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Up to this point we have concentrated on the development of
the Fourier transform and z-transform as tools for the analysis of
discrete-time systems. In this chapter a more thorough investiga-
tion of LTI system properties using both Fourier and z-transforms is
undertaken.

e In the time domain we have seen that an LTI system is com-
pletely characterized by its impulse response, h[n|

xfn] ——» n[n] —— yInl

y[nl = x[n] x hin] = Y x[k]h[n — k]
k=—oc0
e The Fourier transform of h[n], if it exists, gives us the fre-
quency response as a complete characterization of an LTT sys-
tem

X@ el gl ) e 1)

Y(e/®) = H(e!®) X (e’?)

e The z-transform of /[n], within the appropriate region of con-
vergence, gives us the system function as a complete character-
ization of an LTT system

X(z) ——» H(z) [—» Y()

Y(z) = H(z)X(2)
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5.1 Frequency Response of LTI Systems

We have previously defined H(e/®) in polar form to consist of the
magnitude response, | H (e/?)|, and the phase response, Z H (e/®).

o The effect | H(e/®)| has on a signal is often referred to as mag-
nitude( amplitude) distortion

e The effect ZH(e/®) has on a signal is often referred to as
phase distortion

5.1.1 Ideal Frequency Selective Filters

Jo jo
Hlp(e ) Hbs(e )
1 1
I H I H— ®©
—T —0, O, T - 0,0, ©, O x
jo jo
th(e ) pr( )
- 1 - 1
i - © i — ©
n -0, o, g _t —0,—0, 0, 0,

Ideal filters over the fundamental period. (a) lowpass. (b)
highpass. (c¢) bandstop. (d) bandpass.

e Note that the phase response is taken to be zero

e [deal filters have impulse response extending from —oo to 400,
thus making them computationally unrealizable
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5.1. FREQUENCY RESPONSE OF LTI SYSTEMS

5.1.2 Paley-Wiener Theorem

If h[n] has finite energy and i[n] = 0 for n < 0, then

/ |In|H(e’?)|| dw < o0

T

e An important conclusion from the Paley-Wiener theorem is
that | H(e’/®)| may be zero at a finite number of frequencies,
but it cannot be zero over a band of frequencies without the in-
tegral becoming infinite = Any ideal filter will be noncausal

e [t is however possible to design realizable filters that approxi-
mate ideal filters

e Taking the lowpass filter as an example, the magnitude re-
sponse of a realizable filter would be as follows

1)
o _ = Passband Edge Freq.
1+3,F— - p
15 o, = Stopband Edge Freq.
S K 6, = Passband Ripple
Passband Ripple 6, = Passband Ripple

-e— Transition band

le— Stopband ——F»

I R

O ————————— RV VN S
0 ®, o T

Magnitude response of a realizable lowpass filter
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5.1.3 Phase Distortion and Group Delay

Consider an ideal delay system with impulse response
hialn] = 8[n —nq4]
e The frequency response is

H; (e/?) = e /@M
= 1 Z—wny |wl<m
|H(e/®)|  sH(ei®)

assuming 27 periodicity

e Linear phase which results from a pure delay is considered an
acceptable form of distortion in most cases

e For example, an ideal lowpass filter with linear phase can be
defined as

—jong
0, W, <w=<T

0| < w.

and the impulse response written as

sinw.(n —ngy)

hlp[n] —

, —00 <N < o0
m(n—ny)

e Note: An ideal lowpass filter is still unrealizable (noncausal)
no matter how large we make n

A measure of the linearity of the phase response is the group
delay.
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5.1. FREQUENCY RESPONSE OF LTI SYSTEMS

e Consider the effect of the phase response on a narrowband sig-
nal
x[n] = s[n] cos w,n

where
X))~ 0, |o—w,| > Aw

e For w near w, a linear approximation (two term Taylor series)
to ZH(e’/?) is

LH(e'?) ~ —¢, — wny
e Thus we conclude that

ylnl = sln —na] cos(won — ¢o — wota)

which says that the time delay received by the envelope, s[n],
of x[n], is given by the negative of the slope of the phase at ,

e Note that Z H (e/“) must be continuous around w = ®, so the
definition of group delay uses arg[H (e/®)] which as defined in
Chapter 2 is continuous on (0, 1)

e Formally group delay is defined as

: d :
T(w) = grd[H(e™)] = ——{arg[H(e"")]}
where the units are in samples

e The deviation of t(w) from a constant indicates the degree of
the nonlinearity of the phase

ECE 5650/4650 Modern DSP 5
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Example 5.1: Delay Distortion on Narrowband Pulses

e In this example we consider the impact of delay distortion, that
is filtering signals with nonconstant group delay

e The case considered here is passing two narrowband pulse sig-
nals having different center frequency, through an LTI system
with lowpass frequency response and nonconstant group delay

e The system block diagram is shown below

Lowpass Filter
WP I Output Two

Input Two o Narrowband
Narrowband x[n] ——» H(e') ——® y[n] Pulse Signals
Pulse Signals with Delay

= x,[n] +x,[n] = y,[n] +y,[n] Distortion

System block diagram

e The input signals x;[n] and x;[n] are created in MATLAB as
short sinusoidal bursts of 50 samples weighted by a Blackman
window function

e The center frequency of the bursts is w; = 27 x 0.125 and
wy = 21 % 0.25 respectively

6 ECE 5650/4650 Modern DSP



5.1. FREQUENCY RESPONSE OF LTI SYSTEMS

T T | T T T
10+ Narrowband Narrowband -
_ Pulse #1 | | Pulse #2
3 | |
R | | .
< | |
O 1 1 | 1 |I 1 1 1 0)
0 005 01!l015 02 o025 03 035 04 045 05 2_,t
| |
| |
| |
| | 7
| |
| |
1 1 | 1 1 |I 1 1 [\mmﬂ 0)
0 005 011015 02 025 03 035 04 045 05 2_75
| |
T | T .I . T T
= 100f | | Delay Distortion Created
2 with Allpass Filter
) | |
T 2 | |
= £ 50 | Delay due to !
S © Linear Phase LPF
5 D |
'-5_4 1 1 : 1 1 II 1 1 1 1 9
) 0 005 01 015 02 025 03 035 04 045 05 o

NormalizedFrequency

Frequency domain plots: (a) Input spectra, (b) filter
magnitude response, (c) filter group delay

e From the above figure we see that the group delay about w; is
~ 100 samples while the group delay about w; is only ~ 20

samples

e The narrowband pulses, both in the filter passband, will thus
receive much different delays as they pass through the filter
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x[n] X5[n]
0.5F ! 2
= 0
R
-0.5
~20 sample delay
_1 1 1 1 1 1 1 1 1
0 200 40 60 |80 100 120 140 160 180 200
S
v * ~100 sample delay
2 T T T T T T T
yoln] yqlnl
1t
= 0
N
1t
-2

0O 20 40 60 80 100 120 140 160 180 200
Sample Number

Filter output time waveforms

e In this test case we see that the first pulse signal into the filter
is the last signal to come out

e For a wideband pulse covering both the long and short por-
tions of the group delay response, considerable pulse disper-
sion would occur

5.2 System Functions for Systems with
LCCDE Representation

The class of systems with input/output relation

N M
Y aryln—kl =) bex[n — k]
k=0 k=0
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5.2. SYSTEM FUNCTIONS FOR SYSTEMS WITH LCCDE REPRESENTATION

and zero 1nitial conditions 1s causal, linear, and time-invariant.

e If we take the z-transform of both sides using only linearity
and time-invariance, we can write

. lecwzo biz™*
H(z) = =5 —
D k=0 4Kz
_ bo[Tet (1 — 2™
ao Hljcvzl(l — de_l)

e Each numerator factor (1 —c;z~!) contributes a zero at z = ¢,
and apoleatz =0

e Similarly each denominator factor (1 — dyz~') contributes a
pole at z = dy andazeroatz =0

e If H(z) is causal then /[n] must be a right-sided sequence and
thus the ROC of H(z) must be the exterior of a circle with
maximum pole radius

Example 5.2: A Second-order LCCDE

An LTT system has input/output relationship

ylal = 2yln — 1]+ yln — 2] = xln)

e Taking the z-transform of both sides we get

1
(1— %Z_l)(l —2z71)

H(z) =

ECE 5650/4650 Modern DSP 9
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Im[ ]

7-Plane Unit Circle

Re[ |

2

/.
N

A%
&jj

Pole-zero plot of H(z)

e There are three possible choices for the ROC:

— If the system is to be causal |z| > 2, but then H(z) is not
stable

1

— The system is stable if we choose 5

the system cannot be causal

< |z| < 2, but then

— If we choose |z| < % the system is neither stable nor
causal

5.2.1 Schur-Cohn Stability Test

When a system is causal we know that for stability the poles of H(z)
must lie inside the unit circle. Suppose

A(z) =1+ az Va4 +anzV

is the denominator polynomial of H(z), then the roots of A(z) must
lie inside the unit circle.
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5.2. SYSTEM FUNCTIONS FOR SYSTEMS WITH LCCDE REPRESENTATION

e The Schiir-Cohn stability test states that the polynomial A(z)
will have all of its roots inside the unit circle if and only if a
set of coefficients known as reflection coefficients satisty

Kn| <1V m=1,2,....N

e The reflection coefficients can be calculated recursively by first
defining the following polynomials

m
An(2) =) amk)z7*, 0p(0) =1
k=0
and the reverse polynomial B,,(z)

Bin(z) = Z_mAm(Z_l) — Zam(m _k)Z_k
k=0

e To start the recursion set
An(z) = A(z) and Ky = ay(N)

then form = N,N —1,N —2,...,1 compute

Am(Z) T KmBm(Z)

Am—l(Z) — 1 — Kz

where
K, = a,,(m)

e This procedure can be implemented on the computer such that
only N2 multiplications are required to obtain the K,,’s

ECE 5650/4650 Modern DSP 11
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Example 5.3: Causal System Stability

Determine if the causal system

1

_1,—1_1_2
1 1Z 5Z

H(z) =

1s stable.

e For a simple second-order system the poles may be found di-
rectly

e For illustration purposes the Schiir-Cohn Test will be used:

7 1 _
Ay(z) =1— ZZ_I — 52 2
and
1
K2 = —5
e We now compute 4;(z) and then K; using B»(z)
1 7
B>(z) = 5~ ZZ_I +z72
thus
A — K>B
Ay(z) = 2(2) 22 2(2)
1 -Kj
4 i 1 7_|_7 1y 1_|_1 L
= — ———-|-+=)z —— 4+ =]z
3 4 4 8 2 2
T
=1—-=z
2
e Finally K| = —% which has magnitude greater than one, thus

H (z) is unstable
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5.2. SYSTEM FUNCTIONS FOR SYSTEMS WITH LCCDE REPRESENTATION

5.2.2 Inverse Systems

For any LTI system with system function H(z), the corresponding
system inverse, H;(z), is defined such that

H(z)H;(z) =1

thus
1

H(z)

Hi(z) =

e The frequency response, H, (ef “), may not exist, e.g. consider
an ideal lowpass filter; frequency components above w, are set
to zero by H(e’/®) and thus cannot be recovered

e Systems with rational system functions have inverses of the
form

(a0 1—111{\721(1 — de_l)
Hi(z) = | — M
bO Hk:l(l - CkZ_l)
— Poles of H(e/®) = zeros of H;(e’/®)
— Zeros of H(e/®) = poles of H;(e/®)

e The ROC of H;(z) must overlap the ROC of H(z), thus if
H (z) is causal the ROC of H;(z) mustoverlap |z| > max; |dy|

e If H(z) is also stable and we further require H;(z) to be stable,
then both the poles and zeros of H(z) must lie within the unit
circle

ECE 5650/4650 Modern DSP 13
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Example 5.4: A First-order System

Let . |
— 0.5z~
H(z) = © _ ROC =|z| > 0.9
1—-0.9z-1
e By definition
H.(2) 1-0.9z7!
i\Z) =
1—0.5z71

with ROC = |z| > 0.5 which overlaps with |z| > 0.9

e Inverse transforming we get
hi[n] = (0.5)"u[n] — 0.9(0.5)" 'u[n — 1]

which 1s both stable and causal

5.2.3 Impulse Response for Rational H(z)
First-Order Poles

A partial fraction expansion for rational H(z), with only first-order
poles can be written as

M—N N Ak
H(z)= ) Bz +Zﬁk2_1
r=0 k=1

e Inverse transforming term-by-term, assuming causality, yields
M-N N
hin] = ) B8[n—r]+ ) Acdiuln]
r=0 k=1

e If i[n] contains at least one term of the form Ay (dy)"u[n], then
the system is called an infinite-impulse response (IIR) system

14 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

No Poles Exceptat z =0

e If H(z) contains no poles, except at z = 0, then N = 0 and

e The impulse response is simply

M
hin] =) bid[n — k]
r=0

and the system is called a finite-impulse response (FIR) system

e For FIR systems the difference equation can be represented as

M
yinl =" bixln — k]
k=0

which is identical to the convolution sum formula

5.3 Frequency Response for Rational
System Functions

We are interested in the magnitude, phase, and group delay associ-
ated with H(e’/?).

e In terms of the poles and zeros of H(z) we can write

H(ejw) — (@) 1_[]1(‘4:1(1 — cke—ja))
ao ]_[;ivzl(l — dye—iw)

ECE 5650/4650 Modern DSP 15
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e The magnitude response may be expressed as

. b M= eI
|H(e]a))| — (_0) 1_[1;\]:1| cré . |
Hk:l |1 — dke_l‘“|

ap

e Frequently we may wish to consider the gain in dB or attenu-
ation in dB of H(e’?)

Gain indb = |H(e’”)|as = 201og,, | H(e’®)]
Attenuation in dB = -Gain in dB

e The phase response can be written as
b M
LH(e!?) =/ |:—O:| + Z Z[1 —cre 7]
N
— Y L[l —de ]
k=1

e The principal value of the phase of H(e/®) is denoted by
ARGJ[H (e/®)] where

—1 < ARG[H(e/?)] < n

16 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

e In general ARG[H (¢/®)] contains =27 phase jumps, whereas
arg[H (e/®)] is by definition continuous on (0, )

e To convert ARG[H (¢/®)] to arg[H (¢/®)] we may write
arg[H (e’?)] = ARG[H (e’®)] + 27 r(w)

where r(w) is an integer valued function

Linear Phase FIR Lowpass Filter

0 T T T T T T T ]
m —20 B n
-l
3 40t .
N
= VYYD
_80 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 05
O T T T T T T T T T
-5 -
— Unwrapped Phase
3 -10r .
™~
> —15F i
T
1) —20 B T
S
-25F i
_30 1 1

005 01 015 02 025 03 035 04 045 05
Normalized Frequency w/(2r)

The magnitude and unwrapped (arg[ H (e/®)]) phase of a
linear phase LPF
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Wrapped Phase of a Linear Phase FIR

ARG[H(¢®)]

Wrapped Phase

0 005 01 015 02 025 03 035 04 045 05

Tracking the phase jumps used
to wrap the phase

r(m)

0 0.05 01 015 02 025 03 035 04 045 05
Normalized Frequency w/(2n)

The corresponding wrapped phase (ARG[H (¢/¢)]) along with
integer function r(w) for the FIR LPF

e The group delay response is given by

Y oa
grd[H(e/?)] = =) —(arg[l — cxe™/*])
kZ:; dw k

. d
—(arg[l — dye ™
+;§ ——(arg[l — die™"])

e Strictly speaking the group delay is the derivative of arg[ H (e/®)],
but ARG[H (e/?)] may be used if the impulses caused by the
427 discontinuities are ignored

18 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

5.3.1 Geometric Evaluation of H(e’/®)

e To begin with consider

b M (z—c
H(Z) — (_0) ZN—M H]]i[_l( k)
o [1i=1(z —di)
e Now substitute z — e/ and write | H (e/“)| as a ratio of vector
magnitudes
; b : I jed® — ¢
|H(e]a))| — (_0) |€Ja)|N_M1_[§[_1| . k|
do [li=1 le/® — dil
M -
) (@) [T, e
— =1
a0/ [li=1 [vaxl

where Uy = e/® — ¢ and Vg = e/® — d

e Similarly

M N
LH(@E®) =) Z@a) = Y, £@ax) + (N — M)w
k=1 k=1

Example 5.5: A Single Complex Zero

Consider the frequency response of a single complex zero

0
. z —re’
Hz)=1—-rellz7' =" " r<1
z

where here ¢; = re/?

o Writing | H(e/“)| as a ratio of vector magnitudes we have
|e/2 — rel?| intext |U3]

H(e/?)| = . = =
H @) =05 B

ECE 5650/4650 Modern DSP 19
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Complex zero

Z-Plane
Point where
we evaluate ®
Another o
evaluation
point

z-plane vectors for a single zero system

Poleat z=0 Unit Circle
i3n/4 —1
1 —083 4,7
3
2
1 2
» - Zero
1 0
5 Re
1
Im 1
2 2

Surface plot of | H(z)|

e Analytically the gain in dB is

|H(e’?)|qp = 101og,,[1 + r* — 2r cos(w — )]

20 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

e The corresponding phase is

LH(e?) = L' —re!?) —w tn Lot Z(V3) —w

N——
¢3
e By direct calculation
. i — 0
ARG[H (/)] = tan~! | " S@ =)
1 —rcos(w—0)

e We can also calculate the group delay to be

r?2 —rcos(w — 0)

grd[H (e’*)] 1 +r2—2rcos(w —0)

Single Complex Zero Frequency Response

‘H(ejm)‘dB

ARG[H(¢®)]
Radians

.8/\ T T T T T T T T T
Y

E’ = 3n/8

E =n/2

)

£

&)

0 01 02 03 04 05 06 07 08 09 1
Normalized Frequency w/(2r)
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Frequency response plots for a single zero system with
r = 0.9 and three values of theta. (a) gain in dB. (b) phase in
radians. (c) group delay in samples

e Note: If the system were a single pole instead, then all of the
response curves shown would have a sign reversal

A Zero on the Unit Circle

e Consider now a zero located at z; = ¢/?, in particular 0 = /2

(/2 +€) —g v3( : \ Complex Zero
¢ R NSy on Unit Circle

\ ej(n/Z—e)

+
o

o1 amsi 3
[

T ]E:
I3 |
H(z) = l—e;_ 7z =

z-plane vectors for a single zero at z = ¢/*/? and w near n/2

e The magnitude response dips sharply to zero (—oo dB) when
w=7m/2

e By considering the phase response either side of 7 /2 we see
from the figure that the phase jumps by 7 radians as w passes

22 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

through the zero angle
LH(eT7)) ~ 27 —(7/2—€) = 3n/2 + ¢
LH@E ")~ g —(n/24+€)=n/2—¢€
e The group delay is not defined at w = /2 due to the phase
jump

Single Complex Zero at z=j Frequency Response

‘H(eiw)‘dB

0.8 0.9 1

ARG[H(¢™)]
Radians

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

r=0.95 since with r=1
group delay goes to —co

Samples
|
=

GrpDIy[H(¢'®)]

_20 Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Frequency w/(2m)

Frequency response plots for a single zero at z = e/™/2. (a)
gain in dB. (b) phase in radians. (c) group delay in samples

A Zero Outside the Unit Circle

e If r > 1 we see that the magnitude response is similar to the
r <1 case
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e The phase response however picks up a 27 jump when w passes
through the angle 6

e The group delay response curve has a positive dip, the opposite
of the r < 1 case

24 ECE 5650/4650 Modern DSP



5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

Example 5.6: Conjugate Pole Pair

Find the frequency response of a conjugate pole pair

H(2) :
z) = : :
(1 —re/fz—1)(1 —re-/9z-1)
1

1 —2rcosfz ! 4 r2z-2

where here d; = re/? and d, = re=7°.

e Writing | H (e/®)| as a ratio of vector magnitudes gives

1

|H(e’)| = 7=+
[01]|v2]

where ¥; = /¥ — re/? and v, = e/? — re/?

e The phase in terms of vector angles is

LH(e!®) =20 — /T — LTy =20 — ¢1 — >

Im Complex conjugate
pole pair

z-Plane q’1

D Point where
Vi Aﬁ

we evaluate o

AN
e

R
-0 ©
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z-plane vectors for a conjugate pole pair system

‘ 1 ‘ Unit Circle

Conjugate
Poles

Surface plot of | H(z)|

e By direct calculation we also obtain the quantities

|H(e/”)|ay = —101og,o[1 4 > — 27 cos(w — 6)]
— 101log o[l + r* — 2r cos(w + 6)]

r sin(w — 0)

ARG[H (¢/*)] = —tan™" [1 —rcos(w —0)

R |: rsin(w + 60) ]
1 —rcos(w + 0) |
r2 —rcos(w — 0)
1 +r2—2rcos(w —0)
r?2 —rcos(w + 0)
1 + r2 —2rcos(w + 0)

grd[H (/)] = -

26 ECE 5650/4650 Modern DSP
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‘H(ejm)‘dB

ARG[H(¢®)]

GrpDly[H(¢'®)]

—_
o
T

5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

Complex Conjugate Pole Pair Frequency Response

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normalized Frequency w/(2r)

Frequency response plots for a conjugate pole pair system
with » = 0.9 and 6 = = /4. (a) gain in dB. (b) phase. (c) group

delay

Example 5.7: Moving Average or Comb FIR Filter

e Consider an FIR system of the form

7
hin] =) " 8[n — k]
k=0

ECE 5650/4650 Modern DSP 27
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which has system function

8

7
1 _ J—
H(z) = E =
n=0

1=z

e The pole at z = 1 cancels with a zero at z = 1 giving a
lowpass or comb filter frequency response with transmission
zeros at locations w = 2wk /8 = nk/4, k =1,...,7

-8
1+...+z2

5 No zero at
z=1

Surface plot of | H(z)|
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5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS

Im  8-Tap FIR Comb or Moving Average System

1P O :
o 0o
ob o >Z ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, i
o 0
-1k L L L L @ L L L L 1 R
- 4 3 2 - 0 1 2 3 4 5 ne
20 T T T T T T T T T
M
o
- of .
3
PR
=
_40 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 05
: 2 T T T T T T T T T
3
JOR-I :
T 3
e CU _2_ N
O
~
< _4 1 1 1 1 1 1

0 005 01 015 02 025 03 035 04 045 05
Normalized Frequency w/(2r)

Frequency response plots for a 8-tap moving average FIR
system; (a) pole-zero map (b) gain in dB. (c) phase.

Example 5.8: Second-Order Bandpass Resonator

e Consider a second-order bandpass resonator with H(z) given
by
b()(l —Z _2)

H —
) 1 +az7t + ayz—2
_bo(z+ D(z—1)

- (z—p)(z—p)
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where p1, po = —a1/2 + j/a> —af/4

e Leta; = —1.131, a, = 0.64,and by = 0.18 then,

D1, pa = 0.556 & j0.566 = 0.8/ + 45°

Imaginary Part

-0.8¢

-1 -0.5 0 0.5 1
Real Part

Pole-zero map from MATLAB with vectors overlaid
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5.3. FREQUENCY RESPONSE FOR RATIONAL SYSTEM FUNCTIONS
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5.4 The Relationship Between Magni-
tude and Phase

For systems described by LCCDE:s there is a constraint between the
magnitude and phase:

Magnitude response known
and the number of poles and —

A finite number of choices

for the phase
zeros known
Phase response known and To within a scale factor a fi-
the number of poles and ze- = nite number of choices for
ros known the magnitude

e To begin the investigation consider | H (e/¢)|?

|H(eja))|2 — H(eja))H*(ejw)
= H(Z)H*(l/Z*)|z:ejw

e If H(z) is rational we can write

C(z) = H(z)H*(1/z%)

_ (@)2 lecwzl(l — ez )(1 = ¢f2)
o [T (1 — diz))(1 — dz)

e Note that the poles and zeros of C(z) occur in conjugate recip-
rocal pairs

— If one pole (zero) of each pair is inside the unit circle, then
the other is outside the unit circle

32 ECE 5650/4650 Modern DSP



5.4. THE RELATIONSHIP BETWEEN MAGNITUDE AND PHASE

— If one pole (zero) of each pair is on the unit circle, the
other must also be on the unit circle

e If H(z) is causal and stable, then the poles of H(z) must lie
inside the unit circle

— The poles of H(z) can be identified from the poles of
C(z)

— The zeros however are not known uniquely from C(z)

Example 5.9: A 3-Pole/3-Zero System

Suppose we are given the following pole-zero plot of C(z)

O
1 Z4 ..... X
Py
o
. 03 | P1* " Unit
S '-__Clrcle
> :
8 0 X D I T T O ,,,,,,,,,,,,,, O -
S Pg P3 i3 26
=
= P
05 Z, 2
o
-1 <5 X
0 : Ps
1.5 -1 —0.5 0 0.5 1 1.5
Real Part

Pole-zero plot of C(z)

e If H(z) is causal and stable, then the poles of H(z) must be
P1, P2, and p3
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e The zeros of H(z), assuming real coefficients, can be one of
four possibilities:

— case 1: z1, z, and z3 (min. phase)
— case 2: z1, zp, and zg
— case 3: z4, Z5, and z3

— case 4: z4, z5, and zg (max. phase)

e For all four cases the magnitude response of H (e/*) is identi-
cal

e If H(z) is not restricted to three poles and three zeros, then
there are an infinite number of choices for H(z) from the given

C(2)

e To demonstrate this let H(z) contain a factor of the form
z7l—a* _ —a*(1— (1/a*)z™1)
l—agz ! 1 —az! ’
then C(z) is unchanged, but the phase of H(z) is modified

e Why? On the unit circle we have

e/ —a*| |e‘j“’||1 —a*el?] _
|11 —ae=/2|

1 —geJ®

e These factors are known as allpass factors since they have
unity magnitude on the unit circle

e Any number of allpass factors may be present in H(z), but

they cannot be identified from C(z) i.e.

zl—a* z—a

l1—az ! 1—a*z
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5.5 Allpass Systems

A system is allpass if
|Hap(ejw)| =1, Vo

e A first-order allpass system is of the form

z7t—a*
Haol®) = 1z

e We have already seen that H,,(¢’/*) has unity magnitude

o If /1,5[n] is in general assumed to be complex, then the general
form of H,p(z) is

Z_N—|—CZTZ_N+1—|—-'-—|—CZ}I<V
l4+az'+---+ayzV
_ND*(Z_l)

D(z)

Hap(Z) —

=2z

where the a;’s are in general complex coefficients

e To show that the above is allpass we simply write

D*(e™/®)
D(e/®)

. iy
| Hap(e7?)] = [e™/%]

since [D*(e™/?)]* = D(e/®) the magnitudes are equal

e For H,,(z) causal and stable the poles of H,,(z) must be in-
side the unit circle, therefore the zeros must be outside the unit
circle e.g. see the following figure
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Im

(0]

|
Wi

1w

Re

o If H,,(z) is causal and stable, then the group delay contributed
by H,p(z) is always positive and the phase is nonpositive

proof:

arg[Hap(e')] = — /0 ord[ Hyp(e#)] dp + arg[ Hop(e”)]

and

Hap(ejo) —

D(1)

D(1)

=1 — arg[Hy(e’")] =0

Now since grd[H,,(e/?)] > 0 the integrand is nonnegative,

thus making

arg[Hyp(e’?)] <0 for0<w <m

e An important application of allpass systems is as group delay

compensators

36
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e For the one-pole all-pass system the group delay is given by

e/ —relt 1 —r?
grd — | =
1 —reife—jo 1 +7r2—2rcos(w—0)
1 —r?

11 —reife—io|?

which is positive if r < 1

5.6 Minimum-Phase Systems

An LTI system H (z) is minimum-phase if it is causal and stable and
its inverse 1/H (z) is also causal and stable

e The definition of minimum-phase thus requires that both the
poles and zeros of H(z) be inside the unit circle

e If H(z) has zeros on the unit circle, then by definition the sys-
tem is nonminimum-phase, however many of the minimum-
phase system properties still hold

e Observe that any H(z) can be written as a cascade
H(z) = Huin(z) Hap(2)

where Hpin(z) is a minimum-phase system and H,y(z) is an
allpass system

e A nonminimum-phase system can always be made into a minimum-
phase system by simply reflecting all the zeros outside the unit
circle to their conjugate reciprocal locations inside the unit cir-
cle. The converse is also possible.
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e To see how this works consider
H(z) = Hi(z)(z7' — ¢¥)

where z = 1/c*, |c| < 1 is the only zero of H(z) outside the
unit circle and H,(z) is minimum phase

e We can find a minimum phase equivalent system for H(z) by
writing
. Z—l . C*
H(z) = Hi(z)(1 —cz7)—=
1 —cz7!
e The term H,(z)(1 — cz~") is minimum phase and is related to

H (z) via the all-pass section (z7! —¢*)/(1 — cz7})

e In any case the frequency response magnitudes are identical

Example 5.10: Minimum-Phase with All-Pass Decomposition

e Consider the causal stable system

H(z) = (1- %ej”/“z_l)(ll — eIz
1 — gZ_l

e To reflect the conjugate zeros at £/m/4 we first factor the
zeros out of the numerator to prepare for a second-order all-
pass section

3)2 (z‘l _ %e—jn/4) (Z—l _ %ejﬂ/4)

H(z) = (5 1— 3z

Note that e /7/4. ¢/7/4 = |
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e Next we introduce the all-pass section following the minimum
phase equivalent

Imaginary Part
o

H(Z) — Hmin(Z)Hap(Z)
9(1 — 2e/m/4771) (1 — 2= Jn/47-1
oy [P0 30740 =3
4 1 — §Z_1
5 Z—l . %e—jn/4) (Z—l . %ejn/4)
2 4 2 in/Ao—1
(1 — §€J”/4Z 1)(1 —3e Jn/47 )
[ H(z) °
- 0.5F
g
-0.5
1t o
—‘i —015 6 015 ‘i 1‘.5
Real Part
o Hmin(2) o Hap(d) ’
o 0.6 o
0.4}
F o2l
X X § 0
g—O.Z
o -0.4 x
-0.6
-0.8
1t o
-1‘ -015 Reaf)Part 015 1 _1‘ _o‘.5 0 015 1 115

Real Part

Pole-zero plots of H(z), Hmin(z), and Hgap(2)
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5.6.1 Frequency Response Compensation

A signal processing application where a stable and causal inverse is
required is in communications channel equalization. Suppose trans-
mitted signal s[n] is observed at the receiver as s,[n] after passing
through a stable and causal system H,;(z). We wish to filter s, [n] to
recover as near as possible the original s[n].

e If H;(z) is minimum-phase then a stable and causal inverse
will exist and s[n] can be recovered

e If H; is nonminimum-phase then we can phase compensate it
with an allpass filter H,,(z) to form a minimum-phase system

Hmin(z) — Hd(Z)/ Hap(Z)

e To compensate the channel amplitude response we can now
use the stable and causal filter H.(z) = 1/Hyin(2)

G(z)
Distorting Compensating
sln] ——w  System L System > s.[n]
Hyz)  [Sqanl|  H (2)

Compensation system

e The total system function relating the input s[z] to the com-

pensated output s.[n] is

G(Z) — Hd(Z)Hc(Z) — Hap(Z)

40
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5.6. MINIMUM-PHASE SYSTEMS

Example 5.11: Compensation of an FIR System

Consider the following FIR system

H;(z) = (1 —0.9¢/%7z71)(1 — 0.9/ 067771y
x (1 —1.25¢/937 271 (1 — 1.25¢7/987 ;71
= (1 —0.9¢/%%7z7 1) (1 — 0.9¢7 /90771
x (z71 —0.8e7/0%7) (271 — 0.8¢7/%%7)(1.25)°

"~ UnitGircle

Re

FIR system H,(z) pole-zero plot
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Non-Minimum Phase System Hy

m 20
_ S
8/\
2, 0
=
T -20 L ' i i
0 0.2 0.4 0.6 0.8 1
0 T T T T

[0
arg[H ,(¢7)]
ra?ians

>

0.2 04 0.6 0.8 1
Normlized Frequency /(2r)

erd[H ,(¢'“)]

-10
0

Magnitude, phase, and group delay of H;(e’/®)

From the pole-zero plot we see that the zeros at z = 1.25¢%/0-87

make the system nonminimum-phase

To compensate H;(z) we first must find the corresponding
minimum phase system, H; nin(z), which is obtained by re-
flecting the zeros at z = 1.25¢%/987 (o their conjugate recip-
rocal locations inside the unit circle

= (1 —0.9¢/%%7z7 1) (1 — 0.9¢7 /907771
x (1 —0.8¢/%37z71)(1 — 0.8¢7/%%7 271 (1.25)>

42
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Minimum Phase System Hg min

_10 Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Normlized Frequency o/(2r)

Magnitude, phase, and group delay of H; min(e/®)

e The all-pass system that relates H; min(z) to Hy(z) is

(z7! = 0.8e77987) (271 — 0.8e/057)
(1 —0.8¢/0872-1)(1 — 0.8¢—/0872z—1)

Hap(Z) —

thatis Hy(z) = Hap(Z)Hd min(2)

e Since the causal inverse of H;(z) is unstable, the minimum
phase inverse would have to be used for H.(z), and the net
system function that results is G(z) = Hyp(2)
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also

Magnitude, phase, and group delay of Hap(e/?) = G(z)

5.6.2 Properties of Minimum-Phase Systems

In this section several properties of minimum-phase systems will be
discussed.

Minimum Phase-lag Property:

For any system H(z) we can write the continuous phase as

arg[H (e/?)] = arg[Humin(e’”)] + arg[Hap(e’)],
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5.6. MINIMUM-PHASE SYSTEMS

which is the sum of the continuous phase of a minimum-phase sys-
tem and the continuous phase of an allpass system.

e We know that the continuous phase of an allpass system is neg-
ative for 0 < w < m hence arg[H (e/“)] must always be more
negative than arg[ Hpin(e/¢)]

e Stated another way the phase-lag of a nonminimum-phase sys-
tem H(z) is always greater than the corresponding minimum-
phase system H i (z)

e A more precise term for a minimum-phase system is a mini-

mum phase-lag system

Minimum Group Delay Property:
The group delay for any system can be written as
grd[H (e/)] = grd[Hpin(e’®)] 4 grd[Hyp(e’?)]

e For arational allpass system the group delay is always positive,
thus for any system with magnitude response | Hpin(e/?)|, the
group delay of the corresponding minimum-phase system has
the minimum group delay

¢ A minimum-phase system can also be referred to as a minimum
group delay system

Minimum Energy Delay Property:

e [t can be shown that for any causal and stable system for which

[H(e?”)| = | Hunin(e”®)]
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then the corresponding impulse responses satisfy

Define the partial energy of a causal impulse response as
Eln] =) |h[m]P
m=0

Note that in the limit as n — oo the partial energy becomes
the total energy

Since |H(e/?)|> = |Hmin(e/?)|?, from Parseval’s theorem it
follows that both impulse responses have the same total energy

The minimum energy delay property states that

Efn] = Z [him]|* < Z aialm]|* = Eninln)
m=0
for all 4[n]’s belonging to the family of systems having magni-
tude responses equal to | Hpyin(e/®)|. A proof for this is given
in O.S. problem 5.65.

To prove that |2[0]| < |hmin[0]| consider the special case where
H(z) and H;,(z) are related by a first-order allpass system
with real pole a

—1
H(z) = mm(z) % al <1

Using the initial value theorem we can write

l—az!
lim Hpn(z) = lim
Z—>00 z—o00 z—l — ¢

H(z)

46
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5.6. MINIMUM-PHASE SYSTEMS

or after evaluating both limits
1
hmin[0] = _—ah[O] = |Amin[O]] > |7[0]]

since |a| < 1

e This process can be repeated for each additional first-order all-
pass section needed to transform H(z) to H i, (2)

e Note that the minimum energy delay property states that the
energy of a minimum-phase system is delayed least of all sys-
tems having the same magnitude response, hence they are also
termed minimum energy delay systems

Example 5.12: Fourth-order FIR System

Consider the four possible pole-zero plots associated with the
fourth order minimum phase FIR system

Huin(z) = (1 —0.9¢/7°7z71) (1 — 0.9¢77%7z71)
x (1-0.8¢79%72z71) (1 —0.8¢7/0%7z7)
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Im Im
o -
! Re A ——Re
o - |
(a) (b)
Im Im
ol .o R
o
¢ Re é Re
o | o "O"'
(c) (d)

Four-pole FIR system pole-zero plots (a) minimum phase, (b)
maximum phase, (c&d) mixed phase
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e The corresponding impulse responses are given below

hmin[n] hmax[n]
19 1 g
0.5 ® 0.59
0 : 0 :
0.5 l l o —05f l l
1 n 1 n
0 1 2 3 4 0 1 2 3 4
hz[”] h3[n]
1 i
® ®
0.5 0.5
0 L 1 , 0 1
0.5 e A X
1 n 1 n
0 1 2 3 4 0 1 2 3 4

Four-pole FIR system impulse responses (a) minimum
phase, (b) maximum phase, (c&d) mixed phase

e The partial energies of the four impulse responses are plotted
below

e Note that the minimum and maximum-phase systems have par-
tial energy functions which bound the remaining partial ener-
gies

ECE 5650/4650 Modern DSP 49



CONTENTS
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Sample Index n

Four-pole FIR system partial energy sequences

5.7 Linear Systems with Generalized Lin-
ear Phase

In signal processing we often wish to pass some portion of a desired
frequency band with little or no distortion. With a causal system
constraint this implies a flat amplitude passband with linear phase is
most desirable.

5.7.1 Ideal Linear Phase Systems

An ideal linear phase system can be viewed as a cascade system
consisting of a nonconstant magnitude response combined with a
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

linear phase term corresponding to delay « (in general « is real)

H(e'?) = [H(e!”)|e™/"

x[n] — ‘H(eiw)‘ ™ e—jwoc — y[n]

wln]

Linear Phase System with Arbitrary Magnitude Response

Example 5.13: Ideal Lowpass Filter

An ideal lowpass filter with linear phase can be written as

‘ e—ja)oz,
Hlp(e]w) —
0, w. <|w| <mw

o] < o

e The impulse response can be written as

sinfw.(n — a)]

hiplnl = 7(n —a)

e The following figure illustrates how the linear phase corre-
sponding to both integer and noninteger delays is manifested
in the impulse response
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5.7.2 Generalized Linear Phase

Recall that a causal moving average system has frequency response
L sinlo(M +1/2] oo

M +1 sin(w/?2)

e Note that the phase of this system is not strictly linear since

the sinfw(M + 1)/2]/ sin(w/2) term contributes 47 radians
when its sign becomes negative

, |lo| <

H(e'?) =

e Systems with this sort of deviation from linear phase still pos-
sess many of the advantages of true linear phase systems

Generalized Linear Phase: A system with frequency response of

the form
H(ej‘”) — A(ejw)e—jawﬂﬁ,
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

o and B constants and A(e/®) real (possibly bipolar), is said to be a
generalized linear phase system.

e The group delay of this system is
grd[H (e/”)] = &

assuming we ignore the discontinuities resulting from a con-
stant phase over all or part of the band 0 < w < &

e Using the frequency response of the generalized linear phase
system we can derive corresponding conditions that /2[n] must
satisfy

e To establish the conditions on /4 [n] start by writing

H(e’®) = A(e’?) cos(B — wa)
+ jA(e’®) sin(B — wa)

e Assuming A[n] is real we can then also write

H(e’?) = Z h[nle= /"
— Z h[n]coswn — j Z h|n]sinwn

e Equating the two forms of H (e/®) as written above we see that
the tangent of Z H (e/“) must satisfy

tan(f — wa) = sin(f — wa)

cos(f — wa)
_ ZZO:_OO h[n]sinwn

Y h[n]coswn

n=-—~oo
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or

i hin]sinfjo(n —a) + ] =0, Yo

n=—~oo

e The above is a necessary condition, but is not a sufficient con-
dition for insuring linear phase. Note this is not really a design
equation!

5.7.3 Causal Generalized Linear-Phase FIR Sys-
tems

e If we further require that the system be causal, then the neces-
sary condition becomes

ih[n] sinflw(n —a) + Bl =0 Vo
n=0

e The simplest systems which satisfy the generalized linear phase
and causal condition are FIR of length M + 1

e One possibility (assuming real coefficients) is even symmetric
coefficients

hin] = hiM —n], 0<n<M

0, otherwise
where here 8 = OQorx
e The frequency response will be of the form
H(e') = Ac(e/)e /oM

where A.(e/®) is a real even function of w
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e A second possibility is odd symmetric coefficients

hin) = —h[M —n], 0<n<M

0, otherwise

where here f = /2 or 37 /2

e The frequency response will be of the form
H(eja)) — jAO(eja))e—ja)M/Z — Ao(eja))e—ja)M/Z-l—jyr/Z

where 4,(e/®) is a real and odd function of @

e The even and odd symmetry length M 4 1 FIR systems can
each be specialized into two distinct types depending upon M
being an even or odd integer; four total types

Type | FIR Linear Phase Systems:

Here h[n] is symmetric i.e.,
hin]| = h[M —n], 0<n <M

and M 1is assumed even.
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e 'To obtain the frequency response we begin by writing

M
H(e/®) =) " hlnle /"
n=0

p—

= ej‘”M/z{h[M/Z] + Y [h[n]e /@M
n=0

NI

+h[M — nle~/*M/Z=m) }

M/2
= ej‘”M/z{h[M/Z] + > [hl[(M/2) — kle/*
k=1

+h[(M/2) + ke /] }

e Finally,

H(e/®) = e—fwM/2{h[M/2]

M/2
+ 2Zh[(M/2) — k] cos wk
k=1

where the substitution k = (M/2) — n has been used

e If we define a new set of coefficients alk], k =0, 1,...,M/2
as
al0] = h[M/2]
alk] =2h[((M/2) - k], k=1,2,...,M/2
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

then we can write

M/2
H(e/®) = e~ /oM/2 Za[k] cos wk
k=0

e Note that H(e’/?) is of the form

H(e/®) = A(e/?)e /TP o = M/2, B =0o0rn

Type Il FIR Linear Phase Systems:

Here h[n] is again even, but now M is assumed odd.

e It can be shown that

(M+1)/2
H(e/”) = e /M2 3" blk]coslw(k —1/2)]
k=1

where the b[k] coefficients are

blk] = 2h[(M + 1)/2—k], k=1,2,....,(M +1)/2

e Note that H(e’/?) is of the same form as the Type I system
except now « is an integer plus one-half

Type lll FIR Linear Phase Systems:

Here h[n] is odd symmetric or antisymmetric
hin]| = —h[M —n], 0<n <M

and M 1is assumed even.
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e [t can be shown that

M/2
H(e/®) = je=/oM/2 Zc[k] sin wk
k=1

where the c[k] coefficients are

clk] = 2h[(M/2) — k], k =1,2,...,M/2

e Note that H(e’/?) is of the form

H(e/®) = A(e/?)e /%P B = x/20r37/2

e Systems with antisymmetric impulse response are useful in the
design of wideband differentiators and Hilbert transformers

Type IV FIR Linear Phase Systems:
Here h[n] is again antisymmetric, but now M is assumed odd.

e [t can be shown that

(M+1)/2
H(e/?) = je /M2 3" d[k]sin[w(k — 1/2)]
k=1

where the d [k] coefficients are

dlk] = 2h[(M + 1)/2—k], k=1,2,...,(M +1)/2

e Note that H(e/?) is of the same form as the Type III system
except now « is an integer plus one-half
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

Summary of Symmetry Conditions
*h[n] = h[M —n] *h[n] = h[M - n]

VSymmetry I ' vrs.mimetr;./l

n

J 0 M M
2
Typel Type Il
*h[n] = —h[M -n] *h[n] = —h[M —-n]
Symmetry Symmetry
T’ﬁT"'M,@ [ﬂ o

2 2 l
Type Il Type IV

RS J R

Generic display of type I-IV symmetry conditions on A[n]

Zero Locations for FIR Type | and Il Systems

e For /[n] real symmetric we can write

M M
H(z) =) hlnlz" =) h[M —n]z""
n=0 n=0

0

= Z h[k]zk_M =z MHE

k=M
o Letz, = r,e/% be one of the M zeros of H(z)
e Since H(z) = z7M H(z™"), in particular
H(zp) =z, H(z;) =0

so if z, is a zero then sois z,! = r, le ™/t —
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— Ifr, # 1and 6, # 0 or 7, then the zeros occur in quadru-
plets

o)

1
k
20

¢ ————— Re

N

;ZO_.-'\

— Ifr, = 1 and 6, # 0 or =, then the zeros occur in conju-
gate pairs on the unit circle

Im ,
%0
/ "
/ q
S : Re
N ..
N
“a g
’ AN

- Ifr, # 1 and 6, = 0 or 7, then the zeros are real and
occur in reciprocal pairs

— Note that if r, = 1 and 6, = 0 or =, then the zero may
appear by itself at either 3-1
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

LM Re

e For the case case M = odd (Type II) we must have a zero at
z = —1 to satisfy

H(=1) = (-)™H(=1) = —H(-1)
= H(-1)=0
e Note that a highpass filter would not be realized with M odd
since H (e’/™) is constrained to be zero
Zero Locations for FIR Type lll and IV Systems

e For /i[n] antisymmetric we can write

H(z)=—-—zMH(EZ

e The zero locations are constrained as in the symmetric case
with the additional constraint that H(z) must always have a
zero at z = 1. Why?

H)=—-1)™MH1)=-H(1) = H1) =0

e If M 1is also even, then we must also have a zero at z = —1

H(=1) = —(-D™H(=1) = —H(-1)
= H(-1)=0
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Summary of Linear Phase FIR Zero Plots

Im

_.O“'“n-_ o Required
° y Lo
o6 0 o-oRe cco-Po . O Re
| o
o . ol g
O | 0)
Type | Type |l
O,_,_Im 0 ._O.Alm 0O
Required o - B ; -
N o R P
12 : 5 | 5
&/rv Re L Re
g O . o Required
Type Il Type IV

(a) Type | (b) Type Il (c) Type Il (d) Type IV

Example 5.14: Type I with M = 4

hy[n]
le T
1 3
4 n

R

|
M/?2

A Type | impulse response with M = 4

62 ECE 5650/4650 Modern DSP



5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

e The corresponding system function is

HGiz) =1—-15z14+22-15z3 4774

Im 7
z-Plane P 6
(©)
R 4
¢ — Re =
. £ 3
; 8
- 2
0
0 01 02 03 04
w/(27)
5 @ 4
© o
o [oX
< £ 3
o V)
& =
o 3
3 a
S o |
© S
s o
£ ooboiiiiniud g
0 01 02 03 04 0 01 02 03 04
o/(27) o/(2m)

Pole-zero, magnitude, phase, and group delay for Type |

M =4

Example 5.15: Type I with M = 3

hyln] |

1 ? .
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A Type | impulse response with M = 3

e The corresponding system function is

Hy(z) =142z 422724273

Im 6

zPlane O | 5
: oM

0 4
[
) . —

Re = 3
(4]

Q2

o 1

0

0 01 02 03 04

g g "
C _05 g

£ s 1.5
o - 2
o £

15

£ g
g -2 3

S 25 o 05
[ o
= o

=L N ] §,

0 01 02 03 04 0 01 02 03 04

Pole-zero, magnitude, phase, and group delay for Type Il
M =73

64 ECE 5650/4650 Modern DSP
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Example 5.16: Type III with M = 2

h3[n]

l®

M/?2

A Type Il impulse response with M = 2

e The corresponding system function is

Hiy(z) =1—-z72

Im 2
z-Plane
1.5
m
©
© ©— Re £ 1
=
4y}
O o5
0
0 01 02 03 04
§ ° g °
o Q.
c € 15
o N
§ = 1
o 3
3 3
Q o 05
© -
S o
- S N ST N
0 01 02 03 04 0 01 02 03 04
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Pole-zero, magnitude, phase, and group delay for Type IlI
M =2

Example 5.17: Type IV with M = 1

A Type IV impulse response with M =1

e The corresponding system function is

Hi(z)=1-z""
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Im 2
Z-Plane '
1.5
m
©
......................... o— Re £ 1
i=
4]
Gos
0
0 01 02 03 04
_ 1
5 3 3
(U —
o 2 o8
< g
p %)
§ < 0.6
o E’ 0.4
3 a
S a 02
© 3
= Bt G 0
0 01 02 03 04

o

01 02 03 04

Pole-zero, magnitude, phase, and group delay for Type IV
M =1

Example 5.18: Type I with M = 6

hsln] |

_
-——e
o
—
()}
‘e
3

0.2

|
M/?2

A Type | impulse response with M = 6
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e The corresponding system function is

Hs(z) =02—-0.6z""'4+08z22+z7°+0.8z"*

—0.6z7°4+02z7°
Im
z-Plane O
o
..... Q ............. Re
'Q..
O

. 4

3 0 g

o ) g—
£ o] 3

g P

o £
0 2

o z

g - 3
’

S o

] =]

g o
< b N G 0

0 01 02 03 04 0 01 02 03 04

Pole-zero, magnitude, phase, and group delay for Type |
M =6
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Example 5.19: A Type I M = 40 equiripple lowpass filter

Using the MATLAB function remez () we obtain the following
design:

Im
z-plane O 5
OOOC@ o o.v"'_o
o c - ©
g o
o) 40 0
9 o)
O o
Ooo 0°. ©
o ° 0 . . A ATATATAVATAYATA
0 0.1 0.2 0.3 0.4 0.5

Normalized Frequency ®/(27)

(a) Magnitude response (b) pole-zero plot

Example 5.20: Frequency Sampling FIR Design

Suppose we wish to design a linear phase FIR filter of Type I
using a % + 1 frequency sampling (matching) specification.

e For a Type I system we are free to specify A(e/®) at % + 1
points spaced over the interval [0, ]

e Note if M were odd, then we would be forced to choose A(ej ™) =
0, thus eliminating one degree of freedom in specifying the fre-
quency response

ECE 5650/4650 Modern DSP 69



CONTENTS

e To obtain the a[k]’s we have a system of % + 1 equations to
solve i.e.

M/2
Za[k] cosw,k = A(e’“"), n=0,1,...,M/2
k=0

or in matrix form we must solve

Ca=Aora=C'A

where
_1 COSwWy COS2wqoy **- cos%wo i
C— 1 cosw; cos%a)l
_1 CoOSwpy/ - cos %(l)M/Z_
a = [a[0] a[l] --- a[M/2]]
and

A = [A(e7) A(el®) -+ A(eomr)]
e In particular choose M = 14 (M + 1 = 15) and let A(e/®) be

specified at equally spaced frequencies

_ 2mn _Znn
CM+1 15

,n=0,1,...,M/2

Wn

e Choose the following frequency sample values:

1, k=0,1,2,3 (passband)
A(e/?™/15) = 1 0.4, k = 4 (transition band)
0, k =15,6,7 (stopband)
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

e Upon solving the system of equations we obtain

al0] = 0.52 a[l] = 0.6266352
al2] = —0.03617972 a[3] = —0.18277604
al4] = 0.02446908  a[5] = 0.08000008
al6] = —0.00389062 a[7] = —0.02825786

hln]
o
N
—e
—e
°
)
°
°

oo o * o i Y ° l
-0.2 ‘ n
0 5 10 15
Im o
z-Plane B

Re

Impulse response and Pole-zero plot
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Magnitude (dB)
1N
o

0.1 0.2 0.3 0.4 0.5
Normalized Frequency w/(2m)

Phase (degrees)

0.1 0.2 0.3 0.4 0.5
Normalized Frequency o/(2m)

Plot of | H(e/®)|q, for the M = 14 Type | FIR Filter

5.7.4 Relating Linear-Phase FIR Systems to
Minimum-Phase Systems

e We know that linear-phase FIR systems have conjugate sym-
metry relationships between the zeros for those zeros not on
the unit circle

e The zeros inside the unit circle correspond to a minimum-
phase subsystems while those that lie outside the unit circle
correspond to a maximum-phase subsystem
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5.7. LINEAR SYSTEMS WITH GENERALIZED LINEAR PHASE

e An appropriate decomposition of a linear-phase FIR system is
thus
Hin(2) = Hpin(2) Hyc(2) Hmax (2)

where due to the conjugate symmetry requirement for linear-

phase
Hmax(z) — Hmin(Z_l)Z_Mi

and M; is the number of minimum-phase zeros

e The system function H,.(z) represents the zeros that lie on the
unit circle, of which we assume number M,

e The system orderis M = 2M; + M,

Example 5.21: A MATLAB Equal-ripple Design

e Considera M = 20 design using the MATLAB function remez ()
which designs equal ripple FIR filters

>> help remez 7 Truncated listing

REMEZ Parks-McClellan optimal equiripple FIR filter design.
B=REMEZ(N,F,A) returns a length N+1 linear phase (real, symmetric
coefficients) FIR filter which has the best approximation to the
desired frequency response described by F and A in the minimax
sense. F is a vector of frequency band edges in pairs, in ascending
order between O and 1. 1 corresponds to the Nyquist frequency or half
the sampling frequency. A is a real vector the same size as F
which specifies the desired amplitude of the frequency response of the
resultant filter B. The desired response is the line connecting the
points (F(k),A(k)) and (F(k+1),A(k+1)) for odd k; REMEZ treats the
bands between F(k+1) and F(k+2) for odd k as "transition bands" or
"don’t care" regions. Thus the desired amplitude is piecewise linear
with transition bands. The maximum error is minimized.

B=REMEZ(N,F,A,W) uses the weights in W to weight the error. W has one
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entry per band (so it is half the length of F and A) which tells
REMEZ how much emphasis to put on minimizing the error in each band
relative to the other bands.

B=REMEZ(N,F,A,’Hilbert’) and B=REMEZ(N,F,A,W,’Hilbert’) design filters
that have odd symmetry, that is, B(k) = -B(N+2-k) for k = 1, ..., N+1.
A special case is a Hilbert transformer which has an approx. amplitude
of 1 across the entire band, e.g. B=REMEZ(30,[.1 .9],[1 1],’Hilbert’).

B=REMEZ(N,F,A,’differentiator’) and B=REMEZ(N,F,A,W,’differentiator’)
also design filters with odd symmetry, but with a special weighting
scheme for non-zero amplitude bands. The weight is assumed to be equal
to the inverse of frequency times the weight W. Thus the filter has a
much better fit at low frequency than at high frequency. This designs
FIR differentiators.

....more

See also CREMEZ, FIRLS, FIR1, FIR2, BUTTER, CHEBY1, CHEBY2, ELLIP,
FREQZ, FILTER.

e Here we choose a design with passband in the normalized fre-
quency axis from 0 to 0.2 and stopband from 0.25 to 0.5

e The passband gain is set to unity and the stopband gain is set
to zero

>> 7 Note remez assumes frequency normalization of 1 at pi
>> h = remez(20,2%x[0 .2 .25 .5],[1 1 0 0]);

e The resulting filter is then decomposed in MATLAB into mini-
mum-phase, unit circle, and maximum-phase zeros

e The pole-zero plots of Hi;y(z), Humin(2), Hyc(z), and H i (2)
are shown below
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Linear-phase pole-zero plots for M = 20 following

decomposition
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