design

e A pictorial example of how this works is shown in the follow-

ing figure
Low-order (simple) X, Q)
Antialiasing filter - Desired Signal
/ 1 RN High-freq. Noise
L | Q
_Qc QN Qc
X (<)

Desired Signal
1 /
High-freq. Noise

with antialias filtering

_

Q
QN Qc
High-Order Antialiasing
(decimation) filter
- h—
| |
| |
|
! (0]
-27 27
Q)
X,
’ Recovered Signal
/T / atrate 1/T
(0]
-27 L 0 T 27

A spectral view of how oversampling works
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Example 4.15: Anti-Aliasing Filter Design

Consider a continuous-time signal x.(z) with Fourier transform
X.(j $2) (note the spectrum is scaled to O dB passband gain).

—€4B

XU gp

-A

The Analog input signal amplitude spectrum

We wish to pass x.(¢) through a lowpass filter with frequency

response H,,(j€2) to provide additional bandlimiting prior to sam-
pling.

x () | H,(Q) | e ¥ (1)

Filtering of the input signal x.(z) with the anti-aliasing filter
Haa(j Q)

e Assume that the €;5 bandwidth of x.(z) is 2. ( f. Hz) rad/sec
and at €2 4 the spectrum is down A;p
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e Further assume that the signal spectrum is monotonically de-
creasing with frequency, i.e. |X.(j27)| < |X.(j21)| for
2, > Q

o If x.(¢) is sampled at frequency 2; (f; Hz) to produce the
sequence x[n], then the Fourier transform of x[n] is a superpo-
sition of scaled replicas of X, (j €2) at multiples of the normal-
ized sampling rate (i.e., 2)

‘X(ejm)‘dB

| 0
—27 —TC

Discrete-time domain spectra following sampling without the
antialiasing filter

Antialiasing Filter Requirements:

e A reasonable design specification is to require that the aliased
spectral content from O to & be A, _4g down from the O dB
spectral reference level of the input

e In particular note that if f4 = f;/2 then the minimum aliased
spectral content is down only Agg

e An additional constraint is that the spectral content of the input
signal between 0 and f. Hz not be modified by the antialiasing
filter
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e To increase A,_gg one may increase f; or choose to prefilter
x.(t) with an antialising filter such that the spectrum of x/(7)
meets the desired aliased spectral content requirement

e Note: A combination of the above may also be considered

The Filter Design Problem
The filter design problem is simply to design a lowpass filter with
cutoff frequency at f. and filter attentuation at f;/2 of

| X (JRs/2)|aB +|Haua(j2s/2)|aB < —Au—aB

— -

—AdB

or
_|Haa(j Qs/2)|dB = Aa—dB — AdB

The lowpass prototype may a Butterworth, Chebyshev (type I or
IT), or perhaps an elliptic. For more information on these prototype
transfer functions see Chapter 7 of the text.

e A a specific example suppose the analog filter is a Butterworth
with f. the 3 dB cutoff frequency

e Note: The input signal spectrum near this cutoff frequency will
receive additional attenuation which may be compensated for
in the discrete-time domain, see text problem 4.56

e An Nth-order Butterworth lowpass filter has frequency response
of the form

|Hy(jQ)|* =
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e We must find the minimum N such that

Q. \2N
10logy | I + (2§2S ) > Ag—aB — Ads

e Rearranging gives

(B -

2Q,

log, [10<Aad]130AdB) _ 1]

210g10[g25/2g2€]

or

N =

e Note that N must be an integer!

An Example Case:
Suppose that the analog input signal has a Butterworth spectrum
of the form

1

c Q =
X = =72 x 330.000))°

and the sampling rate is chosen to be f; = 1 MHz. The aliased
spectral components are to be attenuated by at least 60 dB. Find
the filter cutoff frequency and minimum filter order, N, to meet the
design goals.

e To begin with we observe that the signal spectrum has a cutoff
frequency of 350 kHz, thus f. = 350 x 10°

e At f;/2 = 500 kHz the input spectrum is attenuated by only
9.77 dB
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e Assuming a Butterworth antialiasing filter

[(60—9.77)/10] _
_ log;o [10 1]

> = 16.2
2 log,,[500/350]

e N = 17 is unreasonable, so to lessen the requirements on the
antialiasing filter we either use a different prototype, such as
an elliptic since it has a very narrow transition band, or up the
sampling rate

e Try increasing f; to 4 MHz, once the signal is in the discrete-
time domain we can then build a high order digital filter to band
limit the signal and then decimate back down to the desired 1
MHz rate

[(60—45.41)/10] _
_ logyg [10 1]

= 0.953
2 log,,[2000/350]

e N = 1 is very reasonable, perhaps the sampling rate can be
reduced to something in between 1 MHz and 4 MHz

x (1) N=17 |x' (1)
¢ —— Butterworth — C/D —* x’[n]
Lowpass
fy 1 1 MHz
x (1) N=1 |x.() x”[n] High- x'[n]
—» Butterworth —{ C/D |— Order — | y4 —>»
Lowpass Lowpass
!
fy, = 4 MHz

C-to-D conversions systems, with anti-aliasing filters
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4.12.2 Analog-to-Digital (A/D) Conversion

In the model of the C/D converter, developed previously, we have a
means for converting a continuous-time signal into a discrete-time
signal with each sample having infinite precision. In reality the C/D
can be better approximated as a sample-and-hold (S&H) followed by
an analog-to-digital (A/D or ADC) converter. The S&H holds each
analog voltage or current sample long enough for the A/D conver-
sion cycle to convert the input into a binary code that most closely
represents the input amplitude.

Sample n
x(t) —» and —» AD —» xg[n]
Hold xo(7)
T T

Analog-to-digital converter modeling

e The S&H can be modeled as an ideal sampler followed by a
zero-order hold (ZOH) filter /y(z) of the form

I, O<t<T

0, otherwise

ho(t) =

94 ECE 5650/4650 Modern DSP



4.12. DIGITAL SIGNAL PROCESSING OF ANALOG SIGNALS

Sample and Hold

xa(t) — i?;l > xo(t)
x(n| Y
s(t) = z 8(t — nT) 2
i=—= 0 T t

xo(t)
x,(1) /4

__

_3Z 2T -T 0 T 2T 3T 4T 5T !

e Mathematically we can write the ZOH output as

xXo(t) = ho(t) * Y xa(nT)8(t —nT)

n=-—o0oo

e The filtering action of /(z), although important for operation
of the A/D, does not alter the signal samples X g [1]

e We have assumed that the S&H output is constant until the next
sample is taken

— More advanced modeling of S&H issues can be found
elsewhere

e As described here the S&H allows ideal sampling to occur
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e A mathematical representation of an analog-to-digital (A/D)
converter is thus a cascade of three stages: (1) ideal C/D con-
verter; (2) quantizer; (3) coder

Xy(t) —  C/D —Quantizer— Coder —® *3l7]

x[n] )Ac[n]
I
T

Refined Model of an A/D

e The combination of the quantizer and coder represent the A/D
converter

e The quantizer is a nonlinear system which transforms the ideal
real number input sample x[r] into a number from a finite set

e Mathematically the operator notation is
X[n] = Q(x[n])
where X[n] is used to represent a quantized signal sample

— The quantization levels may be uniformly spaced or nonuni-
formly spaced

e In the following figure a uniform quantizer is shown which
accepts a bipolar input and has eight quantization levels

e Note that in this figure the number of quantization levels is
even, thus it is not possible to have a level at zero and have an
equal number of positive and negative levels
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x = Q(x)
Two’s Offset
3AT Complement Binary
Code Code
2A+
011 111
AT 010 110
| | | ez | | | .
9A TA 5A 3A A 3A SA A ool 101
SRR I R S 000 100
1 92A 111 011
110 010
+—=3A
101 001
T-4A 100 000

- 2%, -

A uniform quantizer that uses rounding

e The coder block in the mathematical model maps each quanti-
zation level to a code word

e If binary symbols are used, then 25+ levels can be coded using
(B + 1)-bit binary code words

e The quantizer step size, A, is given by
_ 2Xm X
A= E =28

where X, is the full-scale level of the A/D

e Two popular binary coding schemes are offset binary and two’s
complement

e The two’s complement format is the most convenient represen-
tation of signed numbers
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e The leftmost bit or most-significant-bit (MSB) is also termed

the sign bit
The right most bit is the least significant bit or LSB

For a binary (B + 1)-bit two’s complement number of the form
boob1b; . ..bp

we can write the quantizer output as

Note that X g[n] is the fractional part of X[n] i.e., —1 < Xp[n] <
1

In a two’s complement representation a positive fraction is in
straight binary form with a zero in the sign bit (MSB). To ob-
tain a negative fraction subtract the positive number from 2.0
or just complement the positive fraction and add one LSB e.g.,

= 0011

= 1100 4 0001 = 1101

oo Woo| W

Two’s complement binary symbols and xp for B =2

98
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0,11 3/4
0,10 1/2
0,01 1/4
0,00 0
1,11 —1/4
1,10 —1/2
1,01 —3/4
1,00 —1
3A[-<a—— B =2 Quantizer
(dashed black)
2A—N\ | N
Ideal S&H
Am Ny e a (solid black)
LT S—
=
S -AL
£
<
IA
3A=— N\ L Input Signal
(solid gray)
AA— N N /"{
| | | | | | | |
0 T 2T 3T 4T 5T 6T T 8Tt
;CB[”] = 011 000 100 101 001 010 111 100 101

4.12. DIGITAL SIGNAL PROCESSING OF ANALOG SIGNALS

Binary Symbol Numeric Value, Xjp

Sampling and quantizing with 3-bits
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4.12.3 Analysis of Quantization Errors

e In the analysis of quantization errors x[n] is the true sequence
value and X[n] is the quantized value

xln] e QUARLZETL 3] = Q(x[n])
U Additive Noise
\Model
| - >
x[n] x[n] = x[n] +e[n]

elnl

Quantizer and additive noise model

e Define the quantization error sequence as
e[n] = x[n] — x[n]

where if we assume rounding in the quantizer —A /2 < e[n] <
A /2 provided (—X,, — A/2) < x[n] < (X,, — A/2)

e A useful quantizer interpretation is to view X[n] as x[n] plus
an additive noise sequence e|[n]

e Simplistic, yet useful modeling assumptions are the following:

— Let e[n] be a stationary random process

— Assume e[n] and x[n] are uncorrelated (this is difficult to
justify)

— Assume e[n] is a white noise sequence

— Assume the PDF of e[n] is uniform over the error signal
range
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e Assuming rounding and the modeling assumptions discussed
above e[n] has the following statistical description:

p, (€) A= 2By

1 m

A e~ U(—é, é)

22

1 Uniform PDF

notation
€ 2
A A 2 A
J—— J— G = —_—
2 2 € 12

Quantizer and additive noise model

Example 4.16: Quantization of a Sinusoid

e Consider the uniform quantization of a sinusoid of the form

x[n] = 0.9cos[2n(5/512)n], f, = 5Hzand f; = 512 Hz

e We quantize this sinusoid in MATLAB using approximately
B = 3 and 8 bits as follows

»n = 0:511;

» x = 0.9%cos(2*xpi*5/512%n) ;

» x3 = round(2~3/2*x)/(2°3/2);
» e3 = x3 - X;

» x8 = round(2°8/2%x)/(2°8/2) ;
» e8 = x8 - x;

e Note: the rounding operation in MATLAB actually creates
23 4 1 and 2% + 1 levels respectively
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1

x[n], x[n]

Sinusoid Quantization and Error for B+ 1 =3 & 8

- Exact (]

0.1 M
'S 0.05f
Yy ol
~—
= _0.05}
m
o -0 H N
0 50 100 150 200
x 107
4
= o -
NS}
R 0
-
0 -2 N
_4 1 1 1
0 50 100 150 200

Sample Index

22
% - i3 = 0.125
2
Appears to be
correlated
with x[n]
% = _1§ — 3.9E-3
2
Correlation not
apparent
here

A quantized sinusoid (top), error e[n] for 3-bits (middle), error

e[n] for 8-bits

e From the above figure we see that the quantization error pattern
is not apparent in the 8-bit error as it is in the 3-bit error

e The error values are bounded as expected by £A /2 = 1/25

e The experimental distribution of the quantization errors can be
computed using a histogram, .e.g,

102
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» hist(x8,10); % Auto plot histogram with 10 bins

Error Histograms

80|
60
m 4o}
(4p}
20}
0
01 -0.05 0 0.05 0.1 0.15
60
40
5
© 20|
O 1 1 1 1 1 1
4 3 2 - 0 1 2 3 4
Error e[n] Bins x10°

Histogram of error statistics
e The histogram appears more uniform for 8-bits than for 3-bits

e [ooking at the autocorrelation sequence or power spectrum of
e[n] are other statistical measures worth considering

e A useful performance measure is the signal-to-quantization noise
ratio

0,2
e

Xom
= 6.02B + 10.8 — 20log,, [ =2
Oy
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e Since X, is typically fixed we see that reducing o, by two
decreases the SNR by about 6 dB

e If x[n] should exceed X,, then severe distortion results i.e.
le[n]| > A /2. The degree of distortion depends on just how
large |e[n]| is and how often an exceedance occurs.

e In general the signal amplitude must “match” as best as possi-
ble to the full-scale amplitude

Example 4.17: Normally Distributed Signal

Suppose x[n] has a normal distribution i.e. x[n] ~ N[0, oy].

e To insure that x[n] “rarely” exceeds £+ X,, we might set X,, =

30,, then
P[|x[n]| > 30,] =2.70 x 107?

or |x[n]| exceeds X,, only 0.27% of the time

e Under this condition

30,
SNRyz ~ 6B + 10.8 — 20log,, ( % )
o

~ 6B + 1.26 dB

e For 16 bit digital audio B = 16 — 1 = 15 and with X,,, = 30,
1t follows that
SNR,5 ~ 91.3 dB
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4.12.4 D/A Conversion

For a bandlimited input signal the ideal D/C produces an output spec-

trum of
X, (jQ) = X("H,(jQ)

where H,(j$2) is the frequency response of the ideal lowpass re-
construction filter. From our earlier discussion we know that in the
time-domain this becomes the sinc function interpolation formula

= sinf[r(t —nT)/T]
xp(t) = Z x|[n] 7t —nT)/T

n=—0oo

A more complete model of the D/C is an analog-to-digital (D/A or
DAC) converter followed by a realizable reconstruction filter

D/A | Realizable |

N Converter LPF A
xglnl] Xpa (1) x,.(1)

H_(jQ) or H,(jQ)
D/A Model

_ Sc;le by _ (fonv?rt to Zera—(l)c;der
XB[I’l] m x[n] mpulses 0 xDA(t)

A/D converter model with reconstruction filter

e Initially we will consider just the D/A model
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e The ZOH converts the impulse train sampled signal into a stair-

step approximation as follows

xXpat) = > Xpkplnlho(t —nT)

n=—oo
(0. ¢]

= Y R[nlho(t —nT)

n=—oo

where the ZOH impulse response, /((?), is a rectangular pulse
of duration 7" seconds

A quantized signal sample is held fixed at the D/A output for
T seconds

If we consider X[n] as resulting from an additive noise model
for quantization noise, we can write

o0

Xpa(t) = Z x[nlho(t —nT) + Z e[nlho(t —nT)

n=—oo n=—~oo

N _—

_— _—

xo(t) eo(?)

Note that the signal term x(z) is related to the input x[n] =
x.,(nT), and e((¢) is in part related to the quantization noise
generated by the input A/D

The term ey(z) may also take contributions from other quan-
tization elements in the system, for example if the D/A has
a shorter word-length than the internal processing achitecture,
additional quantization noise is created at the D/A interface
(more on this in text Chapter 6)
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4.12. DIGITAL SIGNAL PROCESSING OF ANALOG SIGNALS

e In the frequency domain we can write for the signal component
that
Xo(jQ) = X(e?*) Ho(j Q)

- ldeal Lowpass
| Interpolation

Filter H (jQ)

ZOH Magnitude |
Response|HOUQ)m'

~

27

T
T T

NIl F—— — —
|

ZOH frequency response compared with ideal H,(j 2)

e The frequency domain shaping imposed by Hy(j€2) will in
general interfere with X(e/%*7) inside the |Q| < n/T fre-

quency band
e The final filtering stage, H,(j €2), my compensate for Hy(j €2)
by choosing
-~ H,(j2)
H,(jQ) ==
Ho(j2)

e The ZOH has frequency response given by

Hy(j2) = F {H (%)} _ 2Sin(gT/2) =i QT2

e An ideal compensated reconstruction filter is

Qr/2 QT /2
st/ € 2, 1Q| < /T

H.(iQ) =
U =1 Q> /T
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e A plot of the magnitude of H,(j ) is shown below

|1,

15708 15708
\ M

~
~
N1a
~

|ldeal compensated reconstruction filter

e As a matter of practice the time delay represented in the term
e/$T/2 would not be realized

4.13 Oversampling and Noise Shaping
in A/D and D/A
Conversion

We have already seen that by using oversampling the sharp cutoff
antialising filter can be moved from the analog front-end to the in-
terior of the DSP design, where it becomes a digital filter. When
oversampling is employed it turns out that the number of quantiza-
tion levels can also be reduced. In particular if quantization noise
shaping 1s employed a further reduction in the number of A/D bits
can be achieved. The same techniques for reducing quantization bits
in the overall C/D operation can be employed in the D/C.
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4.13.1 Oversampled A/D Conversion with Direct
Quantization

Before studying a complete oversampling and noise shaping based
A/D, we will first consider a basic C/D system that employs straight
oversampling followed by decimation. The mathematical framework

requires the use of both continuous and discrete-time random pro-
cesses.

B+1 Bit A/D Down Sampler

Oversampling B + 1-bit A/D conversion with a downsampler

e We assume that the input x,(¢) is a zero-mean WSS random
process with continuous-time autocorrelation function

Praxa (T) = E4xa(t + T)xa(2)}

and continuous-time power spectral density
Dyxy (J2) = Fidryn, ()}
e We will also assume that x,(¢) is bandlimited, i.e.,
Py, (jE2) =0, Q] =Ry

and that 7/ T = MQ y, where M is the oversampling ratio
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e To analyze the quantization noise performance resulting from
oversampling we replace the quantizer with a linear noise model
as shown below

x[n] = x[n] + e[n]

— C/D I > © l‘:Pi/M—> *M—»
x (1) x[n] ¢
a ? xd[n]
T =X a[n] + X e[n]
T = oM e[n] d d

e As aresult of superposition, the decimator output is composed
of a signal related term x4, [n], and noise related term x ;. [n]

e We would like to find the ratio of output signal power to output
quantization noise power, 1.€,

_ &I _ Pad

(SNRQ)d = g{xczie ]} Pu

in terms of the number of quantizer bits B and the oversam-
pling ratio M

e As previously developed, the signal and noise are modeled as

independent random processes

Signal Analysis

e To find the signal power we will use the power spectral density
of x,4,[n] which is related to the power spectral density of x, (¢)
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e Following the development in Appendix A of this chapter, we
know that ¢ [m] = ¢, ., (mT) and hence

: (- , 2k
¢XX(6]QT) — T Z QXaXa (.] (Q - T))

k=—00

e The bandlimited assumption about x,(¢) allows us to write

1 .
oy = [P ). lol </
0, /M < |w| <n
. Q]
@, . U2 @, ()
| L
T T
Q ®
-Q Q _T Kl
N N 7 Y

Signal x,(t) spectra before and after sampling

e The power in the input analog signal is given by

Qy

1
E{x2(t)} = g/ ®,..,(jQ)dQ

_QN

e The power in the sampled analog signal is

1 [~ .
E{x?[n]} = = / O, (e/?) dw

1M
D, . (j 2) dw

"2t ) T T
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e If we change variables of integration in the above by letting
@ — QT and noting that 7/M — Qy, we can also write that

1o
Sl =5 [ @ (idR = £}

Qy

and hence that the power in the input analog signal and sam-
pled signal are identical

e The decimation lowpass filter is ideal and x[n] is bandlimited
SO we can write

Xda[n] = x[nM] = x,(nMT)

which further implies that the signal power is constant through
the entire system

e Viewed in terms of the power spectrum
: 1 .
CI)xdaxda (eja)) — _q)xx(eja)/M), |Cl)| <7
M
and

S0 = o [ @ e do

2w J_;
I ("1 .
=— | —&.("")dw
2 J_,
1 /M

= — @, (e!”) dw = E{x*[n]} = P
2 —n/M
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Noise Analysis

e The quantization noise analysis is different as it is not bandlim-
ited to |w| < w/M

e We model e[n] as a WSS zero mean white-noise process with

2
prclm] = 025m] = =5

e The noise power spectrum is simply

.. (/) =07 |w| <7

e The noise power in e[n] is of course o

e The noise power following the decimation lowpass filter and
decimator is

T

1 .
ettty = o [ oRlHum(e) do
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Signal and Noise Signal and Noise
Before Downsampling After Downsampling
0]
LM CI> (I 1_ 2 (el.)
T " =w cp(ef‘” r= N e
de’vde

LPF —f | )

| __‘G S ] c,/M

I ' )]

T T T !

M N0|se on this interval
|<—>|\_ﬂds over [-w, T]

Signal and noise spectra before and after downsampling

e The bandlimiting action of the decimation lowpass filter has
reduced the quantization noise power by the factor M

e Note that since A = X,,,/2% we can also write that

2
el = 557 (57)

SNR, Observations

e We can now write the signal-to-quantization noise ratio (SNR o)

das
Pa’a

Pde

(SNRy) , = = &{x3 [n]}- 12M (23)

Xm
e Clearly as M increases SNR increases linearly

e Also observe that for a fixed SNR¢ increasing M by four is
the same as increasing B by one bit, i.e., every doubling of M
increases the effective number of bits by 1/2
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e To increase the effective number of bits from say 10 to 16
would require an oversampling factor of M = 22(16-10) — 212

4.13.2 Oversampled A/D Conversion with Noise
Shaping

In the previous section we saw that by the using oversampling the
effective number of quantization bits can be increased by log,(M)/2
bits. In this section we will see that with noise shaping the increase
can be significantly greater than this.

e We would like to make the quantization noise spectrum non-
uniform so that most of the noise power is outside the band

|lw| < /M, and thus removed by the downsampling lowpass
filter

e A generic Delta-Sigma modulator or just AX A/D is shown in
the following figure

+ Switched AD
» Capacitor ———» >
x[n] Integrator Converter yln]

D/A
Converter

AX A/D

A general AX A/D

e The complete design is implemented in integrated circuit form
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e The A/D converter is typically a 1-bit quantizer or simply a
comparator

e For modeling purposes a discrete-time equivalent can be con-
structed as shown below

x[n]
+ | ylnlLPF
— ®»1 CD —1 ™ |Quantizer W = — % ‘M —>
x (1) - l1-z2 c M
? H(z) xXglnl=
T ) xda[n] +xde[n]

Discrete-time model of a 1st-order AYX A/D

e Note that the switched capacitor integrator is modeled using a
discrete-time accumulator

e To model the quantization noise performance we again use a
linear quantization noise model

e[n]
x[+n] I % ylnlLPF
—®»| C/D 1 > = —P ‘M —
x (1) - 1—z c M n] =
? H(z) X ln] =
T xda[n] +xde[n]
Z_l .

First-order AX A/D with linear noise model
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e The A/D output is due to a transfer function that carries x|[n]
to y[n] and e[n] to y[n]

e Mathematically we can write

Y(z) = X(Z)Hx(z) +§(Z)He(z)

Yx(2) E(z)

e To find H,(z) note that

o) = (@) - 1) (- )

J
or |
Y, —
H.(z) = (2) _ 1= L=
X)) 14+
e To find H,.(z) note that
~ ~ 2_1
B = EG) - EG)——
or A
E 1
H.(z) = () _ =1-—z"1

E(z) 1+

e The final computational form of the A% A/D is shown below

e[n]¢

Z—l
1—z—1

l—z_l
e[n] T xd[”] —
— C/D + 0 = X ‘M >
x, (1) x[n] f M x .00 +x4,[n]
? yln] = x[n]+eln]

T
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e The signal remains unchanged from earlier analysis, that is

yx[n] = x[n]
and

Pyy = E{xg,[n]} = E(?[n]} = E{xg (1))

e The filter H.(z) modifies the quantization noise spectrum so
that

Ds5(e’?) = 0| Ho(e/)? = 07 [25in(w/2))?

e The noise power contained in é[n] is

T

E{e[n]} = %/ o’[2sin(w/2)]* dw

—TT

4 2 b4
— 2% / sin(w/2) dw
2 J_

s

402 ("1 1
= 2 / ~ — —cos(w) | dw = 207
2w J 12 2

which is twice that of e[n]!

e The total noise power may be doubled, but in the frequency
band [—7/ M, 7w/ M ] the power spectral density is much smaller
than without noise shaping

®..(°) = 40°sind(0/2)
ee
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e Assuming as before an ideal lowpass filter in the downsam-
pler, the composite power spectral density of x;[n] is as shown

below
2
. 40 1
®..(¢% = —sinXo/2M T i
;5(¢7) = —Lsin(w/(2M)) T o, (@)
T , )
T TC

Shaped noise and signal spectrum following downsampling

e The quantization noise power is

i

1 :
Pac = Evadnly = 5 [ @y 1) do

—TT

2 pm
- 2; 121M (;(Bm) /n (2 Sin (%))2 do

2
— 121M ()2(;1) |:2—¥sin(n/M):|

e Assuming that M is large we can approximate sin(u#) X u so
L1 (X)) (7. 02
Pue ~ (25+7) do
2w 12M \ 28 2\ 2M
11 (XN &P
S 2w 12M \ 2B 3M?3
1 (X #?
36\ 28 ) Mm?
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e Using the approximation we see that doubling M is equivalent
to a gain of 1.5 bits

e By solving for B in the expressions for P;, we can calculate
the savings in bits when using combinations of oversampling
and noise shaping compared to M = 1 and flat noise

e For the case of no noise shaping, but oversampling, the bit
savings is given by

ABy(M) = %logz [M]

e Considering the exact expression for P;, with first-order noise
shaping, the bit savings is

AB{(M —11 -
1( )_20g2 2{1_%sin(7t/M)}

e Considering the approximate expression for P, with first-order
noise shaping, the bit savings is

- 1 3M?
AB/(M) = 510g2|: — }

e The bit savings expressions are compared in the following ta-
blefor M =4,...,64

Direct Quant. Noise Shape Noise Shape approx.

M ABy(M) AB;(M) AB (M)
4 1 2.16 2.14
8 1.5 3.65 3.64
16 2 5.14 5.14
32 2.5 6.64 6.64
64 3.5 8.14 8.14
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Higher-Order Noise Shaping

e To further improve the bit savings a higher-order noise shaping
scheme can be employed

e A second-order noise shaping A% A/D is shown below

eln]
x[n]
+ 1 + 1
— 1 C/D 1 ] +

x,(1) - 1—z - 1—z . yln]
Quantizer
T Model

-1
<

Second-order noise shaping AX-A/D
e The design is such that H,(z) = 1 and
H,(z) = (1—z71?
S0,
D (e’?) = 03[2 sin(a)/Z)]4

e When p-stages are employed the quantization noise power spec-
tral density becomes

D (e’?) = 062[2 sin(a)/2)]2p

e The approximate expression for P;, when using the small an-
gle approximation for sin(u) becomes

1 1 (X,\° (" ® \712P
P, = [2 (—)] dw
ani2m \ 28 ) | " \om

1 X \> w2
C122p+ 1) (23) M?2p+1

ECE 5650/4650 Modern DSP 121




CONTENTS

e Using this approximate expression for P;, the bit savings com-
pared with no noise shaping (p = 0) and no oversampling
(M =1)is

(2p + 1)M2p+1:|

~ 1

e Quantizer bit savings as a function of noise shaping filter order,
p, and oversampling ratio, M, is given in the following table

Filter Order Oversampling Factor M

p 4 8 16 32 64
1.00 1.50 2.00 2.50 3.00
2.14 3.64 514 6.64 8.14
2.86 536 7.86 10.36 12.86
345 695 1045 13.95 17.45
398 848 1298 17.48 21.98
4.47 9.97 1547 2097 2647

hn =~ W = O

e Note that the numbers in the above table differ slightly from
those in the text (why?)

e Suppose that we want to achieve > 16-bit accuracy with just
a 1-bit quantizer; Choosing M = 64 and p = 3 equates to
18.45 equivalent bits

— The text authors point out that large values of p can be

difficult to deal with

— The filter structure known as multistage noise shaping or
MASH is an alternative explored in Text problem 4.62
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4.13.3 Oversampling and Noise Shaping in D/A
Conversion

In the D/A conversion process similar issues exist with regard to re-
alizability of analog filters, here reconstruction, and the use of over-
sampling to reduce the number of quantization bits.

e The basic idea is to oversample a signal just prior to the D/A
converter, but also choose the D/A to have fewer bits (hence
requantize the higher sample rate signal)

LPF .
in=M | YIn] yln]
— 1 ?M _»((;aln_ 4\4 »Quantizes——®| D/C ——»
y lnl — ? Yy,(1)
Upsampler T

Upsampler followed by requantization to motivate AX-D/A

e For this scheme to work the quantization noise must be shifted
outside the signal band

e A first-order noise shaping filter and the linear noise model
equivalent is shown below
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— 71 P Quantizer

- +
7! j eln]

Linear Noise
Model e[n]

.
Sin] {E ’é > nl
. = ylnl +eln]
AN
7! eln]

First-order noise shaping AX-D/A and linear noise equivalent

y[n] > y[n]

e The signal path transfer function is such that y[n] = y[n]

e The transfer function relating é[n] to e[n] is
E(z) = E(z) — E(z)z""

or

Ez |

H,(z) = E() —

1—2z

e The quantization noise spectrum is given by

D (e’?) = 062[2 sin(a)/Z)]2
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()
o (¢
4_,§ 1 )’d)’d( )
P
Q0
[ )
- a
@ | i | ®
- T

Input
Upsampled
>
o
33
S,
_£
e

—T T T T
M M
& Jo 2 . 5
§_§ CI)%( ) = 406,sin“(w/2)
© +=
55
5 — —+ — @
-7 T
> O Reconstruction LPF
0 in D/C (typically not
N3 this precise)
53
5 — — Q
Oz T T
T T

Signal and noise spectra in the first-order AX-D/A

e In the above figure it is assumed that the D/C has an ideal re-
construction filter

e This requirement must be relaxed in a practical AX-D/A

e A softer reconstruction filter will allow more noise to pass, but
a multistage noise shaping filter can be employed to counter
this loss
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e As in the A/D case an order- p noise shaping filter produces a
spectrum of the form

Dye(e’”) = 0|2 Sin(w/z)]zp’

thus allowing simple reconstruction filter designs

Example 4.18: Simulink AX Simulation

In this example MATLAB Simulink is used to investigate the
quantization noise properties of oversampling with and without noise
shaping. The MATLAB Simulink environment, which is now in-
cluded as part of the MathWorks Student edition, allows for block
diagram based simulation of continuous, discrete, and mixed sys-
tems.

Oversampled A/D

e The block diagram constructed is that of the basic oversampled
based A/D conversion

. (2.01x —:O\r:lrk_:;! 32 Tap FIR
sm( 50 t) )ﬁfs o Hy
{(3 I IE' | Iﬂ >7.50318e-002| »E @

Sine Wave  oyer Sample Quantizer Decimate LPF  Zero-Order Scope2
M=16 Hold
fs = 16 Hz L » :]I final_ovsr I
32 Levels on [-1,1] Scope1 To Workspace

Simulink Oversampled A/D having M = 16
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e In this block diagram we have a continuous-time sinusoid of

the form sin[(2.017r/20)¢] driving a zero-order hold block which
sets the sampling rate at 7 = 1/16 s or f; = 16 Hz

e The quantizer block has quantization steps at intervals of 1/16
so the interval [—1, 1] contains 32 levels (actually 33 since zero
1s also included)

e Sampling rate conversion is performed by a 32-tap FIR low-
pass filter with . = /16

e Decimation by M = 16 is performed by another zero-order
hold block which samples with 7" = 1s

e Samples are collected in the MATLAB workspace from the
quantizer output and the decimator output

e Spectral analysis is then performed using psd ()

p=2AXA/D

e For comparison purposes a AY A/D block diagram is config-
ured using a second-order (p = 2) shaping filter

e The remaining block diagram elements are the same as in the
straight oversampled A/D
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' ﬁl 32 Tap FIR
201w =16 Scope1 To Workspace1
sin| =55 f = 16 Hz f, = 1Hz

— Lf li*:ﬂ ’Ti >J_|—L. @

S|ne Wave Accumi Accum2 Quantizer Decimate LPF1  Zero-Order Scope?2
Hold

1 final_ds I
z

To Workspace

Unit Delay 32 Levels on [-1,1]

Simulink AX A/D having M = 16and p =2

e Simulation runs of length 10,000 seconds are run with each
system

e Simulink scope blocks are used to initially validate waveform
correctness

e The following figures compare the power spectrum differences
between the two systems as viewed from the quantizer output
and the decimator output
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Power Spectra at the Quantizer Output
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Power Spectra at the Decimator Output
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e The quantization noise floor drops by about 20 dB in the A X-
A/D compared with the oversampled A/D
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e The theoretical reduction in total noise power should be the

result of gaining an equivalent of 7.86 bits or 6.02 x 7.86 = 47
dB

e More work is needed to verify this

Example 4.19: Practical Analog Interface Circuits

In this example we look at two extremes in contemporary ADC/DAC
electronic subsystems:

e At the low end a Wolfson (now part of Cirrus Logic) XA audio
processor for use in portable electronics

e At the high end a very powerful RF sampling ADC from Texas
Instruments (TI) introduced Summer 2016.

Wolfson 8731 Audio Codec

WM8731

Portable Internet Audio CODEC with Headphone Driver
and Programmable Sample Rates

v W
z 3
@
¥
8 & 8 B

I CONTROL INTERFACE J FA';IVL;.AKB)[%T'

J

I HPVDD
HPGND

+6 to-73dB
1 dB Steps.

st oaver O RHPOUT

voL MUTE ADC
+12 10-34 .5d8,1.5d8
i DIGITAL mp Rout
0dB/
MICIN > 248 FILTERS
»0O LOUT
M ADC DAC MUTE
LUNEIN O—b{ vt ] WOTE | - _
+12 o-34 5dB , 1.5d T LHPOUT
St Side T
= i +610-73dB
e 1 dB Steps
MUTE
v
o icm F _4 ] | DIGTAL AUDIO INTERFACE | Bypass
(Dive 1. x2 1.x2
\ I ¥ I g g g i S J
3 3 i & 4 & 3 B E 3
£ 5 2 g @ g8 8 B g o
l; (5} (=] o < <
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e Key attributes of the WM8731

FEATURES

« Highly Efficient Headphone Driver
Audio Performance
ADC SNR 90dB (‘A" weighted) at 3.3V, 85dB at 1.8V
DAC SNR 100dB (‘A’ weighted) at 3.3V, 95dB at 1.8V
+ Low Power
Playback only 22mW, 8mW ('L’ Variant)
Analogue Pass Through 12mW, 3.5mW ('L’ variant)
1.42 — 3.6V Digital Supply Operation
2.7 — 3.6V Analogue Supply Operation
1.8 — 3.6V Analogue Supply Operation ('L’ Variant)
ADC and DAC Sampling Frequency: 8kHz — 96kHz
Selectable ADC High Pass Filter
2 or 3-Wire MPU Serial Control Interface
Programmable Audio Data Interface Modes
I’s, Left, Right Justified or DSP
16/20/24/32 bit Word Lengths
Master or Slave Clocking Mode
Microphone Input and Electret Bias with Side Tone Mixer
+ Available in 28-lead SSOP or 28-lead QFN package

APPLICATIONS

+ Portable MP3 Players and Recorders
+« CD and Minidisc Recorders

e This audio codec is used on the Cypress FM4, which is cur-
rently (Spring 2016/Fall 2016) used for ECE 4680 and ECE
4655/5655

e The board level analog I/O and detailed schematic are shown
below

Headphone
Out
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Codec Address : Ox1A

VCCCodec VCCCodee | AVCCCodee
— 271 pevop Avpp | | AVCCCodec T AT
VCCCodec , | — 2 &5 10uH/100mA
DBVDD T3 >
O.IuF | 10uF/6.3V
A 1 o Lt . Headphone
==C25 A~ =C026 —~C28 B HI h ss =
0.1uF  [10uF/6.3V 0.1uF  [10uF/6.3V = 12SAGND Out
2SAG
2 peNp HpvDD |2 LSAGND 1 \veCCodec D Bl k
= e C Bloc wr_ 2 OO
== =~c0 v
ey [ OIuF | 10uF/6.3V HPL 3 o

g 1 1
R54 33R 3 BLCK - PJ-31060-5
. 10 12SAGND C31_+|( 220u/10V Headphone Jack
g RHPOUT
RO3 3R 4| pACDAT A
s RSS RS6 =
6 { © .
: Mic In

ata input
J— ADCLRC - =
b 2sws RS9 5 5 o AG AG NI
P 12SWS 0 = L S DACLRC MICBIAS 17 R57 680R 12SAGND  12SAGND 1
oc 53 EEu—

3 = v
I
i

9 C32_+] ( 220uF/10V 47k 47k 12SAGND.

"~ ADCDAT LHPOUT

ind3
Trame clock

18 R60 330R I2SAGND MICIN 2

MICIN PI31060-5
3v3 1/ 10V Microphone Jack
9 . , RO2 2 ON6
o RLINEIN |—2 34 H LuF/10V S LINR 2
R62LR63 1| ] DL ‘; LINL 3 o .
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o T High frequency reject
l on all inputs

I

e From the right side of the schematic you can see all inputs and
outputs are AC coupled (coupling capacitor present)

e High frequency rejection is provided with RC lowpass filters
on all inputs

e Also notice there is only a single channel microphone input,
which is typical of devices of this type (not for recording studio
applications)
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4.13. OVERSAMPLING AND NOISE SHAPING A/D’S AND D/A’S

e The higher-order 2 A design means that high performance an-

tialising and reconstruction filters are included in the audio sig-
nal processing chain

0 II T T T T ]
3| ADC Antialiasing Response
| (oversampling ZA)
20 + | i
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_ |
T a40f ‘ 1
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c
2
o
o -60 i ’ e
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I oAl g
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0 '_ _'\I |
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II I' " \
|1 \ I.-r\ .'/_\'
I AN RIAVAVIY
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_100 1 1 I'll \! L 1 1 | i l
0 05 1 15 2 25 3

Frequency (Fs)

e The above responses provide 60 dB of rejection
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RF Sampling ADCs from TI:

e For the past few years TI has been emphasizing RF sampling-
based ADCs for use in high performance receiver systems

e The ADC32RF45 is a new model in the family as of Summer
2016

e The underlying philosophy of the RF ADC family is to replace
the zero-IF (two ADC'’s required) and IF sampling based ap-
proaches with direct RF sampling

Texas Instruments RF Sampling Analog-to-Digital Converter (ADC)

Antenna

LB TR
- L

Replace mixer+amplifier+filter+ADC
with an RF ADC J

e From the above you see that the RF ADC is not sampling at
the antenna as good receiver sensitivity requires an LNA (low-
noise amplifier) and BPFs to eliminate strong out-of-band sig-
nals
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4.13. OVERSAMPLING AND NOISE SHAPING A/D’S AND D/A’S

e The function block diagram is shown below

e Notice all the multirate processing blocks and numerically con-
trolled oscillators (NCOs)

SBAS747B —MAY 2016—-REVISED JULY 2016

ADC32RF45 Dual-Channel, 14-Bit, 3.0-GSPS, Analog-to-Digital Converter

Buffer Digital Block i DA[0.1]P/M
500 -
% ADC Interleave
INAP/M Correction - .
N o > Torearn
FOVR
GPIO}4:1] — NCO |
CTRL
- o §
(=]
o f
CLKINP/M RS PLL 8§ < SYNCBP/M
/ wE
SYSREFP/M \
L~ | NCO
FOVR NGO
Buffer Digital Block l N\ i DB[0.1)PM
Interleave
INBP/M % ADC Correcion l N \ -
500 Power Det DB[2.3)PM

Copyright © 2016, Texas Instruments Incorporated

e Two channels of RF sampling are provided with one chip

e The outputs for each channel are complex (I/Q) signals cen-
tered at zero frequency and downsampled to reduce throughput
requirements

e The raw input from the two channels is 2 - 14 cot 3 x 10° = 84
Gsps!
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e ADC32RF45 features and target applications

1

Features

14-Bit, Dual-Channel, 3.0-GSPS ADC
Noise Floor: —155 dBFS/Hz

RF Input Supports Up to 4.0 GHz
Aperture Jitter: 70 fg

Channel Isolation: 95 dB at fjy = 1.8 GHz
Spectral Performance (f,y = 900 MHz):
— SNR: 60.6 dBFS

— SFDR: 64-dBc HD2, HD3

— SFDR: 72-dBc Worst Spur

Spectral Performance (fy = 1.78 GHz):
— SNR: 58.0 dBFS

— SFDR: 63-dBc HD2, HD3

— SFDR: 77-dBc Worst Spur

On-Chip Digital Down-Converters:

— Up to 4 DDCs (Dual-Band Mode)

— Up to 3 Independent NCOs per DDC

On-Chip Input Clamp for Overvoltage Protection
Programmable On-Chip Power Detectors with

Alarm Pins for AGC Support
On-Chip Dither
On-Chip, 50-Q Input Termination

Input Full-Scale: 1.35 Vpp
Support for Multi-Chip Synchronization
JESDZ2048B Interface:
— Subclass 1-Based Deterministic Latency
— 4 Lanes Per ADC at 12.3 Gbps
Power Supply:
- 1.9V (Analog), 1.15 V (Analog),

1.15 V (Digital)
Power Dissipation: 3.2 W/Ch at 3.0 GSPS
72-Pin VQFN Package (10 mm % 10 mm)

Applications

Multi-Band, Multi-Mode 2G, 3G, 4G Cellular
Receivers

Phased Array Radars

Electronic Warfare

Cable Infrastructure

Broadband Wireless

High-Speed Digitizers

Software-Defined Radios
Communications Test Equipment
Microwave and Millimeter Wave Receivers
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4.14. APPENDIX A: CONTINUOUS VS. DISCRETE WSS RANDOM PROCESSES

4.14 Appendix A: Continuous vs. Dis-
crete WSS Random Processes

Continuous vs Discrete-Time WSS Random Processes The text and
notes discussion of random processes is for the most part restricted
to discrete-time random processes. In order to work problems in-
volving the sampling of continuous-time random processes, a basic
understanding of continuous-time random processes is helpful. This
short note is intended to help supply some of the needed information
for the special case of wide-sense stationary (WSS) processes.

4.14.1 Continuous-Time Domain Definitions

To begin with consider the basic definitions of auto-correlation and
power spectral density of the random process x.(z).

e The mean is given by
my, = E{x.(t)}
e The autocorrelation function is
Prexe (T) = {xe(t + D)X (1)}
e The auto covariance function is

chxc(f) — {[xc(t + 1) — me][xc(t) - me]*}

2
— ¢xcxc (T) - |mxc|

e The power spectral density is

Por(Q) = e (jQ) = [ boo (D)% d
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4.14.2 Relationships to Discrete-Time Quanti-
ties

The continuous-time quantities of autocorrelation and power spec-
tral density are related to their discrete-time counter-parts via sam-
pling relationships. To begin with we assume that x[n] = x.(nT),
where T is the sample spacing.

e The autocorrelation functions are related as follows:

Pxx[m] = E{[x[n + m]x*[n]} = E{x.((n + m)T)x;(nT)}
= Prox, (mT)

e To obtain the power spectrum relationship first note that

¢Xx[m] — ¢xcxc(mT) — ‘F_I{chxc(gz)}{t:mT

e Proceed by taking the Fourier transform of both sides

Po(w) = i [i /_ N chxc(sz)efgfdsz} e /om

M =—00 2n 00 t=mT

1 > - QmT —jom
:gfoopm(m{ Y e/ e } dQ

m=—0oQ

e The inner sum can be written as an impulse train by using the
Poisson sum formula

o0 (0. ¢]

: 2 w 2nm
JQ—w/T)mT _ = sl —-= atiid
. ¢ > ( T T )

m=—0Q m=—0Q
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4.14. APPENDIX A: CONTINUOUS VS. DISCRETE WSS RANDOM PROCESSES

e Now substitute the impulse train representation into the power
spectrum equation to obtain

o0

Pat)=7 Y [/w P @3 (2- 7+ 277) dsz]

m=—00 o0

 — w 2mm
_ P |=—-=—
P (77

4.14.3 Alternate Power Spectrum Derivation

e The power spectral density relationship can also be established
in a manner very similar to that found in the notes

Pex(w)

e Finally,

Y bulmle " = Y f (mT)e "

f{%xc(f) Z d(t —mT)H
. m=—o00 w=QT
1 27 — 2mrm
E‘F{¢xcxc (T)} * 7 Z 8 (Q T T )i|
= m=—00 w=QT
1 — 2
LY (o n_m)}
T e T
| m=-—00 w=QT
] & w—2mTm
Pxx — = Px X - 1>
() =~ m:Z_OO oxe ( = )

the same result as obtained earlier

ECE 5650/4650 Modern DSP 139



CONTENTS

140 ECE 5650/4650 Modern DSP



	Sampling of Continuous-Time Signals
	Introduction
	Periodic Sampling
	Frequency Domain Analysis
	Continuous-Time Fourier Transform–Review

	Relating X(ej) to Xc(j) and Xs(j)
	Reconstruction of a Bandlimited Signal from Its Samples
	Discrete-Time Processing of Continuous-Time Signals
	Linear Time-Invariant Discrete-Time Systems
	Impulse-Invariant Design

	Continuous-Time Processing ofDiscrete-Time Signals
	Changing Sampling Rate using Discrete-Time Processing
	Analog Techniques:
	Sampling Rate Reduction by an Integer Factor

	Increasing the Sampling Rate by an Integer Factor
	Changing the Sampling Rate by a Rational Number Factor

	Multirate Signal Processing
	Interchanging of Filtering and Downsampling/Upsampling
	Polyphase Decompositions
	Polyphase Implementation of Decimation Filters
	Polyphase Implementation of Interpolation Filters

	Discrete-Time Random Signals
	Probability
	Random Variables
	Random Processes

	Digital Signal Processing of Analog Signals
	Prefiltering to Avoid Aliasing
	Analog-to-Digital (A/D) Conversion
	Analysis of Quantization Errors
	D/A Conversion

	Oversampling and Noise Shaping A/D's and D/A's
	Oversampled A/D Conversion with Direct Quantization
	Oversampling & Noise Shaping A/D's
	Oversampling & Noise Shaping D/A's

	Appendix A: Continuous vs. Discrete WSS Random Processes
	Continuous-Time Domain Definitions
	Relationships to Discrete-Time Quantities
	Alternate Power Spectrum Derivation



