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2.1. INTRODUCTION
2.1 Introduction

In this chapter we first review some basic digital signal processing
(DSP) concepts and then explore multirate DSP as a useful technique
in digital communications.

2.2 Review of the Basics

The two aspects of discrete-time signal processing are signals and
systems. The review presented here follows the notation established
in ECE 5650, Modern DSP, and is that of the Oppenheim and Schafer
text!, except w is used as the continuous-time frequency variable in
rad/s and €2 as the discrete-time variable in rad/sample. This is then
consistent with the notation of Rice.

2.2.1 Continuous-Time Signals

A function of the continuous-time variable 7, typically denoted x () =
Xx.(t) = x.(t), where the a and ¢ are used to emphasize that the
waveform is analog or continuous in time.

TA. Oppenheim and R. Schafer, Discrete-Time Signal Processing, third edition, Prentice-Hall,
New Jersey, 2010.
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xX(t) ANOf
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A continuous-time signal plot.

e We can further classify x(¢) as being deterministic or random
and either an energy signal or a power signal

e Random signals will be dealt with in Chapter 3 of the notes

e For x(¢) deterministic the energy (Joules), assuming a one ohm
impedance level, is

T
E, = lim/ 1x(¢)|* dt
T —00 _T

e When the energy is infinite, the signal may be a power signal
with power (Watts)

I 5
P, = lim —

T

2-4 ECE 5630 Communication Systems 11
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e Sometimes we will be interested in the time-averaged autocor-
relation function (more in Chapter 3)

T
Energy Signals: r.(t) = lim x(t)x*(t —1)dt
T—00 -T
1 T
Power Signals: ¢, (7) = lim —/ x(H)x*(t —1)dt

e The signal x(¢) is periodic is we can write
Periodic: & x(t) = x(t + Tp)
for all values of ¢, where Tj is the period when it is the smallest

value making this true

— As long as the energy in one period is finite, a periodic
signal is a power signal and we can calculate P, using

1
P.=— [ |x(@|*dt
1o J7,

where the integration is over any one period time interval

e The fundamental frequency of this periodic signal is f, =
1/Ty Hz or wg = 27/ T} rads/s

e For x(7) periodic we also represent it via a Fourier series

0
x(t) = Z X, e/l
n=—00
1 to+To

where X, = — x(t)e /"0t gt
TO to

for any 1,
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Special Sequences

e The impulse and unit-step singularity functions are useful in
describing signals of interest

Impulse Function: / x(t)o(t)dt = x(0)

o0
t

Unit Step:  u(r) =/ d(t)drt

o0

— Note that operationally 5(¢ — #y) appears as a sampling
function when inside the integral

— It has unit area and is zero everywhere except at t = 1

e The unit-step may also be defined as

0, <0
u(t) = qundefined, ¢t =0
1, t >0

e Complex and real sinusoids

x1(t) = /@) = cos(wot + ¢) + J sin(wot + @)
X>(t) = cos(wot + @)

2.2.2 Discrete-Time Signals

e A one-dimensional discrete-time signal is a real or complex se-
quence, denoted as x[n] = x(n), where n is an integer valued
independent variable

2-6 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

e We frequently assume that x[n] is obtained by uniform sam-
pling a continuous-time or analog signal x,(¢), i.e.,

x[n] = x,(nTy)

where T is the sampling period and f; = 1/ T is the sampling
rate in samples per second

e An analog-to-digital converter is always used to obtain x [7]

0.5@

-05+

o * 10+ o *

A discrete-time signal stem plot.

e As in the continuous-time case, we also can classify signals as
energy or power, except here the notion of Joules and Watts is

ECE 5630 Communication Systems 11 2-7
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more vague, since the signal/sequence resides on a computer

N
E. = lim Z |x[n]]?

N—>oo

— 2
PX—N%OQN Z x[r]|

n——N

e A discrete-time signal is periodic for the smallest integer Ny
such that
Periodic < x[n] = x[n + Ny]

e The fundamental frequency can be defined as 2 = 2w /Ny
rad/sample

e Note that a sampled periodic signal x[n] = x(nTy) = x(nT,+
Ty) is not necessarily a periodic sequence. why?

Example 2.1: Power in the Sum of Two Sinusoidal Sequences

e Consider

x[n] = cos(Qrn/10) + 3sin(2xn/21)

e We wish to calculate the signal power, P, experimentally and
theoretically

e Notice that the signal does not appear to be periodic (actually
it is the LCM[10,21] = 210) or at least the period is rather
large

2-8 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

SegPlot [Table[Cos[2srn/10] + 3Sin[2sxn/21], {n, O, 100}], O]

e g

Sum of two sinusoids sequence plot (Mathematica).

e In this case we use Mathematica, but MATLAB could also be
used

e For continuous-time sinusoids we know that power in each si-
nusoid is 4%2/2, so we expect that in the discrete-time case the
results are similar, thus we expect that theoretically

12 4+ 33 10

P
2 2

e The experimental calculation we can not let N — o0, so we
must be content with a finite, but large value

e Knowing that the period is 210 we expect that using one period
will be the most efficient, but general this my not always be
possible, so we may favor using a much larger value for N and
take an approximate answer

ECE 5630 Communication Systems 11 2-9
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X = Table[Cos[2nn/10] + 3Sin[2xn/21], {n, O, 10000}];
|Sequence length is 10,001 points |J

1 .
Table[— sum[x[[n]]%, {n, 1, N}]|, {N, {10, 100, 210, 1000, 5000}}| // N
N o

{3.96031, 4.94021, 5., 4.98223, 4.99781} <4—— Return numerical J

Power calculations using N = 10, 100, 210, 1000, 5000.

e We will study further in Chapter 3 of the notes how tools such
as Mathematica and MATLAB have supplied statiscal functions
that perform the equivalent of an average power calculation,
1.e., Variance[ ] orvar( )

Variance[x] // N

5.02392

Power calculations using Variance[ ] on 10,001 points.

Special Sequences
e The unit sample or impulse sequence

I, n=0

0, otherwise

§[n] =

— An sequence can be expressed as a linear combination of
time-shifted impulses, i.e.,

(0. @]

x[n]= ) x[k]§[n —k]

k=—00

Note: Time shifting, 6[n — k], moves the delta to location
n==k
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2.2. REVIEW OF THE BASICS

e The unit step sequence is denoted

I, n>0
uln] = .
0, otherwise

— The unit step and unit sample sequences are related through
discrete-time integral/differential type relationships

n

uln] = Y S[k]
k=—0c0
d[n] = uln] —uln — 1]

e Complex and real sinusoids

x1[n] = e/C0FP = cos(Qon + @) + j sin(Qon + @)
x2[n] = cos(Qon + @)

e Note that it may be that wyt when sampled with period 7" or
rate f; = 1/T results in

wo-nT =w,T -n
which implies that

O)QT:QQOI‘C()OIQ()/TIQ()]FS
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2.2.3 Continuous-Time Systems

Continuous-time systems map the input x (¢) to the output y(z)

x)—> T() ———>y@)

A continuous-time system transforming x(z) to y(¢).

e In this course we are for the most part interested in linear time

invariant (LTT) systems

In terms of signal processing electronics, circuits composed
of resistors, capacitors, inductors, and active elements (ampli-
fiers) that are operating in their linear region, LTI operator L] |
implies that

y() = L{x@®)] = yt —10) = L{x(t —10)]
yi(t) = L|x;(t)] = ayi(t) + bys(t) =
L[axl(t) + bxz(t)]

for any #, any x;(¢) and x,(¢), and any a; and a,

e We also need nonlinear systems to perform signal multiplica-

tion and take advantage of (near) instantaneous nonlinearities,
1.€.,

y(t) = x1(2) - x2(2)

N
y(@) =) anx" ()
n=0

e Filter operations are critical to operation of all wireless de-

vices, and fortunately can be considered LTI in most appli-
cations

2-12
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2.2. REVIEW OF THE BASICS

e Definition: When we input §(¢) to continuous-time LTT filter
H , at rest, the output is /(¢), defined as the impulse response

e It can be shown that for an LTI system with impulse response
h(t), the output is given by the convolution integral

o0

y(t) = x(t) * h(?) =/ x(Dh(t — L) d A

—00

/Oox(t — M)h(A) dA

o

e [Lumped element LTI systems can be described by a linear con-
stant coefficient differential equation, i.e.,

N
2
=0

M

d™y(7) dx™(r)

dt"

2.2.4 Discrete-Time Systems

Similarly, a discrete-time system maps the input sequence to the out-
put sequence according to some rule set.

x[n] —

r{]

—> y|n]

A discrete-time system transforming x[n] to y[n].

ECE 5630 Communication Systems I1
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e Examples:

N
nil] =) axtn]
k=0

N
yalnl =(1=B) Y Bxln—kl.0<p <1
k=0

ys[n] = Bys[n =1l + (1 = P)x[n 1], 0 < f < 1

e Definition: For a system initially at rest, the system output
y[n] to input x[n] = &[n] is again defined as the impulse re-
sponse; the notation of the impulse response is i[n] = T{5[n]}

Linearity and Time (shift) Invariance

e Linearity says that superposition holds, that is x;[n] 5 yi[n]
and x,[n] = ya[n],
L{axl[n] + bxz[n]} = aL{xl[n]} + bL {xz[n]}
= ayi[n] + by»[n]

for any constants @ and b

e Using linearity we can write that

yln] = L{ > x[k]5[n—k]§

k=—00
o0

= Y x[k]L{8[n — k]}

k=—00
00

= > x[kluln]

k=—0c0

2-14 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

using the fact that for any sequence x[n] we can always write

(0. ¢]

x[n] = ) x[k][n — k]

k=—00
and using /i [n] to denote the system response to a delayed by
k impulse

e Time-invariance states that the system properties do not change
with time, so that if y[n] = T {x[n]} then for any x[n] and any
time offset k, y|[n] = T{x[n — k]} o y[n — k]

e Combining the definition of impulse response with the time
invariance property results in

h|n] = L{o[n]}
— h[n—k] = L{8[n —k]}

for any value k

e The linearity result that stopped with L{§[n — k]|} = hi[n] can
now be completed

(0. @] (©.@]

ylnl= ) x[klhn —kl = ) x[n —k]h[k]

k:—oo k=—OO

= x[n] x h[n] = h[n] * x[n]

which 1s known as the convolution sum

Causality

e A system is causal if the output y[n] up to some time n, de-
pends only upon the input x[n] for n < ny

ECE 5630 Communication Systems 11 2-15
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e Simply stated, the output depends only on past and present val-
ues of the input; no predicting the future

Stability

e The definition of bounded-input/bounded-output (BIBO) sta-
bility says that the output |y[n]| < B < oo for any bounded
input |x[n]| < A < o0

e When the system is also linear and time-invariant (LTI), we
have the theorem which states BIBO stability as

> |hn]| < oo

n=—0oo

where /[n] is the LTI system impulse response

Example 2.2: First-Order LCCDE

e Consider the first-order linear constant coefficient difference
equation

y[n] =ay[n — 1] + bx[n] + cx[n — 1] + dx[n + 1]

e If d # O the system is not causal, as x[n + 1] is a future value
of the input relative to the output y[n]

e Suppose now that ¢ = d = 0, then the system impulse re-
sponse is (why?)
hin] = b -a"uln]
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e Using the LTI system stability theorem, we have

> b

E |ba"| = L, lal < 1
1 —a

n=0

with the aid of the infinite geometric series sum formula

e Hence, the system is stable provided b is finite and |a| < 1

2.2.5 Difference Equations and LTI Filters

e LTI systems most frequency encountered are those described
by a constant coefficient difference equation (LCCDE) of the
form

p q
vl + ) akyln —kl =) bpx[n — k]
k=1 k=0

e The filter coefficients {a;} and {b;} completely describe the
system

e When the LCCDE is rearranged to solve for y[n] in terms of
past and present inputs, and past outputs we have

vl = =) aryln —k] + ) bixln — k]
k=1 k=0

e In MATLAB the operation of LCCDE filtering is efficiently
done using

>> a = [define the feedback coefficients];

>> b [define the feedforward coefficients];

>> x = [define the input signal vector]

>> y = filter(b,a,x); % produce the output vector

ECE 5630 Communication Systems 11 2-17
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— Since this filter involves feedback terms, the impulse re-
sponse is likely infinite (barring pole/zero cancellations),
thus the system is termed infinite impulse response (I1IR)

e When the feedback coefficients are set to zero, we obtain a
finite impulse response (FIR) filter of the form

q
vl =3 bixln — k]
k=0

e When only the present input is utilized we have an all pole
filter of the form

p
vl = = ayln — k] + x[n)
k=1

2.2.6 Frequency Domain Characterizations

Frequency domain characterization, including spectral analysis, are
vital tools for communications modeling. Both continuous-time and
discrete-time have three analysis domains: time, complex frequency
(s or z), and frequency.

e In the time domain we have the impulse response /() or h[n]
which relates the input to the output via the convolution inte-
gral or convolution sum

e For LTI systems realizable via constant coefficient differen-
tial or difference equations, we can transform via the Laplace
transform to H (s) or via the z-transform to H(z)

2-18 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

— In the complex frequency domain we have rational trans-
fer functions with poles and zeros

— The convolution has been replaced by polynomial multi-
plication and returning to the time domain requires partial
fraction expansion and table lookup

Im
s-plane y poles pass bands :
Re ZCIOS stop bands |
|
H (s) < »H (jw
v (s) s )v\ : forw
» I 0 f. or w, — 00
l// \\I
| I
| |
| |
| I
| |
| |
i I
| I
| compute output !
| h(t) (convolution) !
I |
I . > !
T reconstruction sampling '\ H (e®)=H Q
! :
i ) I
| h,(nT) compute output !
! (convolution) :
| I
: b |
| I
| I
| I
t\ . /J
Y ay by ' K
z-plane e poles pass bands :
/ O\ Re Z€r08 stop bands |
N | |
\ / |
\ f"J~ unit circle I 72 Q
R 0 Q. 4

Relationships between the three domains and continuous/discrete.

e To characterize the frequency selectivity of an LTI system we
use the frequency domain via Fourier transformation of /(¢) or

ECE 5630 Communication Systems 11 2-19
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hin]
— For rational H(s) and H(z) this amounts to s — jw =
j2mf orz — e/
— We this the magnitude and phase of H(jw) or H(e/*)

— For signals x(¢) and x[n] we obtain the spectral content
by Fourier transforming x () < X(jw) or x[n] < X(e’/*)

— In the discrete-time domain the Fourier transform is know
as the discrete-time Fourier transform (DTFT)

e When we uniformly sample x(¢) with spacing T to produce
x[n], the Laplace and z-transforms are related via zy = e*0’

e Similarly the Fourier transforms become related via

w3

— The sampling theorem will be reviewed shortly

The Laplace Transform

Formally the two-sided Laplace transform and inverse Laplace trans-
form are defined as

X(s) = /_oox(t)e_” dt

o0

x(t) = ]%JT 95 X(s)e' ds

2-20 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

Laplace transform properties.

Property Signal Laplace Transform ROC
x(t) X(s) Rx
y(t) Y(s) Ry
Linearity ax(t) + by(t) aX(s) +bY(s) at least Ry N Ry,
Time Shifting x(t —tg) e—StX(s) Rx
1
Time Scaling x(at) EX (%) all s for which s/a is in Ry
Conjugation x*(t) X*(s*) Rx
Convolution x(t) % y(t) X(s)Y(s) at least Ry N Ry
d
Differentiation Ex(t) sX(s) at least Ry
: 1
Integration / x(r)dr ;X(s) at least Ry N {Real{s} 0}
2
Initial Value Theorem? lim x(t) = lim sX(s)
t—0+ S—00
Final Value Theorem? lim x(t) = lim sX(s)
t—o0 s—0

aThe initial value theorem is valid for signals x(t) that satisfy the following conditions: x(t) = 0 for
t = 0 and x(t) contains no impulses or higher-order singularities at t = 0.

bThe final value theorem is valid for signals x(t) that satisfy the following conditions: x(t) = 0 for
t = 0 and x(t) has a finite limit as t — oc.

e The region of convergence (ROC) is important when dealing
with the two-sided transform, as it specifies values of s for
which the integral converges (like the two-sided z-transform)

e A contour integral is formally required to obtain the inverse
transform, but in practice we use table lookup

e For LTI systems defined by a constant coefficient differential
equation, the Laplace transform of both sides allows us to form
the system function as the ratio Y (s)/ X(s) = H(s)

Y(s)  bus™+---4+bis+by  B(s)
X(s) ansN+---+ais+ay  A()

H(s) =

ECE 5630 Communication Systems 11 2-21
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e The roots of B(s) are the zeros of H(s) and the roots of A(s)

are the poles of H (s)
e The inverse Laplace transform of H (s) yields the impulse re-
sponse /(t)
Laplace transform pairs.
x(t) X(s) ROC
5(t) 1 all s
u(t) % Real {s} = 0
t”_1 1
=T u(t) P Real{s} = 0
1
- g o
e tu(t) e Real {s} = —a
! e~ tu(t) 1 . Real{s} = 0
(n—1)! (s +a)" tsh >
s(t—T) e—sT all s
cos (wot)u(t) > Real {s} = 0
52 +- (/,)0
sin (wpt)u(t) =4 Real (s} > 0
52 -+ Wy
et cos (wot)u(t) _s*a Real {s} = —a
¥ (S + 8)2 + c/_)é
e~ sin (wot)u(t) — Y Real {s} > —a
‘ (s + a)2 + c/_)é
dns(t) n
T 51 all s
u(t) = --- = u(t) ra Real{s} = 0
n times

e For example, the step response of H(s) = 1/(s + a) is just

1 1 a—1 l—a
(1) = ! _ _ -l -1
yolt) = £ [s—l—l S—|—Cli| £ |:s—|—1]+ |:s—|—a]

=(a—Du@)+ A —a)e u(r)
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2.2. REVIEW OF THE BASICS

The Continuous-Time Fourier Transform

Communications theory relies heavily on the use of the Fourier trans-
form and in particular spectral analysis. The continuous-time Fourier
transform, with frequency variable w in rad/s, is defined as

X(jow) = /oox(t)e_j“” dt

(©.@)

1 e )
x(t) = —/ X(jw)e!* dw
2 J_

(©.¢)

e For x(¢) a true energy signal (or impulse response) it also
follows that X(jw) can be obtained from the corresponding
Laplace transform by letting s — jw

e Consider a second-order lowpass system:

1.0 | I

2
H(S) _ awy

I I I I I | I I I I
10 15 20 25 30
w

I
031 : s2 + 2as + wg
_ I | . .
3 osl : a=4, wg=>5
> |
n I I
T 04+ | Lowpass response from 2nd-
i | order system
I
02+ I
- I
I
| | |
5

Frequency response from H(s).
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e In communications systems it is more common to work with
the frequency variable f = w/(2m) in Hz, and hence work
with the Fourier transform definition

/ x(t)e /2™ dt

(©.¢)

/ T X(f)el " af

(©,@)

X(f)

x(1)

e Tables of transform properties and pairs are given below

Fourier transform properties in v and f.

Property Signal Fourier Transform in @ Fourier Transform in f

x(t) X(jw) X(f)

y(t) Y(jw) Y (f)
Linearity ax(t) + by(t) aX(jw)+bY (jw) aX(f) + by (f)
Time Shifting x(t — tg) e @0 X (jw) e~j27fto X (f)
Time Scaling x(at) iX (j(—u) lX (i)

lal a |al a

Conjugation x*(t) X*(—jw) X*(-f)
Convolution x(t) = y(t) X(jw)Y (jw) X(F)Y(f)

d
Differentiation Ex(t) joX(jw) 2 tX(f)
Integration / x(r)dt ,lX(jw) + 7 X(0)8(w) 71—X(f) + lX(O)S(f)

A Jw j2'(f 2
_‘fx‘
Frequency Shifting joot o :
((UO - Zﬂf()) el®olx(t) X(j(w cuo)) X(f f())
Multiplication x(t)y(t) iX(jw) % Y (jw) X(f) % Y(f)
o 2 1 x [o@]
Parseval’s Theorem / |x(t)|2dt S / |X(jw)|2dcu = f |X(f)|2df
T
00 0 —00

2-24
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Fourier transform pairs.

. REVIEW OF THE BASICS

x(t)
5(t)
5(t — tp)
u(t)
th-1
(-1t

‘:\. -
Z akejkwot

K=—o0

((U() = 2,'Tf())

Z 5(t — kT)

K=—o0

1

1 |t|<T
0 |t|>T

e~ 9ly(t)

ejwot
(wg = 27 1p)

cos(wot)
(wp = 27 1)

sin(wot)
(wp = 27 1)

exp {—alt])

exp l—rrtzl

X(jw)
1
e—j(ufg

1
— + md(w)

Jw

1
(a + j(u)n

27 Z agd(w — kawg)

Irn & . 27n
= % o=

N=—oc

27 8(w)

sin(wT)

ar wT

21 8(w — wp)

18w — wp) + 18w + wp)

X(f)
1
e—jznfto

1 1
Pt + Efs(f)
.
(a+j2rf)"

S agd(f — kfo)

=—00

1 . B
= O, B fiss)
N=—oX

(1)

sin (27 fT)

S 27 fT

5(F — fo)

1 1
8(F — o) + EW +fp)

T T 1 1
—8(w — wp) — =8(w +wg) —=8(Ff —fy) — =5(Ff + fy)
j 0 O R TR T

2a
32 + wz

exp |- (32)']

2a
a2 + (2nf)?
exp !—:szl

e As we study digital modulation schemes, we will be consider-

ing both baseband and bandpass signals

ECE 5630 Communication Systems I1
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Baseband spectra since
the spectrum is nonzero
over-B<f<B

-B
Bandpass spectra since the
spectrum is nonzero over
intervals centered on xf,
| l a4 f
~—B ~f.+B 0 f.—B f+B .
/e f

(b)

Baseband and bandpass spectra.

2.2.7 The z-Transform

e The z-transform generalizes the DTFT by considering the en-
tire complex plane for the transform domain

e The two-sided z-transform is defined as

o0

X(z)= ) x[n]z™"

n=—0oo

where z is a complex variable
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e Note that when we write z = re/®, and then set 7 = 1 we have

o0

X)) = X(2)| _yo= ) x[nle7/",

n=—~oo

thus the DTFT is obtained by evaluating the z-transform around
the unit circle

e The z-transform does not in general converge over the entire
z-plane

e The region where it does converge is called the region of con-
vergence (ROC)

e Since convergence is in terms of the absolute sum, the ROC is
in general and annulus of the form

R_<|z| < Ry

Im

CINY
\ |/

Annular ROC

z-Plane
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e If x[n] is a finite length sequence (finite support), then

Ny

X(z) = Z x[n]z™

n=N;

— For [N, N,] straddling n = 0, X(z) will contain both
positive and negative powers of z, thus making the ROC
exclude z =0and z = o0

e If x[n] is right-sided of the form a"u[n], we find that

1

0
X(Z):Zanz_nzl_—az—l’ |Z|<|a|
n=0

e On the other hand if x[n] is left-sided of the form —a"u[—1 —
n], we find that

—1
1
X(z)=— ) d'z"=—— |z > q

1 —azV
n=——~oo

— Note that the z-transform of both sequences is identical
with the exception of the ROC

e There are many z-transform theorems and properties, for ex-
ample the convolution theorem

yin] = x[n] * hin] <= X(2)H(z) = Y(2)

with Ry = Ry N Ry unless there is a pole-zero cancellation
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A Short Table of ZT Theorems

Property Signal z-transform ROC
x(n) X(2) Rx
y(n) Y(2) Ry
Linearity ax(n) + by(n) aX(z)+bY(z) atleast RxNRy
Time Shifting x(n — ng) z7oX(2) Rx
Tiretsaling x(n/K) nisa m'ultlple of K X (ZK) R)1(,.:'K
A 0 otherwise
(Upsampling)
Conjugation x*(n) X*(z%) Rx
Convolution x(n) = y(n) X(2)Y(2) at least Rx N Ry
First Difference x(n) —x(n —1) (1—z=NX(z) atleast Ry N {|z| > 0}
n
Accumulation Z x(k) L X(z) atleast Ry n{|z| = 1}
=]

Initial Value
Theorem

k=—00

x(0) = zll’mxX(z)

A Short Table of ZT Pairs

Signal Transform ROC
5(n) 1 all z

1
u(n zl > 1
(n) rpe— ||

1
au(n) i |z| = |a|

1—az—
—1
az
na”u(n) 5 1z| = |a|
(1—az-1)
8(n —m) z—m all zt
1 — cos(Q2q)z~!
cos (gn) u(n) (2) |z| = 1
1 —[2cos(Q)1z—1 + 272
. sin (Qg)z~!
sin (gn) u(n z|l =1
on) u(n) 1 —[2cos(Q)1z—1 + 272 121
1 —rcos(Qq)z~]
r' cos (Qqn) u(n) (&) 1Z[:5ar
1 —[2r cos(Rg))1z~1 + 22
rsin (Qg)z~!

r'sin (on) u(n) () 1Zz| > r

1 —[2r cos(Qp)z~1 + 22

+

exceptOifm=0o0rocifm=20

ECE 5630 Communication Systems I1
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e When we consider the impulse response of an LTI filter, the
z-transform produces the system function

e For an FIR filter of order M and coefficient set {b; }, the system
function is a polynomial in z~! of the form

M M
H(z) = Zbkz_k = by 1_[ (1—zz7"),
k=0 k=1

where the roots, denoted by the {z;} are the zeros of the filter,
thus an FIR filter is composed of only zeros

— If we factor H(z) into positive powers of z we find that
there are also M poles at z = 0

e For an IIR filter, composed of feed forward and feedback terms
in the LCCDE, the system function is obtained by z-transforming
both sides of the difference equation using the delay theorem

N M
Zaky[n—k] Zbkx[n—k]}
k=0 k=0

N M
Y(2) Z arz* = X(z) Z brz K
k=0 k=0

which becomes

Z =Z

M
b,z7k —
R L.
X(z) % az* IZX[ (1 = pez)
k=0 k=1
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Note: We have assumed that ay = 1

— The roots in the denominator are the poles of H(z)
— A causal IIR filter must have | pi| < 1 for stability
— The filter order is N nonzero poles and M nonzero zeros

— Even though N # M in general, the number of poles and
zeros in H(z) will be equal, with balanced achieved via
poles or zeros at z = 0

— If M = 0 we have an all-pole filter which has N zeros at
z=20

e When working with the z-transform, and later the discrete-time
Fourier transform, geometric series sum formulas and related
forms, are useful:

Sum Condition
N>

k% ak = % none
=1V]

% k [—q"t!

> at =T none
k=0

1 kak — a[l—(n+1)a"+na”+1]
1;::0 a® = = none
N-1
k? = éN(N —1)(2N —1) | none

& k 1

2. a" = la] <1
ko=oO )

> ka* = (1—aa)2 la] <1
k=0
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Example 2.3: Find y[n] given x[n] and H(z)

The input to an LTI system is given by
1 n
x[n] = 4(2) uln]

The system function is Denominator roots analysis:
1 l1, (1.3 |
1+ =z -+ [—+=
3 47§16 2 1,5 131
H = - = —-*= ts= —=, =
=057 0T 378 0T T2a
4 8 o e e e e e e e e e e —

Find the system output y[n] using z-transform techniques.
* The denominator of H(z) has roots -1/2 and 3/4

e The z-transform of x[n] is 4/(1 - (1/2)z ")

*  Writing out the product Y(z) = X(z)H(z), we have

1-1)
4(1+3z 4, 4, 4,
Y(z) = = 7 + ; + 3
1 -1 1 3 1 I -1 1 -1 31
(1—52 )(“5 )(1—12) t=yr I I
4( lz 1) 4(1+%) 4.§
_ 3 _ 3 _ 3 20 _
3 = ~a =3 T —6.667
3 3 2.2 —
(1+ =z )(1 4 ) | (1+1)(1 2) 3
z =2
( lZ l) 4(1—2) 4.1
HE 3 3 4
A — 1 3 = 3 = 5 = E 02667
_1 L2 —————D
(1_—2 )(1_1 ) (1+1)(1+9 23
=22
4(1 %z l) 4(1 +‘§‘) 4. 13
A = " 1 = 3 3 = I 2 = % =104
" D043 35 T
_= - 1-=2|[1+%
(1 2° X T3F ) YU 3 373
2! 4
3
Y(z) = —20/3 4/15 + 52/5
l—lz_1 1+lz ! 1—22_1
2 2 4

*  Use the transform pair a"u[n] < 1/(1 - az_l) and linearity to finally obtain

vinl = - 2(3) utn1 + (-2) utn1 + 2 (3) uin
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The Discrete-Time Fourier Transform

e The frequency domain view of discrete-time signals and sys-
tems is obtained via the discrete-time Fourier transform (DTFT)

e The DTFT of signal x[n] produces a complex valued continu-
ous function of 2 (remember we will keep ® = 27 f as the
continuous-time frequency variable for this course)

(©,@)

X(e’%) 2 Z x[n]e=/ %"

n=—oo

referred to as the signal spectrum

e The DTFT exists if

o0

Z |x[n]| < oo,

n=—~oo

which is the definition of absolute summability

e The inverse DTFT (IDTFT) is obtain via integration of X (e/*?)
over and 2 interval

x[n] = L/_ﬁ X(e/$e/" dQ

2 J_,

e Certain signals of interest are not absolutely summable, but
a DTFT can be defined if we allow impulse functions in the

frequency domain, i.e., for x[n] <i> X(e/®)
/"% Ly 278(Q — Qo)

A cos(Qon) PN §[5(Q — Qo) + 8(2 + Qo)]
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e The DTFT is a periodic function of , since /4275 = /€

for any k, it follows that

X(ej(Q+2nk)) — X(e]SZ)

e For x[n] areal sequence the DTFT has the symmetry property
X(e/®) = X* (/%)
= | X(e/®)| = | X (e /*)| magnitude even in
£X(e’%) = —/X(e7’*?) phase odd in Q

e When the signal x[n] is replaced by the impulse response of an
LTI system, the resulting DTFT has the special interpretation
as system/filter frequency response

H(e’®) = i h[n]e™/ %"

n=—~oo

— Note that

|H(e/?)| = < Y |hn]l < o0

n=-—~oo

if the DTFT exists and also if the system is BIBO stable

i h[n]e=/ S

n=—oo

e One of the more significant DTFT properties is the convolution
theorem, which states

y[n] = x[n] * h[n] PN X(e/*)H(e/?) = Y(e/%)

— This result in particular shows us that a filter modifies the
spectrum of a signal via multiplication by the filter fre-
quency response
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Short Tables of DTFT Theorems/Properties/Pairs

Property Signal DTFT
x(n) X (efQ)
y(n) Y (ejQ)
Linearity ax(n) + by(n) aX (efg) +bY (efQ)
Time Shifting x(n —ng) e~/ x (ejQ)
) : : x(n/K) nisamultiple of K KR
Time Scaling (Upsampling) 0 ot X (e )
Conjugation x*(n) X" (e‘/Q)
Convolution x(n) * y(n) X (efQ) Y (efQ)
1 . 4
. . . j“(')‘ ]Q
Multiplication x(n)y(n) 5 (e ) %Y (e )
First Difference x(n) —x(n—=1) (1 = e—jQ) X (efQ)
n
1 T~
. j.“‘
Accumulation kz x(k) —1 - e_fQX (e )
=—00

Parseval’s Relation

T 2 _ 1 jo\ |2
Z ; |x(n)| =§/’X (e )‘ dQ
=t 2n

Example 2.4: h[n] = a"u[n]

e Taking the Fourier transform

H(ejsz):zane—jszn:Z(ae_jsz)n 1
n=0

1 —ae /%

a =06 2.
G
S
s
L L L L L L L Q
-6 — 6
—27 2

ECE 5630 Communication Systems I1
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Useful Fourier Transform Pairs

Signal DTFT
x(n) X (ve/‘Q‘)
5(n) 1
5(n — no) e—anO
1 )
S 5(Q—2nl)
u(n) — o b Z. ( ml)
?—Ov
au(n), lal <1 —_—
ko+N—1 : et
ot+tV— et
jk(27/N)n 2 s ( o 2rk )
Y e T Y R B
k=ko K=—o0
. 2; 27l
Z 8(n — kN) i} 5(_(3__7)
N N
1 27 Y~ 8(Q-2nl)
[ 1
sin (Q [N + —])
1 |nj=N , 2
0 |n>N -~ ( Q)
2
e/Son 27 Y d(Q-Qo—27)
I=—‘\J
cos (Qgn) x Y [5(9—90 —27l) +8(Q + 9 —2,-rl)}
[=—o0
X
sin (Qon) =Y {m — Qo —27l)—5(Q+Qp — 2.7/)}
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2.2.8 Filter Flowgraphs

e The LCCDE describes mathematically how to calculate the
output y[n] from the input x[n] and using past values of the
input and output

e Hardware/firmware/software implementations require that a par-
ticular filter topology be chosen to implement the LCCDE

e For both IIR and FIR filters there are standard forms such as

1. Direct form I and II
2. Transposed direct form I and II
3. Parallel and cascade

4. Lattice (text Chapter 6)

e The direct form structures follow directly from the LCCDE

N M
vl == ayln -kl + ) bix[n — k]
k=1 k=0

N
== ayln — Kkl + win]
k=1

where

M
wln] = bexn — k]
k=0
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e In the z-domain we can view this as H(z) = Heros(2) Hpoles(2)

1 M
H(z) = — XY bzt
1+ ) apz™*% k=0
k=1 Heros(2)
Hpotes(2)

e Due to linearity we can filter with the poles first and the zeros
second, i.e., Hpoles(2) Hyeros(2), thus

N
w(n] = —Zakw[n — k] + x[n]
Mk:l
yinl = Y bywln — k]
k=0

which are the steps for a direct form II IIR filter and result in

z 1

H(z) = Zbkz_k X ~
k=0 1+ > apz7*%
Hieros(2) k=1 _

—

Hpoles (2)

e Given infinite precision mathematics all of the topologies pro-
duce identical outputs

e The lattice filters of chapter 6 have particular relationship to the
linear prediction and minimum mean square error estimation,
and come in pole-zero, all-zero, and all-zero forms

e Signal flow graphs (SFGs) or alternatively block diagrams are
convenient to depict the implementation topology
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b
p— O > yin]

x(n] b—O—>
a, ’\! _Z;I/' b, Unit delay
Adder P(J 1 > O
4 Y. A
T b,
Multiplier O—4 p—0O
A = A
a, b3
< >
(a) Third-order direct form II IIR
x[n]
> > > >
z 1 Z—I z 1
\ @ b b b b
0 1 2 N-1 N y[n]
> O > e O > O >

(b) Nth-order direct form FIR

2.2.9 The DFT and FFT

e The last topic in this general DSP review is the discrete Fourier
transform (DFT)

e The DFT is a computationally tractable way of transforming
a finite length sequence into the frequency domain and back
again

e The DFT is also a very useful modeling and analysis tool
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The DFT/IDFT pair is defined for sequence x[r] having sup-
portover 0 <n < N — 1 as

N—-1
X[k] =) x[nle /7N 0<k <N -1

n=0
N—-1

1 .
x[n] = ¥ > X[kle N 0<n <N -1
k=0

A vitally important interpretation of the DFT is that is is a sam-
pled version of the DTFT, that is it produced uniformly sam-
pled frequency values on [0, 27)

X[k] = X(e/% 0<k<N-1

) |Q:2nk /N’
Transform domain processing can be performed using the DFT

and IDFT once one understands circular convolution, which is
the result of multiplying IDFT{ X [n] H [k]} in licu of x[n]*xh[n]

The first operation produces the circular convolution of x[n]
and [A], while the second produces the more familiar linear
convolution

To make them equivalent we can zero pad the sequences so the
aliasing produced by circular convolution can be mitigated

The motivation for transform domain processing is the fact
that the DFT can be efficiently calculated using Fast Fourier
Transform (FFT) algorithms, e.g., the radix-2 algorithm re-
quires N/2 log,(N) complex multiplies, while the raw DFT
requires N2 complex multiplies; N must be a power of 2

2-40
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. KRO L 0
Y - D_h e )
«—] 0 141d _
S A P
e [ x| |
14a
«|N = 75 1@ o[dues @ wiod-N
L 0 T ldia

_AG\mva

E.:. L WE? G

Zl
©

(upNx

uoISuUdIX? d1porrad ®

DFT and DTFT relationships
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2.2.10 The Relationship Between Discrete- and
Continuous-Time Systems

The Sampling Theorem

Sampling theory is developed by considering the spectrum of a continuous-
time signal, x.(¢), following ideal sampling, i.e.,

Xp(t) = xc(1) x Y 8(t—nT)= Y  x.(nT)8(t —nT).

n=—oo n=-—0oo

-

—

p(t)
e We are interested in X ,(jw) = ]—"{xp(t)}

e The Fourier transform of the ideal sampling waveform is

P(ja))z]:{p(t)}zz% 8(w—k27n),

k=—00
and using the multiplication theorem we have that

X,60) = 5 [ XGo)Pli@-0)ds

(0 ¢]

=T i Xc(a)—kz%)

k=—00

e For x.(¢) bandlimited such that X.(jw) = 0 for w > W rad/s,
the sampling theorem states that x.(z) can be recovered from
x ,(t) provided

T ow L S S
—_ Or _— « —— — . 4
T T 27
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ot M
1z ale|suel} puegaseq
& I L L
uy ug ug uy
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4 _- ox T Sw_
_ =7 (x (EoP
cwb_>oa mc_mm__m - Uoyx . .
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L oy 0 ug up i ) 0 I

A
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X
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Aouanba.y Buipjo4 ¢ wm
M+ M—
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\. .v.
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Notice from the figure above, that recovery of x.(¢) is possible
since spectral translates do not overlap (no aliasing)

27 27
— W] -W>0 or — >2W
(F-7) :

To recover x.(¢) from the continuous-time signal x,(f), we
need an analog filter that can interpolate the correct signal val-
ues between the samples

The passband of this filter needs to extend to W rad/s, can
have a transition band over W < |w| < 27/ T — W, and have
stopband |w| > 27 /T — W

One such filter is an ideal lowpass, having cutoff frequency
Q. = W, with impulse response

WT sin(Wi
iy = XSmO -t <o
T Wt

Using the samples x,[n] = x,(nT) E x.(nT), we have

(0. ¢]

Xe(t) = x,(1) xh(t) = Y xp[n]h(t —nT)

n=—oo

Since /(t) is noncausal, we have to find a more practical filter
and live with the imperfections

2-44
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4\ orPx
M+ M-
(©NHH
L
L L b3 N
up ug 0 174 up
» < _ _ | _ _ >
(@x
I
I
= M
M ™

0x «— (@

co—=U

— (u—-1ne(uyx X = 8;%

)

Reconstruction graphical example
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Relating X.(jo) to X (e/%)

When we obtain the sequence x;[n] via uniform sampling of
x.(1), i.e., xq[n] = x.(nT), X.(jow) and X(e’/%*) are then re-
lated

The Fourier transform of the intermediate sampled signal x ,(7)
can be obtained term-by-term as

X,(jo) = /_OO x.(nT)8(t —nT)e /*" dt

— nioo x.(nT)e /ot also n:ij:oo X, (a) — nz%)

Now also note that by definition of the DTFT,

(0. ¢]

Xd(ejQ) = Z xq[nle A Z x.(nT)e™ 2

n=—0oo n=—oo

so realizing that 2 = wT or w = /T we have
. Q 1 o Q 27
Xy’ =X,j=] == X |\jl=—-k=
(e’ p(]T) Tn;oo c(J(T T))

Note in particular if the sampling theorem is satisfied, then

: Q
Xq(e’%) = X, (jT)’ —T< Q<
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Example 2.5: Bandband Signal with B = 3 Hz

e Suppose that x.(7) is a baseband signal having bandwidth B =
3 Hz and we sample the signal using f; = 1/T = 8§ Hz

e The two-sided baseband bandwidth in the discrete-time do-
main is 2 x 3 - 27 /8 = 37 /2 rad/sample

X(f)
1
/1\ ,
= g = f
X,(f)

Folding frequency = 4 Hz

ﬂ/\ﬂg.

|
|
|
|
|
:
13 -5 315 1113 19 .
- b 8 16 /
|
|
|
(I(eJQ) : 3_7'[
2
IH
8 |
|
|
| | ; I | >
3r 3r 0
—4n 2K —— 0 — 2r 4r
4 4

Spectra of a sampled baseband signal
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Example 2.6: Bandpass Signal with f; = 450 Hz and f, =
460 Hz

e Suppose that x.(7) is a bandpass signal having bandwidth B =
10 Hz centered on 455 Hz, and we sample the signal using
fs = 1/T = 1000 Hz (note 1000 > 2 x 460 = 920)

e The two-sided baseband bandwidth in the discrete-time do-
mainis 2 X 3-2x/8 = 3w /2 rad/sample

X(f)
1
—460 h—450 450 r\ 460
N / N /
! | | i
—455 0 455 ’
X,;(f) Folding frequency = 500 Hz
|
1000 :
|
|
1 l — 1 1 1 | | >
—1455 —-1000 —-545 -455 0 455:545 1000 1455 f
|
|
Xq(e/) |
1000 l
|
N 1N i .
I | -
1 T 7J C 1 J L T | >
_9 Q
s T sas o dss O ass o sas T s
500 500 500 500 500 500

Spectra of a sampled bandpass signal
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Bandpass Sampling

e In DSP-based implementations of communication systems, we
often deal with bandpass signals

There is a bandpass version of the sampling theorem? which
states that for a real bandpass signal occupying the band [ f;, f,],
2 fu 2/

< f; <
n n—1

where the integer n is given by
1l <n< &
- T | B
and B = f, — f;

— Note that when n = 1 we have the lowpass sampling
theorem and f; > 21,

— Note also that | f,/B] is the greatest integer less than or
equal to f,/B

Assuming that the bandpass signal is symmetrical about its
center, here denoted as f. = (f; + f.)/2, we may also want
to constrain the center frequency of the lowest set of translates
to + f;/4, i.e., choose

| fe = Mfs| = [s/4

where M is a positive integer and f,; must lie in the valid inter-
vals defined above

2R. Vaughan, N. Scott, and D. White, “The Theory of Bandpass Sampling,” IEEE Transactions
on Signal Processing, vol. 39, no. 9, pp. 1973-1984, September 1991.
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70?\7‘ ing Theory
[ Lowpass = Bandpass 1 | Bandpass 2 ] ﬁ > 2fu Standard
- ' ' Lowpass
Original l
bandpass sampling
°=f| spectrum theory
’ in blue;
E spectral
= | translates
H in red
<E 20 Normalized Frequency /B (B = lowpass BW, 0.28 =‘i;°andpass BW) 20 80
(=] <« » fs/B=2.10
NN ing Theory ;
["Lowpass dpass 1 | 2) |
o Spectral fg < 2fu | Under
' ' | ' sample by
a small
- |amount,
| yet avoid
aliasing
g —
D 20 Normalized :r:quency /B (B = lowpass BW, 0.28 =1i::ndpass BW) 20 80
(=) <> fs/B=1.32
&N ing Theory ;
[ Lowpass di 1§ 2 ] f < 2f Under
Ll : =~ - sample by
a larger
ors| amount.
. Translated
:é osf are
packed
tighter.
=T e ——
=0 B e :rgquency /B (B = lowpass BW, 0.28 =1I;:r‘dpass BW) &0 8
e <> fs/B=0.73

Bandpass sampling animation screen shots
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e A MATLAB function was written which provides a list of the
fs frequency intervals and a list of the specific f; values which

resultin f. = f;/4

function [BP_bands fso4] = find_BP_bands(fl,fu)
% [BP_bands fso4] = find_BP_bands(fl,fu)
yA

b fl = Lower bandpass frequency

b fu = Upper bandpass frequency

T

%» BP_bands = The valid fs intervals for bandpass sampling

yA fso4 = The valid fs values resulting in fc = fs/4

b Note: We assume that the passband is symmetrical

b
% Mark Wickert, August 2010

% Assume bandpass is symmetrical with regard to fc calulations
fc = (f1 + fu)/2;

% Find all the usable frequency bands
n_max = floor(fu/(fu-f1));
BP_bands = zeros(n_max,2);
for k=1:n_max

BP_bands(k,:) = [2xfu/k 2*f1/(k-1)];
end

% Find the frequency bands that result in fc = fs/4

fso4_maybe = zeros(2*n_max,1);

for k=1:n_max
fso4_maybe (2%k-1)
fso4_maybe (2%k) =

end

= 4xfc/(4xk+1);
4xfc/(4xk-1);

% See which of the fc = fs/4 frequencies actually work
fsod = [];
for n=1:length(fso4_maybe)
for m=1:n_max
if (fso4_maybe(n) >= BP_bands(m,1)) && (fso4_maybe(n) <= BP_bands(m,2))
fso4 = [fso4 fso4_maybe(n)];

end
end
end
fsod = fsod’,;
fsod = sort(fsod);
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Example 2.7: Revisit f. = 455, B = 10 Bandpass Signal

>> [BP_bands fso4] = find_BP_bands(450,460) ;
>> 7, Format output matrices for display tables inside function using:
% for n=1:n_max

% ds = sprintf(’n=%2d: [%6.2f, %6.2f] Hz’,n,BP_bands(n,:));
yA disp(ds)

% end

% for n=1:length(fso4)

% ds = sprintf(’n=Y2d: fs = %6.2f Hz’,n,fso4(n));

b disp(ds)

% end

Useable frequency bands for f; and f; values giving f. = f;/4
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e The n = 7 band contains f; = 140 Hz, which is also yields
f. = f;/4 = 35Hz.

X(f)
l
~460 450 450 460
L Nl V.2
| | I >
455 0 455
X,(f)

140 Folding frequency = 70 Hz

A0 ANATR A

|
[
:
|
| I I | [ |
245 -175 -105 -35 0 35 | 105 5 245
[
|
[
[
|

V./_

280
-280 —-140 140

X [((,jQ) With IF sampling
‘ : move to left by /2

140 | xe J@/n 1,—j,—1,/,...
=== :
| : [
: | 2
I |1 | _

! I I I .

w  ose o 9
2 2 2

Spectra of undersampled bandpass signal for f;, = 140 Hz

e There are many other valid solutions, but f; = 140 Hz pro-
vides large guard bands

e As n becomes large, the f; become very narrow and are thus
impractical
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Discrete-Time Processing of Continuous-Time Signals

e End-to-end processing of continuous-time signals can be ac-
complished using DSP by including an analog-to-digital con-
verter (ADC) with a digital-to-analog converter (DAC) at each
end

x4 (n) = x,(nT) va(n) =y (nT)
discrete-
x. (1) ADC time DAC v (1)
processing

oo

X],([) = 2 x(nT) o(t—nT)

n=—oo
\ extract areas
() and convert to
Ye T 1 ] » X — .
‘ discrete-time xq(n) = x.(nT)
sequence

p(t) = i o(t—nT)

n=-—oo

DSP means to operate on a continuous-time signal

e If the discrete-time processing block is a digital filter, H,(e/*?),
and there is anti-aliasing and reconstruction filtering in the
ADC and DAC respectively, the effective continuous-time fre-
quency response is

Hi(e/*T), || <n/T

H.(jw) =
(/o) 0, otherwise
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2.2.11 Multirate Signal Processing

e Multirate signal processing and modern communication sys-
tems go hand-in-hand

e The key topics to be reviewed in this section are: Downsampling,
upsampling, and polyphase filtering

e Besides the coverage in Rice, the book by Harris® is particu-
larly good

e These techniques allow for processing efficiency

e Understanding these operations from the frequency domain is
particularly important

Impulse-Train Sampling

e To gain insight into downsampling and upsampling, we first
consider the related operation known as impulse-train sam-

pling
e Given discrete-time signal x[n] we may wish to resample this
signal with an impulse train of the form

(0. ¢]

plnl =) 8ln—kN)

k=—00

where N is the integer sample spacing

F.J. Harris, Mukltirate Signal Processing for Communication Systems, Prentice Hall, New
Jersey, 2004
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e Through the use of the Poisson sum formula

. 2T — 2
P(e’%) = W” 5(Q—k—”)

e We can now obtain the DTFT of the signal

xp[n] = x[n]pln] = {x[n]’ n = integer x N

0, otherwise

e We use the frequency domain convolution formula which states
that

21
X,(e/®) = — / P (%)X (/) d6
0

2
- L 27 .

_ 2 _ o Jj(Q—-6)
5 2/0 5(9 kN)X(e ) do

—00

>~
|
—

Y (ej(Q—an/N))

=0

1
N

b

e We see that taking every Nth sample creates N translates of
X (e’*) spaced over the [—, ] interval

e Depending upon the bandwidth of x[n] aliasing may or may
not occur, but the added translates are always present

e To avoid aliasing choose N < /W
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A
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Impulse-train sampling with N =4 and 10
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Downsampling

Downsampling or decimation by N reduces the effective sampling
rate by NV, 1.e., only every N th sample is retained

xp[n] = x[nN]

e In the frequency domain (DTFT) we can write

(0. @] o0

Xp(e’®) = Z xplmle /%" = Z x(mN)e /"

n=—~0oo m=—0oQ

e Letn =mN orm = n/N in the last sum

Xpe® = 3 xlne Y
n=integerx N
1 N-1
_ Z X (ej(Q—27rk)/N)
¥ k=0

where the last line follows from the impulse-train sampling
DTFT and 2 — Q/N

e We now have:
1. N shifted by 2nk/N, k = 0,1,..., N — 1, and Q2-axis
stretched by N copies of X(e/*)
2. Each copy scaled by 1/N

3. In the end we still have X p(e/**) periodic on 27 by virtue
of the 2 — 2k argument
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MN+ MN—
U+ U+ \ / U— UT—
< | | | | |
AG\ 2 v QX
U+ U+ M+ M- U— uUT—
< | | | | ]
AG\ 2 v.vm

u

(w)dx

doys
QIRIPOULIOIUI

(u)dx ¢—

NT

«— (U)x

Downsampling by 4
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e 'To avoid aliasing a downsampler is usually preceded by a dig-
ital lowpass antialiasing filter

— MATLAB y=downsample (x,N,p) or y=decimate (x,N)

yn]
x[n] H(z) *N L » Vp[n]

H(e™?)

i |>Q

-t _ T

T T
N N

Lowpass prefilter with 2. = 7/N and downsample by N

Upsampling

Upsampling is the reverse of downsampling, that is we increase the
effective sampling rate by N. The input/output relationship is

x(n/N), n = integer x N
xyln] = {

0, otherwise

e The upsampling operation stuffs N — 1 zero samples between
each sample of the input

e In the frequency domain (DTFT) we can write that

Xy(e/®) = i (i x[k]8[n—kN]) e /N

n=—0o0 \k=—00
= Z x[k]e ™/ ®#NK = X (e/HN)
k=—0o0
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e In words we have that

1. We compress the frequency axis of X(e/%) by N and
scale by 1/N

2. Place N — 1 copies of the shifted by 2wk /N version of
(1) on the [0, 27) intervalas k = 1,2,..., N — 1

e In practice a lowpass interpolation filter follows the upsampler
to fill in the zeros sample signal values

e When the two operations are combined we have an interpolate
by N operation

— MATLAB y=upsample(x,N) or y=interpolate(x,N)

xy[n]
x[n] { Hz — yin]

N =4 low-pass “interpolating”

. XU(eng filter
. AAAARAAA/

T —> Q
b /\ ,\ +7 +27

+

xg(m)

N—1 zeros

z|=

N

Sampled filled in by the

. . . N spectral copies
interpolation filter

Images removed by Y(e/?)
the interpolation filter

WAt A A A

I Q
21 -T -W +W +7T +21

Interpolate by N (upsample followed by lowpass filter)
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The Noble Identities

e We have seen that with both a downsampler and an upsampler,
there is an associated filtering operation

e When the filter before the downsampler or the filter after the
upsampler involves a polynomial in z%, then the Nobel identi-
ties may be invoked

x[n] —»E »  H(z) > y[n]

(a) Downsampling Identity

x[n] —» fN — H(Y) — yIn]

xn] —> H@E) —> AN —— y[]

(b) Upsampling Identity
The Nobel identities

e In both cases the filtering operation can be moved the low-rate
clock side of the operation

e Linear phase FIR filters, where the number of taps is divisible
by N find application here
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Polyphase Filter Banks

e Moving beyond the Nobel identities, another multirate pro-
cessing trick is the polyphase filterbank

e Consider a causal LTI H(z) of the form

M
H(z) =) hlk]z™
k=0

= h[0] + A[)z7' + h2lz2 + --- + h[M]z ™

e The filter output via the convolution sum is

M
y[n) = hlk]x[n — k]
k=0

and the downsampled by N output is
M
yoln] = y[nN1 =) hlklx[nN — k]
k=0

e Note that with downsampling only every N th filter output need
be calculated; N —1 of the outputs do not have to be calculated

e For any given filter output calculation only every Nth filter
coefficient/tap is needed, the other coefficients are needed in-
turn, for other outputs

e To see this more clearly, we can write H(z) in a row-wise
decomposition, where each row contains the filter coefficients
needed for a particular output, i.e.,
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H(z) = h[0] + h[N]z7N + h[2N]z72N
Subfilter 0 7 + A1)z + AN +1]z7¥"1 + h2N +1]z72V!
Subilter 1 ? + h[2]z7! + h[N +2]z7N"2 4+ h[2N +2]z72N2
Subfiilter2 +
swiiter vt ¥+ AN =1z71 4+ 2N - 1z72N+0 4 p[3N — 1]z73N#!

Ho(=") If H(2) is FIR, then the filter length may be
\ H,y (ZN) M = NK;, that is K coefficients/taps per sub-
\ Hy(z™) filter

Hy_1(zV)

e Note that each filter is driven with a different offset or phase

e The sub filters can be combined to form H(z) by including
appropriate offsets

H(z) = Hy(z") + z7 ' H\(z") + - + 27V T Hy 1 (V)

—»| Ho(zV)

o—» ! -l H (Y

x[n] —— 272 | Ha(z") —> yp[n]

—>‘ Z_NHHHN_l(ZN)

First step in polyphase downsample decomposition

e We can now invoke the downsampling identity and then a com-
mutator
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N
<
2

> *N L ol Ho(2)

x[n] —o—»

—»| Hi(2) |
2 b ¢ N | H(2) ﬁ» ypln]
Hy_1(2)

,—N+1 ¢ N

Polyphase decomposition with downsample identity

x[n]

:

Hy(z)

Hy(z)

H>(z)

L > yp[n]

Commutator

Polyphase downsample decomposition with commutator

e A polyphase upsampler can analyzed and constructed in like

fashion

e The sub-filters are identical, with the filtering operations being
the lower clock side, or input, of the upsampler
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e Starting from the upsampler output we can write

M
y[n] =) hlklxy[n — k]
k=0

e Since N — 1 zeros are inserted into xy[n] we know that not all
of the multiplications in the above convolution sum are needed

e Given that the index n is a multiple of N, the nonzero output
values coincide with

h[0] h[N] h[2N]

and

M
y[nl =) hkN]x[n/N — kN]

k=0
e [f n step forward to n 4+ 1 we have
M
yln +1] =) h[kN + 1]x[(n — 1)/N — kN]
k=0
and so on
e Finally we see that a filterbank implementation using subfilters

is possible, with all of the filtering operations being performed
at the low sample rate
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—» Ho(z) —O

o—» Hi(2) O

x[n] —e—»| Hy(z) [—P© — yy (1]

Commutator

Hy_1(z)

0

Polyphase upsample decomposition

Polyphase Decomposition Summary

— yp[n]

Decimation: Polyphase Decomposition

x[n] —’/O_‘ LPE \ Do0.ba.bs.bin.....D [ o ypln]

.

LpE \ 01.05.09,D13,..., D21

|
:

commutator

|
.

LPE \ b2.b6,b10,b14, ... ,b22 -—T

LPE \ 03.07.b11,D15,..., D23

|
:

r A
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Interpolation: Upsampling and Filtering

x[n] — T4 —> LPF E bo,b1,b2,b3...,by3 —>
M =23

Interpolation: Polyphase Decomposition

bo,bs, bg, b12, ..., bao -—0\0—>

x[n] —o—>

Lp b1,bs, by, b1s, ..., by F—o

commutator

> | |p bz, be, b1o, b1a, ..., bas F—o0

L | P b3, b7,b11,b15, ..., ba3 —o0

TR

2.2.12 Discrete-Time Filter Design Methods

This section of Rice includes details on IIR, FIR filter design. Dif-
ferentiator and integrator algorithms are also discussed, as these are
related to cascade of integrator and comb (CIC) structures that show
up in chapters near the end of the text.

See the Rice text for more details.

Example 2.8: Polyphase Interpolator Design

e In this example we will use MATLAB to design an interpolator
for N =5

e MATLAB has toolboxes which can make the design of the in-
terpolator very easy
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— With the Signal Processing Toolbox™ a wide array of
filter design functions are available, including multirate
functions

— By adding the Filter Design Toolbox™ to the Signal Pro-
cessing Toolbox™ multirate filter objects can be created,
and in particular polyphase decomposition

e Below are some of the relevant functions available in the Signal
Processing Toolbox™

FIR Filter Design

cfirpom

firomord
intfilt
kaiserord
sgolay

Complex and nonlinear-phase equiripple FIR filter design
Window-based finite impulse response filter design

Frequency sampling-based finite impulse response filter design
Constrained least square, FIR multiband filter design

Constrained least square, lowpass and highpass, linear phase, FIR
filter design

Least square linear-phase FIR filter design
Parks-McClellan optimal FIR filter design
Parks-McClellan optimal FIR filter order estimation
Interpolation FIR filter design

Kaiser window FIR filter design estimation parameters
Savitzky-Colay filter design

Communications Filters

firrcos
aussfir

Raised cosine FIR filter design
Gaussian FIR pulse-shaping filter

Multirate Signal Processing

decimate
downsample
interp
resample
upfirdn
upsample

Decimation — decrease sampling rate

Decrease sampling rate by integer factor

Interpolation — increase sampling rate by integer factor
Change sampling rate by rational factor

Upsample, apply FIR filter, and downsample

Increase sampling rate by integer factor

A sampling of Signal Processing Toolbox™ functions
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e We can use intfilt () to design an N = 5 interpolator low-
pass filter, H(z) to place in front of an N = 5 upsampler ()

e The parameter p controls how many samples are used in the
interpolation, and hence the length of the filter

e The parameter alpha controls the bandwidth of the stopband
regions independent of the passband interpolation

intfilt
Interpolation FIR filter design

Syntax

b = intfilt(l,p,alpha)
b = intfilt(1l,n, 'Lagrange’)

Description

b = intfilt(1l,p,alpha) designs a linear phase FIR filter that performs ideal bandlimited
interpolation using the nearest 2*p nonzero samples, when used on a sequence interleaved
with 1-1 consecutive zeros every 1 samples. It assumes an original bandlimitedness of
alpha times the Nyquist frequency. The returned filter is identical to that used by interp. b
is length 2*1*p-1

alpha is inversely proportional to the transition bandwidth of the filter and it also affects
the bandwith of the don't-care regions in the stopband. Specifying alpha allows you to
specify how much of the Nyquist interval your input signal occupies. This is beneficial,
particularly for signals to be interpolated, because it allows you to increase the transition
bandwidth without affecting the interpolation and results in better stopband attenuation for
a given 1 and p. If you set alpha to 1, your signal is assumed to occupy the entire Nyquist
interval. Setting alpha to less than one allows for don't-care regions in the stopband. For
example, if your input occupies half the Nyquist interval, you could set alpha to 0.5.

b = intfilt(1l,n,'Lagrange’) designs an FIR filter that performs nth-order Lagrange
polynomial interpolation on a sequence interleaved with 1-1 consecutive zeros every r
samples. b has length (n + 1)*1 for n even, and length (n + 1)*1-1 for n odd. If both n
and 1 are even, the filter designed is not linear phase.

Both types of filters are basically lowpass and have a gain of 1 in the passband..

Design the filter using intfil )

e Here we compare two designs, p = 5 and « = 0.3 versus
p = 6 and ¢ = 0.7, where the resulting filter lengths are 49
and 59, respectively
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>> bi = intfilt(5,5,0.3);
>> bii = intfilt(5,6,0.7);
>> fvtool(bii,1,bi,1,’fs’,5%1000)

Magnitude Response (dB)

20 li T
f:g,out = 5 kHZ

<Lfsampling image frequencies 7

-60 [

|
|
|
|
|
p =6, alpha =0.7 !

Magnitude (dB)

-100

|
|
|
|
|
] 1 -
|
|
-120 :

-140T p=>5, alpha=0.3

-160t i
0 0.5

I

|

|

1 1.5 2 2.5
Frequency (kHz)

0 JT/IZ b/

Interpolation filter frequency response assuming f; = 5 x 1 kHz

e With the filter now available the complete interpolator (upsam-
pler plus lowpass interpolation filter) can be implemented in
two lines of MATLAB code

e Here we will create a two sinusoid signal of 101 samples, cre-
ate the upsampled signal as yu and the respective interpolated
with N = 5 signals yi and yii

>>n = 0:100;

>> x = cos(2%pi*100/1000*n) + 2*sin(2*pi*x10/1000%n) ;
>> yu = upsample(x,5);

>> yi = filter(bi,1,yu);

>> yii = filter(bii,1,yu);

2-72 ECE 5630 Communication Systems 11



2.2. REVIEW OF THE BASICS

e MATLAB supports object-oriented programming and in partic-
ular the Filter Design Toolbox™can crdate filter objects

e The filter objects of interest here are multirate filters, which
support a variety of architectures and both floating point and
fixed point implementations

Multirate Filters

mfilt.cascade Cascade filter objects

Fixed-point CIC decimator

Fixed-point CIC interpolator

Sample rate converter with arbitrary conversion factor

Overlap-add FIR polyphase interpolator

mfilt.cicdecim
mfilt.cicinterp
mfilt.farrowsrc
mfilt.fftfirinterp

mfilt.firdecim
mfilt.firfracdecim

mfilt.firfracinterp

mfilt.firinterp
mfilt.firsrc
mfilt.firtdecim
mfilt.holdinterp
mfilt.iirdecim
mfilt.iirinterp
mfilt.iirwvdfdecim

mfilt.iirwdfinterp
mfilt.linearinterp

Direct-form FIR polyphase decimator
Direct-form FIR polyphase fractional decimator
Direct-form FIR polyphase fractional interpolator
FIR filter-based interpolator

Direct-form FIR polyphase sample rate converter
Direct-form transposed FIR filter

FIR hold interpolator

IIR decimator

IIR interpolator

IIR wave digital filter decimator

IIR wave digital filter interpolator

Linear interpolator

Relevant multirate Filter Design Toolbox™ functions

e For this example we are interested inmfilt.firinterp which
creates a polyphase FIR interpolator object

e This object will by default create its own FIR interpolation fil-
ter, but the user may also pass in a custom filter, say hi or hii
as designed earlier
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>>
>>
Hm

>>
>>

mfilt.firinterp

FIR filter-based interpolator

Syntax

mfilt.firinterp(L)
mfilt.firinterp(L,num)

Description

Hm = mfilt.firinterp(L) returns a FIR polyphase interpolator object Em with an
interpolation factor of L and gain equal to L. L defaults to 2 if unspecified.

Hm = mfilt.firinterp(L,num) uses the values in the vector num as the coefficients of
the interpolation filter.

Make this filter a fixed-point or single-precision filter by changing the value of the
Arithmetic property for the filter Em as follows:

e To change to single-precision filtering, enter
set(hm, "arithmetic', "single');
e To change to fixed-point filtering, enter

set(hm, "arithmetic', "fixed');

Design a multirate filter object using mfilt.firinterp

e Once the filter object is created it can be further manipulated
via set and ger methods, to estabilsh how it will behave when
used with the filter () function

e Upsampling aspect of the object is automatically taken into
account when we use filter ()

Hm = mfilt.firinterp(5);
Hm % See the various fields contained within the Hm object

FilterStructure: ’Direct-Form FIR Polyphase Interpolator’
Arithmetic: ’double’
Numerator: [1x120 double] %<--FIR filter coef. reside here
InterpolationFactor: 5
PersistentMemory: false
fvtool(bii,1,bi,1,Hm.Numerator,’fs’,5%x1000) % overlay all 3 filters
print -tiff -depsc all_fvtool.eps
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>> 7, Obtain the frequency response of the default
>> y = filter(Hm,x);

Magnitude Response (dB)
20 F - - 0 - - e - - ,. - - T - - —

Jsou = 5 kHz

Upsampling image frequencies
20} - . . . . . - . . . . i
oINS %
alpha=0.7
—40}° : / . . R . . . . . . I
0 (blue), M =49 : :
-60 I :
|

-80 | Design from
mfilt.interp
—100 (red), M=120 9

Magnitude (dB)

1401 h_5, alpha=03 ﬂ

(green), M=59 —»

-160 Lt . . i . . i . . g
0 0.5 1 1.5
Frequency (kHz)

i
|

0 /2
Overlay frequency response plot of all three interpolation filters

e At this point we could go on and observe the waveforms y, yi,
and yii

e We would find that in all cases the interpolation is very good

e The signals would be delayed by one half the filter length, e.g.,
120/2 = 60 samples
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