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5.1. INTRODUCTION

5.1 Introduction

In this chapter (Z&T Chapter 9) we formally jump into the business
of digital communication systems. The focus of this chapter is the
digital data transmission in a channel composed of additive WGN
(AWGN), distortion caused by linear filtering, and carrier phase and
symbol timing errors. Coding theory will not be developed until a
later chapter.

Source
o Mode SRR !
Clock »| Didital e<—o— Encoder | Modulator
Source ° S !
______ [ '
"Analog | _| o — *
: Sl —» AD *--- Optional Carrier
e L e ' Z&T 11
Channel
. i Digital
—| Demod | Detector — Decoder - > Sl?r:ka
o ____ 1
|
? f ;r—J | pmmmsss ) [t )
Carrier Ref. Clock Optional :_>i D/A : : Analog i
Z&T 11 . 1 Sink_ |

Block diagram of digital transmission system

e We begin with binary modulation schemes where the wave-
form signaling consists of one of two basic types

e Next we consider binary signaling with arbitrary signal shapes,
this leads to the study of the matched filter
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e Basic digital modulation schemes that follow from the matched
filter are

— Amplitude-shift keying (ASK)
— Phase-shift keying (PSK)
— Frequency -shift keying (FSK)

e A special case of PSK for example is the well known guadriphase-
shift keying (QPSK)

e Modulation schemes not requiring a coherent reference are
studied next

e We then move on to basic M-ary schemes, where M > 2
possible waveform types are sent over the channel

e Next pulse shaping for zero-ISI is considered

e Multipath interference, flat fading channels, and equalization
are the final topics considered

e More digital modulation theory topics are taken up in the fol-
lowing chapter (Z&T Chapter 10)
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5.2. BASEBAND DATA TRANSMISSION IN WHITE GAUSSIAN NOISE

5.2 Baseband Data Transmission in White
Gaussian Noise
e As a starting point, in part motivated by the random binary

pulse train example of Notes Chapter 4, we consider the fol-
lowing baseband transmission system:

s(t)

_ (+A4,—A) y(1) _
Transmitter Receiver

N
n(t)with PSD = 7"

Block diagram of a baseband binary transceiver

e We desire a receiver that can obtain the lowest bit error proba-
bility (BEP) for a given noise level

e We model the channel as additive WGN (AWGN)
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e A receiver capable of the minimum BEP is the integrate-and-
dump (1&D) receiver

l=Z0-|—T

t to+T 0 ch 4
y_()» / ()dt Y $ Thres.hold > 0 choose +4
t Device < 0 choose -4

0

Signal plus noise

t

fo t;+=T

Integrate and dump receiver

e To analyze the performance we start by writing the integrator
output at the sampling instants as

+AT + N, +A sent
—AT + N, -A sent

to+T
V:/ ' [s(t) + n(t)] dt =

where N = ft;°+T n(t) dt is the integrated noise voltage

e We know that N is a Gaussian random variable since integra-
tion is a linear operation, so we must find m y and U]%, to com-

5-6 ECE 5630 Communication Systems 11



5.2. BASEBAND DATA TRANSMISSION IN WHITE GAUSSIAN NOISE

plete the characterization

my = E[N]|=E |:/t0+Tn(t) dt] = /IOJFTE[n(z)] dt =0

) )

f0 2
012\, =F |:(/ +Tn(t)dt) } —0°

to+T  pio+T
= / / E[n(t)n(o)]|dtdo

e Since n(t) is white noise and WSS, we know that

En()n(o)]=R,(t —0) = %S(I —0)

e Returning to the calculation of o, we have using the sifting
property of the delta function

N, to+T 1
0]%,:—0/ ldo = =NyT
2 /., 2

e We see that the pdf on V' is conditional Gaussian, i.e.,

1 2
Jvi+a(v] ) TaNT
1 2
ol — A) = AT/ NGT
Jvi—a(v| ) NT

e The threshold is set at v, = 0, so the probability of error can
now be calculated
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fv|=A4) | fr(v]+ A4)

|
|
|
' \L
_ﬁ/ Ou\;
P(Errorl+A sent) P(Errorl-A sent)

Error probability analysis

P (errorlA sent) = P(E|A)

0
1
= ——e
/—oo A/ JTN()T
P(errorl-A sent) = P(E|— A)

_ (v+AT)?

NoT dv

© 1
= ——e
/() A/ JTN()T
e In the first line we make the substitutionu = (v—AT)/+/NoT /2
and in the second line u = (v + AT)//NoT /2

e Making the substitutions and recalling the definition of the
Gaussian Q( ) function we can write

N/ 2A2T/ Ny e—u2/2 2A2T

P(E|A) = / =0\
00 —u?/2 2
P(E| - A) = ¢ Tau=ol /AL

V2A2T/Ny V27 No
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e The average bit error probability (BEP) is

Pg = P(E|+ A)P(+A) + P(E| - A)P(—A)

e Since P(4+A) + P(—A) = 1, it follows that

Pp=0

e There are two important physical interpretations of the Q( )
function argument:

1. Note that under the present signaling scheme, the energy
per bit is

to+T
E, =/ A%dt = AT,
lo

so we can form the ratio

AT E, energy per bit
z = = — =

Ny N, noise power spectral density

2. We may also view z as the ratio of signal power to noise
power, i.e.,

A? A? A?

z = = = , R, = bit rate
No(1/T) NoB, NoR,

where B, = 1/T is a rough measure of the signal low-
pass bandwidth or bit-rate bandwidth (recall the PSD of
the random binary pulse train is AT sinc*( f T)

e Note that z is referred to as the SNR or Ej,/ N, for this system
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e Typically Pg is plotted as log,, Pg versus E;/ Ny in dB

0.01 - .

PEg

1070 - g

10_8 7\ \ \ \ |

-5 0 5 10
IOIOgIO(Z) = (EbNO)dB

BEP plot for baseband signaling

Example 5.1: Find P;

e Given Ny = 1071° W/Hz, A = 50mv, and the bit rate is R, =
1/T = 5 Mbps, find Pg
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e We need to form the ratio z = Ej/ N, with the units properly
resolved

_Ey, AT (0.05)%-1/(5x10%

= — 5.0
N() N() 1010

Z

thus

1 2-5
Pp=Q(v2-5) = Serfe ( 7) = 7.827x 107"

e Sketch the signal power spectrum

2

A?sinc*(fT) = :—sincz(f/Rb)
b

1.0x107 1.5x 107 2.0x107

f (Hz)

5.0x10°

5 Mbps signal spectrum
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Example 5.2: Find £,/ N, in dB

e Find (E;/Ny)gg to achieve Pr = 107> and 107°

e Both Mathematica and MATLAB have inverse erfc functions,
InverseErfc[ ] and erfcinv( ) respectively

e Given the Pg expression in terms of erfc( ) we can write

i—z = (erfcinv(2 PE))2

or in dB

E
(—b) = 201log,, [erfcinv(2PE)]
No /s

e The specific answers are

E
(—b) — 9.59 dB
NO dB, 10>

E
(—b) — 10.53 dB
NO dB, 107

5.3 Binary Data Transmission with Ar-
bitrary Signal Shapes
e We now expand the analysis to include arbitrary signal shapes

of finite energy on T's, and establish an optimal receiver struc-
ture from a BEP standpoint
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e This framework will be useful for the analysis of a variety of
basic binary modulation schemes

e Let 51(¢) be the signal/pulse sent to represent a logical ‘1’ and
s>(t) be the signal/pulse sent to represent a logical ‘0’

e The energies of these signals are denoted

to+T

to+T
Elé/ s2(1)dt and Ezé/ s2(1) dt
1o

1o

e Note for binary ASK, PSK , and FSK we can define s;(¢) and
s»(t) as follows:

Case s(¢) $2(1) Notes

ASK 0 A cos(wt) high peak to avg.
PSK Asin(w.t + B) Asin(w.t — B) B =cos'm,typ Z
FSK A cos(w.t) Acos[(w. + Aw)t] BW setby Aw

5.3.1 Receiver Structure and Error Probability

e What should the receiver look like?

e With AWGN present we expect that a linear filter followed by
a decision device should work

e Two filters may make more sense initially, one for each signal
type, a difference, and then a comparison

— Signal space methods of Z&T Chapter 10 or Rice Chapter
5 would make this more structured
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o Decision:
si(t) +n(), ‘1 Dection:
0 §Sz2(§t)T+ ”(0»2’» ha(1) — + t=T u(T) <k : 51
’ ( : ) v(®) $s v(T) Threihold -
— /11(2) | 4

Candidate receiver for binary signals in AWGN

e The two filters in the above figure is equivalent to h(f) =
hy(t) — hi(2), so in either case we have a zero mean Gaussian
RP having variance

N
= [ SHHPar

0¢
present at the receiver decision point
e The sample voltage V £ v(T) is of the form

v so1(T) + N, ’1’° transmitted
So(T) + N, °0’ transmitted

where N is zero mean Gaussian making V' a conditional Gaus-
sian RV

e We thus have the conditional error probabilities

—[v—s01(T)]?/20¢

dv
\/ 2ol

—[v—s02(T)]?/207

dv
\/ 2ol
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

Intersection
Point

Decision point conditional pdf’s

e The average BEP is again

Pg = P[E|s1(¢)] P[s1(¢) sent] + P[E|s2(¢)] P[s2(¢) sent]
eq 1 1
= SPIEIsi (O] + S PLE]s:(1)]
e Because the conditional pdf’s have equal variance, the optimal

threshold &, can be found at the intersection point for the case
of equally likely ‘1’s and ‘0’s

kopt - %[SOI (T) + 502(T)]

e Under this assumption it then follows that Pr reduces to

502(T') — S01(T))

200

PE=Q(

e We see that as the distance (signal space concepts seen later)
between the signals increases Pg decreases

e We still do not know how to choose /() to minimize Pg
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5.3.2 The Matched Filter

e The matched filter concept is fundamental to this chapter

e We will see that when we choose /(7) to maximize the SNR at
the sampling instant, we will achieve the minimum Pg

e To begin the analysis we let

. $02(T') — s01(T')
= o

g

knowing that the Q-function is monotone decreasing

e Furthermore let g(1) = s,(¢) — s51(¢), since the filtered version
of this signal normalized by the filtered noise is what we are
trying to maximize

t=T

g(t) +n(?) o h@) go(f)-l-no(l‘){)\‘\ go(T)+ N
g(t) = s2(t) —s1(2) | H(S)

Model for finding the optimum A(¢) < H(f)

e We now maximize ¢? where ¢ = go(T)/0y, through choice of

H(f)

e We will work with frequency domain expressions making use
of Parseval’s theorem and the Schwarz’s inequality

g5 ()

= 2
E[n§()] o
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

e The denominator can be written as

E[0] =5 [ 1P ar

e The numerator can be written as

g(T) = FHG(NHH(N)Y|,_p = /_ H(/)G(f)e/ T df

SO
2

QAT = ‘ [ HGe T ar

e Now we can write

I H()G(f)el T qf |
No > VH(f) P df

e The Schwarz inequality states that for vectors A and B

§2:‘

IA-B| = |ABcos 8| < |A||B]

e Here we are dealing with generalized vector spaces with the
inner product being defined as

X(f)-Y(f) = (X(f).Y(f)) = / X(HY*(f)df

e Here Schwarz’s inequality is of the form

00 2 00 00
'[ x| < [Cixeorar [Ciorar

with the equality holding if and only if X(f) = mY(f) (m a
constant)
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e We make the substitutions X(f) = H(f) and Y*(f) =
G(f)ejanT

2 | /% H(f)G(f)edI T df |

2:
: No Jo [HON) 2 df
_ 2 S HWNOPAS [ZGNHIPdf
~ No Jo [HOO) 2 df
e Finally,
2 _i > 2
o= | _l6Rar
if and only if

H(f)=m'G*(f)e />/T

— Since m' is arbitrary, and both signal and noise are equally
amplified by m', we set m’ = 1

e The impulse response for the matched filter is

@) = F N} = [ G T e ay
= [ G(erraar

or

ho(t) = g(T —1t) = (T —1) =si(T —1),
o) ()

which is just the time reverse of the pulse shapes delayed by T
to account for causality (note we may need to make the delay
larger to insure realizability)
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Example 5.3: REC Pulse Shape

e Consider the REC pulse shape used in the baseband transmis-
sion in noise scheme

s() =11 (ﬂ)

T

A, 0<t<T
0, otherwise

e The matched filter is

A, to—T <t <t
ho(f)=5(f0—f)={ ==l

0, otherwise

Convolve |:> +/ Optimum

~ sampling
[N(: - instant &
We have peak SNR
seen this
before

The matched filter with an input pulse passed to the output

e The output is
0

y(t) = ho(t) xs(t) = / ho(t)s(t —t)dt

—00

e Here it turns out that we wantty = T'

ECE 5630 Communication Systems 11 5-19



CHAPTER 5. PRINCIPLES OF DATA TRANSMISSION IN NOISE (TEXT CHAPTER 9)

5.3.3 Error Probability for the Matched-Filter Re-
ceiver

e The BEP for the matched filter receiver follows immediately,

since
Py = Q (502(T)2;OSOI(T)) _ Q (gr;ax)

e We can put the above into a more user friendly form using
Parseval’s theorem

2 —3f |G<f>|2df=3/ S:(/) = Si (P df

max NO —00 NO —00
= ]\/%/;OO [Sz(l) —Sl(t)]zdt
_i >~ 2 > 2
- U_Oosz(z)dz+f_oosl(t)dt

—2/ s1(2)s2(1) dt}

e The last term in the last line can be viewed as the correlation
between the two signals s1(¢) and s,(¢), so we can define the
signal correlation coefficient, p1, € [—1, 1], as

A 1

P12
~ EE,

e Finally we can write

[ T Os:(0) di

2
raox = —(E1 + E; — 2/ E\ Eyp12)
Ny
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

and inserting into the Q( ) function

Py = Q(\/El +E2—2vE1E2p12)

2N
_ E v E{E>
=0\ (1- P12
Ny E
where
E,+ E, .
E = — = Averaged received energy
e Note: It is advantageous to chose/make p;, = —1 to obtain the

lowest Pg, 1.e., maximize the Q-function argument

e Another way of writing Pg is

Pg =0 (\/Z(l —Rlz))

where
2V EE; _ VEE
12 —E1 Y E, P12 E P12
e For the case where £y = E, and R, = —1 we have

Pp = 0(v2z)

which is identical to the baseband signaling case first consid-
ered (recall the integrate and dump receiver)

e Furthermore we can interpret R, = —1 as antipodal signals
and R, = 0 as orthogonal signals; which gives better perfor-
mance”?
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0.1

R, =0
orthogonal

0.01 - signals

Ri; = —1

antipodal
signals

2 0001

10—4 L

10—5 L

5
SNR (dB)

10 15

Pr comparison for R, = 0 and 1

5.3.4 Correlator Implementation of the MF Re-
ceiver

e For the baseband binary signal with REC pulses, we have seen
that both the I&D and matched filter receivers give the same
performance

e The matched filter receiver works for arbitrary pulse shapes,
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but is it the only receiver structure for the general case? No!

e A signal correlator also works:

e =T
v =s+n@) L MP T 00! \f o(T)
T s - 1 °
e | t=T
y(0) = s(t) +n(t) ] v()! \f o(T)
: ()di———0
| 0 |
i s() Correlator i

Correlator versus matched filter

e To see that the two implementations are equivalent first con-
sider the matched filter output

T
vme(t) = h(t) x y(t) = /0 s(T—1)y(t —1)dr,
sampled att = T 1is
T T

vme(T) = /0 s(T—o)y(T —1)dt = /0 s(a)y(a) da
e For the correlator we have
T

(1) = [ 5(0)(0)dt = (D)
0

e The I&D receiver is actually a correlation receiver for the spe-
cial case of s(¢) = 1 fort € [0, T

ECE 5630 Communication Systems 11 5-23
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e For binary signaling using s;(¢) and s,(¢) the correlator re-
ceiver is of the form

t=T

r t | @

()dt Ul() Ul( ) %

0 o

y(t) = s(t) + n(r) ;')

—e

s1(t) t=T =

T N va(T)| &

()di—o > 3

0 @)

s52(1) Correlator Receiver

Correlator receiver for arbitrary signals

5.3.5 Optimum Threshold

e We saw earlier that the optimum threshold for equally likely
signals was given in terms of [so1(7") 4 s02(7')]/2

e We can write this result in terms of the signal energies using
the general matched filter design expression, i.e.,

s01(T) = /oo h()s(T — 1) dt

o0

— /oo [52(T —7) = s1(T — D) |s1(T — 1) d7

o0

= v E1Eyp10 — Ey
S2(T) = Ey — V E1Esp12

e Thus independent of the actual pulse shape

1
kopt — §(E2 — El)
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

Example 5.4: Baseband Modulation Using DSP [Rice]

e Baseband modulation for either Python/Julia/MATLAB simu-
lation or true real-time DSP implementation consider the fol-
lowing:

Baseband modulation using DSP

e This is a generalization of the random pulse train MATLAB
function PT_mod () function described in notes Chapter 4, Ex-
ample 4.10

e In the context of this Chapter the pulse shaping filter is rectan-
gular, as that is the NRZ waveform we have been dealing with
thus far
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5.3.6 Error Probabilities for Coherent Binary Sig-
naling

e Using the matched filter results just developed, we now study
the BEP of three coherent binary signaling schemes

Digital

sequence: 1 0 1 1 0

Antipodal

baseband l t

signal: 0 T 2T al 4T ST
ASK: — t
PSK: t

Phase difference = 2 cos™'m (typically TT)

FSK: !

Binary ASK, PSK, and FSK

e Some receiver imperfections will also be considered
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

Amplitude-Shift Keying (ASK)

e With this scheme an actual signal, cos(w,t), is transmitted only
when a ‘1’ or ‘0’ is being sent, not both however

e For that reason binary ASK is sometimes called on-off keying

e In a correlator-based receiver the correlation signal matches
the transmitted signal, so the correlation is either

/T[A cos(w.t) + n(t)] A cos(w.t) dt
0

T
or / [0 4+ n(2)] A cos(w.t) dt
0

e The signal energy either E; = A>T /2 or 0

e The correlation 1s
Riy=p12=0

and the threshold is at (4°7/2)/2 = A?T /4

e The average Pp is given by
Peask = Q(V/z)

e Performance is 3dB worse than the binary antipodal case con-
sidered earlier

e This signal also requires a peak power which is twice the aver-
age power
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Phase-Shift Keying (PSK)

e For binary PSK the transmitted signal is of the form

si(t) = Asin [a)ct — (—l)k cos_lm], 0<t<T, k=1,2

where as noted earlier cos™! m is the modulation index, typ-

ically given by /2, so the carrier phase switches between 0
and 7, and we assume for simplicity that w. = 2an/T (e.g.,
double frequency terms in the correlator will integrate to zero)

e To analyze the receiver for the general case the modulation
index, we start by expanding the PSK waveform into a sum
carrier and modulation terms

se(t) = Amsin(wct) — (—1) AV 1 —m?cos(wyt), 0 <t < T,

-~

carrier modulation
for,k =1,2
— Note: cos(cos™ ! m) = m and sin(cos~! m) = /1 —m?

e The fraction of power in the carrier is m?

e The general formulation of two correlators can be replaced by
a single correlator ( a sin( ) correlator is not needed; why?)

iAZT(l B O'or'

(t) +n(r)
Sk n /T( " —ON Th_reosh. L
o =

$52(1) —51(t) =
—2A~'1 —m? cos(w,t)

PSK correlation receiver
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

e Since the carrier component is orthogonal to the modulation, it
is of no consequence in the correlator (under ideal conditions)

e We also note that £, = E; = SA*(1 — m*)T and the cross
term leading up to R, is

T
n A% 1
EE>p10 = / 51(1)52(1) dt " =° §A2T(2m2 -1
0

e Now we can calculate R,

and

Pr =0 (V20 —m?)z)

e Whenm = 0 (cos™! 0 = 7/2) we have formally biphase-shift
keying (BPSK) and R, = —1 and the familiar antipodal Pg
equation, Q(+/22)

e Note: BPSK is 3dB superior to ASK

BPSK with an Imperfect Phase Reference

e The need for a coherent carrier reference at the receiver is a
downside of BPSK

e We model the received signal as
+ A cos|w. + 0(t)] + n(t)

and the correlator reference as A cos(w.t + é)
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e For a static phase error, i.e. 6(¢) = 6 the correlator output is
v(t) = £ AT cos(8 — é) + N = +AT cos(¢p) + N
where ¢ is the phase error and N has variance og as before

e Tracking this error through the Pg expression, we find that
conditionally,

Pr(¢p) = O (\/22 cos2 ¢)

e If we know bounds on ¢ we can find min and max values on
Pg

e If we have a pdf model for ¢, we can form the average Pr with
phase jitter ¢ as

Py = / Pe(¢) f5(¢) d¢

T

where perhaps a Gaussian model is appropriate, e.g.,

—¢*/20;
2
\/ 2oy,

e It might be that a phase-locked loop (PLL) is responsible for
estimating the carrier phase, in which case Gq% is related to the
design of the PLL, oscillator phase noise, platform dynamics,
etc.

Jo(@) =

gl =7
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5.3. BINARY DATA TRANSMISSION WITH ARBITRARY SIGNAL SHAPES

1 X
Q[x_] := — Erfc[

2 vz

PE[o¢deg_, SNR_] :=

E

@9/ (202)

Module[{aZ}, 02 = [a¢deg*

1:0]2? 2N1nte9rate[9[\/2 SNR (Cos[¢])? ] , {¢, 0, n}”;

2 mwo2

BPSK with Coherent Reference Phase Jitter
1 T T T T I T T T T I T T T T I T T T T

0.1

|deal BPSK —4»
001 - |
|

curves
& 0.001 - overlay
1074 -
107 -~
-6 | |
1075 0 5 10 15
SNR (dB)

BPSK P averaged over a Gaussian jitter phase noise model
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Frequency-Shift Keying (FSK)

With FSK one of two carrier fones is sent to represent the bi-
nary information

A cos(w.t), k=1,

sk(t) = -
Acos(w. + Aw)t, k=2, 0

We again assume that

2mn 2mm
w, = —— and Aw = ——,
T T

m # n to insure orthogonality of the double frequency terms
and the cross term of the correlator analysis

The result is
T
E\E>p1n = / A? cos(w,t) cos[(w, + Aw)t]dt =0
0

and R12 =0

This makes
Pr = 0(V2)

which is equivalent in performance to ASK and 3dB inferior
to BPSK

From a peak power standpoint, ASK is 3dB worse that FSK

5-32
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5.4 Complex Baseband Modeling

e ASK, PSK, and FSK are all bandpass signals

e If deterministic signal x(#) is bandpass, it has spectrum X( f)
zero everywhere except for bandwidth B centered on = f

e From the study of the Hilbert transform the positive spectrum
portion of x(¢) is given by

xp(t) = x(1) + jx(1)
where X (¢) denotes the Hilbert transform of x (7)
e From the frequency translation theorem
xXp(t) = X(t)e! ™!
where X (¢) is the complex envelope' or lowpass equivalent®

— Note: Xx(¢) is helpful in building Python/Julia/MATLAB
simulation models and in real-time DSP implementation
of digital communication systems

Complex envelope spectrum related to bandpass signal spectrum

1Z&T Chapter 2, pp. 87-90.

2].G Proakis and M. Selehi, Digital Communications, fifth edition, Mc Graw Hill, New York,
pp- 21-25, 2008.
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e Since x,(t) = x(¢) + jX(t) = X(¢)e/>™ it follows that

x(t) = Re{(t)e/ >/}
and

x(t) = Re{i(t)} cos(2m fot) — Im{fé(t)} sin(27 fot)
= x7(t) cos(2m fot) — xo(¢) sin(2m fot),

Thus in rectangular form the complex envelope is defined as

2(t) 2 x1(t) + jxp(),

with x;(¢) the in-phase component and x(f) the quadrature
component

If the channel rotates the carrier by 6, i.e., cos(2x fot) —
cos(2m fot + 6) then in the complex envelope representation
of x(t) — y(t), we have

y() = Re{x(;)ej(znfor+9)} — Re{[);(l)eje]ejznfot}
and the complex envelope of y(¢) in terms of X (¢) is

F(t) = x@)e!’ = [x1(t) + jxo(t)]e’

Example 5.5: Bandpass Modulation using the Complex En-

velope [Rice]

e The complex envelope representation of BPSK (m = 0) on

[0, T is
S(t) = A Sin(a)ct + a()][/Z) = Aao COS((X)CI) — Re{AaOeja)cl}

where a;(0) € {—1, 1} is the kth data bit, associated with the
in-phase component, e.g., sp(f) = 0

5-34
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i(t) =) ard(t —kT)
k
REC for BPSK

b e e e e = = = —— —— —— ———————— ————— ———— ——— ———

q(t) =) bid(t —kT)
k

A
REC for BPSK
- _—_______Not needed for BPSK unless
:r phase error is untracked :
i i )
| | by
| |

Complex envelope motivated modulation and demodulation
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e A full DSP implementation of in-phase/quadrature modulation
and demodulation is shown below

e Modulation of the quadrature carrier (sin(w.t) will be consid-
ered in Z&T Chapter 9

ag

by

Complex envelope motivated DSP-based modulation and demodulation
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5.4.1 Useful Complex Baseband Measurements

e Three measurements of interest at this time are

1. The power spectral density (PSD), also referred to as the
power density spectrum

2. The matched filter output eye plot

3. The decision statistic scatter plot

PSD Estimation

e The PSD as measured at the transmitter output is of particular
interest as it allows us to see frequency occupied by the signal

e The theoretical PSD will be considered in more detail in the
future

e The PSD of a digital communications waveform is most easily
estimated using Welch’s method of averaging modified peri-
odograms’

— Welch’s averaging method (1967) breaks the data record
down into overlapping sub-records and applies a window

w[n] to each sub-record

— An overlap of say 50% will increase the correlation be-
tween sub-records, and hence impact the variance reduc-
tion capability, but it will also allow for longer sub-records,
thus increasing the resolution

— In practice the overlap may go as high as 75%

*Monson H. Hayes, Statistical Digital Signal Processing and Modeling, John Wiley, 1996.
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— The MATLAB function pwelch () forms the estimate

| Ko1)o 2
P.(e/?) = I Z Z wln]x[n + iD]e /"®
i=0 |n=0

where w[k] is a window function, Hanning, etc.

Data Record x[n] of Length N = KD

D 2D
—> A—i— overlap
L |

wln]

- L

DTFT (FFT) K
each sub record ..
and average | 12 X

wln]

Welch’s method of creating sub-records and averaging

e In the example that follows a wrapper function, spec_plot (x,
NFFT,Ns), designed to display the two-sided PSD of both real

and complex signals will be explored

The Eye Plot

e The eye plot operates at the waveform level, typically observ-
ing the output of the matched filter or correlator, by overlaying

integer multiples of the signaling interval
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Baseband waveform following matched filter

SWWANTN

NN NNy A S

As shown here, slice the signal into 3-bit (symbol) long

continguous segments, and overlay them

Eye Plot

optimal
sampling
instant

3T

Detailed
eye plot
definitions

Eye plot as obtained at the output of a matched filter

ECE 5630 Communication Systems I1
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The bottom portion of the figure, taken from Rice, shows the
useful information that can be extracted from a generic eye plot

The Scatter Plot

The scatter plot typically observes the complex baseband sig-
nal at the matched filter output, following the sampler (every T
seconds or N samples if in the discrete-time domain we have
N; samples per bit)

Under ideal conditions, the scatter plot points lie at the nomi-
nal decision statistic location, e.g., =AT in the case of binary
antipodal signaling; assuming also that we sample at the max-
imum eye opening

The ideal sample point locations constitute what is known as
the signal constellation (more in the following chapter)

If say, a phase error is present, the signal point set will be ro-
tated about the origin by angle 6

If AWGN is present there will be a cloud of points centered at
the ideal location

If the channel distorts the signal, then even under noise free
conditions there will be a cloud of points, rather than a single
point

In general we desire the scatter plot to form a tight array of
sample points, with the clusters easily discernible from each
other, so that bit or symbol errors can be kept to a minimum

5-40
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— With increasing AWGN the clusters eventually cross the
decision boundary (the imaginary axis in the case shown
below), resulting in bit/symbol errors

PSK MF filter output SNR = o« PSK MF filter output SNR = 25 dB
1
2 |ldealsample ¢=0°| 2 | Gaussian’ =0
< 05rvalues at +1 < 05} hoise clouds
o (0]
_,g ot - - — oo _,g 0 a L .‘ . ‘.
© ©
S 05 | g -05 |
(¢] o |
-1 | -1 :
-1 0 1 -1 0 1
Inphase Axis Inphase Axis
PSK MF filter output SNR = o PSK MF filter output SNR = 15 dB
2 Constellation ? =20 ¢ 1| Gaussian' = =20
< 057 rotation . \ < o5} Noise clouds *
:g 0 - — _.: ...... _‘g 0 ._.',_“_,:_,[__. ..
9 S 0.5 ‘ .
S -05 | g '+ Constellation
¢] ‘ c - rotation
-1
-1 0 1 -2 -1 0 1 2
Inphase Axis Inphase Axis

Scatter plot at bit rate sampled the matched filter output

Example 5.6: Complex Baseband Modeling of ASK, BPSK,
and FSK in MATLAB

e A companion Jupyter notebook, Data Transmission in
Noise.ipynb, provides similar examples in Python that make
use of scikit-dsp-comm

e Since a phase error was considered for PSK we will incorpo-
rate that into the model as well
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— ASK
$0) =AY arp(t —kT) e/
k

with data bits a; € {0, 1}; Nominally 6(¢) = 0
- PSK

5(1) = A[\/l —m2 > aep(t —kT) + jm} 00
k

where m i1s the modulation index (0 for BPSK), a; €
{_1’ 1}
- FSK

3 A |
5(t) = Aexp |:]2an1 Zk:akp(t —kT)} 0

where A f is the peak-to-peak frequency deviation of the
carrier and a; € {—1, 1}

— For now in all three schemes, p(z) is a REC pulse shape
over [0, T']

e To model the AWGN channel in the bandpass domain requires
the real RP n(¢), while in the complex baseband case we have
a complex noise process

n(t) =ng(t) + jng(t)

e Formally 7(¢) is bandlimited white noise, but for now we as-
sume that the noise bandwidth is much wider than the signal
bandwidth, so we assume a white PSD of height Ny W/Hz

5-42 ECE 5630 Communication Systems 11



5.4. COMPLEX BASEBAND MODELING

e MATLAB Simulation Tools: A function file collection was
written to make the MATLAB experimentation an easy process

e The collection of functions used in this example and beyond is
given below; the Signal Processing Toolbox™ is required

MATLAB complex baseband simulation code base

1 ask.m

"ﬁ ask_sim.m

) bit_errors.m
) cpx_AWGCN.m
&) diff_dec.m

) diff_enc.m

&) discrim.m

) eyeplot.m

') eyeplot_mark.m
&) filterl.m

&) fsk.m

) fsk_sim.m

&) psk.m

) psk_sim.m

) scatter_plot.m
) spec_plot.m

Complex baseband binary ask modulator

Coherent ASK modem end-to-end simulation function

Count bit errors for a 1D binary signal constellation

Complex baseband AWGN: y = cpx_AWGN(x,SNRdB,Ns)
Differential decoding 0/1 logic levels: d = diff_dec(c)
Differential encoding 0/1 logic levels: ¢ = diff_enc(d,IC)
Complex baseband discriminator: y = discrim(x)

Basic eyeplot function: eyeplot(data, W, offset)

Draw a red timing mark at Ns intervals of an eye plot
Custom filter for fsk_sim( ) designed using fdatool

Complex baseband binary FSK modulator

Coherent and NC FSK modem end-to-end simulation function
Complex baseband binary PSK modulator

Coherent Binary FSK modem end-to-end simulation function
Plot the complex baseband data sequence as a constellation
Estimated PSD of real and complex baseband signals

e We will focus on the top level functions ASK_sim, PSK_sim,

and FSK_sim

e ASK_sim: Set a break-point at line 39 so we can observe a
variety of signals

z_det = real(z);

>> [Pe,errors,N_RecBits,z] = ask_sim(100,0%*pi/180,100,16);

K>> plot([0:1length(y)-1]/16,real(y))
K>> subplot(311)
K>> plot([0:1length(y)-1]/16,real(y))
K>> subplot(312)
K>> plot([0:length(y)-1]1/16,real(z))

ECE 5630 Communication Systems I1
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K>> subplot(313)
>> [Pe,errors,N_RecBits,z] = ask_sim(100,0%*pi/180,10000,16);
[1177177777777777777777777777777777777777/7777777777777777
Bit Errors: O
Bits Total: 10000

BEP: 0.00e+00
[11711777777777777777777777777777777777/7777777/77777/77/7/
>> eyeplot_mark(real(z(1:5000)),2*16,46,16,16)

Waveform Plot
: : : : : : Received

L T Rety,
| | ; High SNR,
O— — o oo =1 9=0

0 5 10 15 20 25 30 35 40 45 50

Waveform Plot

1F | T W | Matched

sboo v \/\/ W Filter

o ULJ v L TV UV Refz)
30 35 40 45 5

0

—_

Re{ASK}
o
(6}

MF[Re{ASK}]
o
[6)]

0 5 10 15 20 25
Eye Plot Bit Periods

Eyeplot
of Re{z},
timing = 16

Amplitude

0 5 10 15 20 25 30
Eye Window Relative Samples

ASK received waveform (real part) before and after the matched filter

e From the above we see that a sampling instant of 16 places
samples at the maximum eye opening

e Now we drop the SNR and observe the impact on both the eye
plot and the scatter plot

>> [Pe,errors,N_RecBits,z] = ask_sim(25,0%pi/180,10000,16);
[11777777777777777777777777777777777777777777777777777777
Bit Errors: O
Bits Total: 10000

BEP: 0.00e+00
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[I7777777777777777777777777777777777777777777777777777777

>>
>>
>>
>>
>>

Amplitude

Quadrature Axis

subplot(211)

eyeplot_mark(real(z(1:5000)),2*16,46,16,16)

subplot (212)

plot(cos(t),sin(t),’g--’); hold on; scatter_plot(z,16,16);

axis equal; hold off;

Received
Re{y},

SNR = 25dB,
timing = 16
©=0

Scatter Plot
2D Gaussian ‘ Re{z} at
st ... .., e——_Decision | SNR = 25dB,
S~ - Threshold | g=0
-3 -2 -1 0 1 2 3
Inphase Axis

Eyeplot and scatter plot with SNR lowered to 25 dB; optimum timing

e PSK_sim: Set a break-point at line 43 so we can observe all
signals in the system model

e First consider the PSD of the transmit signal x[n]

e From the random pulse train analysis of notes Chapter 6, we
know that with 4 =1

Sx(f) = Tsinc*(fT)

e We compare measured and theory using the function spec_plot
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>> subplot(211)

>> f = -8:0.01:8;

>> Sxt = sinc(f)."2;

>> plot(f,10%1ogl0(Sxt),’r?)

>> subplot(212)

>> [Pe,errors,N_RecBits,z] = psk_sim(100,0,0%pi/180,50000,16);
K>> spec_plot(x,2710,16);

PSD (theory)

Power Spectrum in dB

-2 -1 0 1 2
Bit Rate Normalized Frequency f/Rb

Theoretical and experimental BPSK PSD at complex baseband

e Set m > 0 to include pure carrier (at complex baseband dc)
and raise noise level

>> [Pe,errors,N_RecBits,z] = psk_sim(10,0.5,0%pi/180,50000,16);
43 z_det = real(z);

K>> subplot(211)

K>> spec_plot(x,2710,16);

K>> subplot(212)

K>> spec_plot(y,2°10,16);
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Power Spectrum in dB

Power Spectrum in dB

-4 -3 -2 -1 0 1 2 3 4
Bit Rate Normalized Frequency f/Rb

Impact of m > 0 and AWGN at 100 and 10 dB

e We now compare the experimental BEP with our theoretical
models

e The function psk_sim estimates the bit error probability via
Monte-Carlo simulation, which is just a fancy name for re-
peated trials

e For an AWGN channel we need to obtain at least 100 error
events to have reasonable confidence in the estimate Pr of Pg

e At higher SNR values this requires longer simulation runs, and
due to RAM limitations means that multiple calls to the func-
tion psk_sim may be required

— Writing a top level function or script that calls psk_sim
1s a good approach, this way you can log the data to disk
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as the simulation runs, and you can queue multiple SNR
data points for running your PC unattended

e Here I simulated BPSK with & = 0 and then with a static phase
error, 6 = 40°

>> [Pe,errors,N_RecBits,z] = ...
psk_sim(5,0,0%pi/180,100000,16); % 5 dB, no phase error
>> [Pe,errors,N_RecBits,z] = ...
psk_sim(5,0,40%pi/180,100000,16); % 5 dB, 40 deg phase error

2F T T T T T =
SNR = 10 dB, 6§ = 40° ! Decision boundary

1.5 I e .". . 7

i ]
2

% 0.5 .
g

2 o - :
S
S

5 -05f T ]

"u.o
1 el I_ .
- Clearly errors
°

-1.5F | are present 1

-2h 1 1 ! 1 1 =

-3 -2 -1 0 1 2 3

Inphase Axis

Scatter plot of z at optimum sampling point

e For theoretical comparison, recall that
Pr(0) = Q(v/2z cos(9))

e The experimental results were obtained in MATLAB and then
compiled in Mathematica for plotting

e The following plot shows that theory and experiment are in
very close agreement!
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Theory, 6 = 40°
0.1 \ . E
<+— Experimental

Theory, 8 =0 \ Points

001 Experimental —»
Points

BPSK BEP: Theory vs Simulation

22 0001 - 4
1074 - \ B
107 5
107 0 5 10 15
E, /Ny (dB)

BPSK BEP theoretical and experimental comparison

e FSK_sim: Set a break-point at line 44 so we can observe all
signals in the system model

e First consider the PSD of the transmit signal x[n]

>> [Pe,errors,N_RecBits,z] = fsk_sim(100,1.0,50000, 16, ’coherent’);
44 d_hat = (sign(z(timing:Ns:end))+1)/2; % 0,1 logic levels
K>> subplot(211)

K>> spec_plot(x,2°10,16);

K>> subplot(212)

>> [Pe,errors,N_RecBits,z] = fsk_sim(100,2.0,50000,16,’coherent’);
44 d_hat = (sign(z(timing:Ns:end))+1)/2; % 0,1 logic levels
K>> spec_plot(x,2710,16);
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m T T T T T T T
© SNR = 100 dB,Af =1.0 | | | |
c o o c -> FSK horns ]
=)
(5
2
» -20 .
D? _40 N /.I'\ 1 1 m
-4 -3 -2 -1 0 1 2 3 4
i ! ! | ! | ! !
= SNR = 100 dB,
£ OFAf =20 : -
> | I
46' | |
8 |
o 20} =
e
S W\
-4 -3 -1 0

Bit Rate Normalized Frequency f/Rb

FSKPSD for Af =1.0and 2.0

e When we select the ’coherent’ receiver option the decision

variable z 1s formed as the difference between two correlator
outputs

case ‘coherent’
% Correlator intgrator via rectangle pulse filter
b_REC = ones(1,Ns)/Ns; % make filter unity gain at dc
% correlation with s1(t)
rl = filter(b_REC,1,y.*x_ref);
% correlation with s2(t)
r2 = filter(b_REC,1,y.*conj(x_ref));
% Form decision statistic
z = real(rl - r2);
% Decision logic
d_hat = (sign(z(timing:Ns:end))+1)/2; % 0,1 logic levels
% Error detect
[Pe,errors,N_RecBits] = bit_errors(data,d_hat);

e The eye plot at two SNR values is obtained as

>> subplot(211)
>> [Pe,errors,N_RecBits,z] = fsk_sim(100,1.0,5000,16, ’coherent’);
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[11777771777777777777777777777777777777777777777777777777
Bit Errors: O
Bits Total: 5000

BEP: 0.00e+00
[11717777777777777777777777777777777777777777777777777777
>> eyeplot_mark(real(z(1:5000)),2x16,46,16,16)
>> subplot(212)
>> [Pe,errors,N_RecBits,z] = fsk_sim(25,1.0,5000, 16, ’coherent’) ;
[11777777777777777777777777777777777777777777777777777777
Bit Errors: O
Bits Total: 5000

BEP: 0.00e+00
[11717777777777777777777777777777777777777777777777777777
>> eyeplot_mark(real(z(1:5000)),2x16,46,16,16)

Amplitude

S
ge] 1 N\ /
2 oL 15SNR =25 dB ¢

g IANf =10 4

< 05F1

0 5 10 15 20 25 30
Eye Window Relative Samples

Eye plot of the coherent receiver decision waveform

e We now compare the experimental BEP with our theoretical
models

e For theoretical comparison, recall that

P = 0(+2)
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e The experimental results were obtained in MATLAB and then
compiled in Mathematica for plotting

e The following plot shows that theory and experiment are in
very close agreement!

Coherent FSK BEP: Theory vs Simulation

0.1

0.01

Experimental —»

< 0001 Points

1074 -

-6 ! | |
10 -5 0 5 10 15

E,/Np (dB)

FSK BEP theoretical and experimental comparison
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5.5 Modulation Schemes Not Requiring
a Coherent Reference

e The need for a receiver-based coherent reference signal is a
drawback to the ASK, PSK, and FSK we have just studied

e [t is possible to design the modulation such that a coherent
reference 1s not needed at the receiver

e Two examples we will consider here are differentially coher-
ence phase-shift keying (DPSK) and noncoherent FSK (NCFSK)

5.5.1 Differential Phase-Shift Keying (DPSK)

e The idea with DPSK is encode the transmit data differentially,
such the carrier phase of the previous bit can be used as a ref-
erence to demodulate the present bit

e The first step is to differentially encode the message sequence
ay using an XOR gate and a one-bit delay

+1
o——— >
XOR ® o Level Shift ——»
Differentially Bits to
Input Data
pBits Encoded BPSK
0,1 _ Data Bits Mod.
’ One Bit {0, 1}

Delay

Differential encoding

e MATLAB functions for performing encoding and decoding are
given below
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function ¢ = diff_enc(d,IC)

% function ¢ = diff_enc(d,IC)

% Inputs are assumed to be 0/1

% IC is the initial condition for the encoder, typically zero.
b

% Mark Wickert, December 2006

c_old = IC;

c = zeros(size(d));

for n=1:length(d)
c(n) = xor(d(n),c_old);
c_old = c(n);

end

function d = diff_dec(c)

% function d = diff_dec(c)

% Inputs are assumed to be 0/1
pA

pA

% Mark Wickert, December 2006

d = xor(c,filter ([0 1],1,c));

The differential decoding operation can be done by XOR’ing
the present bit with the previous bit

>> data = randi(0:1,1,15)

data = O 1 1 1 1 1 0 0 1 0
0 0 0 0 0

>> x = diff_enc(data,0)

X = 0 1 0 1 0 1 1 1 0 0
0 0 0 0 0

>> y = diff_dec(x)

y = 0 1 1 1 1 1 0 0 1 0

0 0 0 0 0

With DSPK the decoding will actually be implemented by the
receiver structure

e A logical choice is some form of delay-and-multiply operation
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e Since the carrier phase will be unknown (e.g. 6), a fully com-
plex delay and multiply is needed (assuming complex base-
band signals are at hand)

e [t turns out that this receiver is still only sub-optimum; the text
solution, but not in complex baseband form

F(t) =
5(1)e’®® +7i(r)

F(t)

Delay
T

()

t=T

/:O-FT( ) dt

R

Decision
Logic

Pt —T)

——»

Decoded

Suboptimum complex baseband DPSK receiver

e The IQ structure of the text is used for analysis

Lowpass part: s7(t) cos(6) +ny(t)

.

Received
signal
plus noise

Re{[5(1)e’?]
et 4 (1)

\

b

Cos Wt

sin @,t

j

Lowpass part: sg(¢)sin(0) + no(t)

to+T

/|

0

()dr

to= (k- 1)T, k integer

to+T

/|

0

()dt

()

t=kT

x(1) x(kT) = x;,
———-0 ; No—

Bits

logic

t=kT

|

Decision

Decision
S

YT) = y;

Optimum IQ DPSK receiver for BEP analysis

e The test statistic in the receiver is the RV

[ = XkXp—1 + Yk Yi—1
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e The sign of / dictates the signal sequence having been sent
(diff. encoded): Two like bits in a row makes / > 0 while two
different bits in a row makes / < 0

e Since it is assumed that 8(¢) >~ 6 = const. we can assume that
6 = 0 in further analysis

e To obtain the BEP for the case of like bits, we must find

P = P|xixk—1 + yeye—1 < O[(+1, +1)sent, 6 = 0]

e We assume that w.7T is an integer multiple of 27, which is
approximated when w.T > 1

e We have four random variables to analyze, xg, x1, yo, V1:

AT
x0=7—|—n1 and yo = nj

where
0

n = /0 n(t)cos(w.t)dt and ny = / n(t)sin(w.t) dt

T -T
e To obtain the BEP for the case of like bits, we must find

P = P|xixk—1 + yeye—1 < O|(+1, +1)sent, 6 = 0]

e Similarly,

AT
x1=7—|—n2 and y; =ny

where

T T
Ny, = / n(t)cos(w.t)dt and ny = / n(t)sin(w.t) dt
0 0

5-56 ECE 5630 Communication Systems 11



5.5. MODULATION SCHEMES NOT REQUIRING A COHERENT REFERENCE

By construction ny, n,,n3, and n4 each zero mean with vari-
ance NyT' /4, mutually uncorrelated, hence independent since
Gaussian

SEP calculation is now of the form

AT AT
PE:P 7—{—]’11 T—FI’IQ —I—n3n4<0

Further manipulation yields

AT ? 2 2 2
PE:P 7+w1 —|—w3<w2+w4

where
ni ny ni n» ns ny ns ny

e R R I T R T Y

The w;’s are Gaussian, mutually uncorrelated with zero mean
and variance NyT'/8

Taking the square root on each side of the inequality yields two
new random variables

AT ’ 2 /.2 2
R, = 7+w1 +w; and Ry = /w; + wj

The R; is Ricean and the RV R, is Rayleigh (notes Chapter 4,
text Chapter 6)

The desired probability is obtain by integrating the joint pdf
leRz(rl, 1"2) such that P[R1 < Rz]
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The region in the R;R,-plane is given below, where we also
make use of the fact that R; and R, are independent

Py = [O ) [ [ " () drz] F () dr

1

The remaining work requires characterizing the Ricean and
Rayleigh pdfs and then working from integral tables; see the
text for details

It can be shown that

b AT\ 1 o
=—exp|—— ) =zexp|—
EZ59P\ TN, ) T 2P\,

where E;, = A?T /2 (£ A bits are on a cos( ) carrier)

The suboptimum detector, using a simple delay-and-multiply,
achieves approximately

when the input bandwidthis B = 2/T and E;/ N, is large

e We now compare BPSK, simple DPSK, and the optimum DPSK

BEP
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0.1 |
Sub optimum
001 L BPSK |
Optimum
;j 0.001 |- DPSK _
1074 - -
1075 - .
10705 0 5 10 15

Ep/Ny dB
DPSK BEP comparisons

ECE 5630 Communication Systems 11 5-59



CHAPTER 5. PRINCIPLES OF DATA TRANSMISSION IN NOISE (TEXT CHAPTER 9)

5.5.2 Noncoherent FSK

signal

Noncoherent FSK refers to the receiver implementation in this
case

The transmitter in no different from the earlier discussion, ex-
cept now we consider the carrier phase to be arbitrary

Using the earlier notation,
s1(t) = Acos(w.t +0), 0<t<T
so(t) = Acos [(a)c + Aw)t + 9)], 0<t<T

We also need to choose Aw large enough so that the spectra of
s1(¢) and s,(¢) do not overlap too much

The noncoherent receiver employs bandpass filters centered at
w. and o, + Aw followed by envelope detectors

Bandpass

filter Envelope

ry(t)
at @, detector (=T

= ( K—’ ..
it~z R Threshold M»

Bandpass
= filter —
at @. +Aw

Envelope ro(t)
detector <

Envelope detection of FSK
The analysis here is not as complex as that of DPSK

Each bandpass filter output is similar to that of ASK, that is a
switched carrier when that data bit has the respective frequency
active (we assume the adjacent FSK frequency has negligible
output on the opposite filter

5-60

ECE 5630 Communication Systems II



5.5. MODULATION SCHEMES NOT REQUIRING A COHERENT REFERENCE

e The statistics of Ry = r(T) and R, = r,(T) are Ricean or
Rayleigh, depending which frequency is active

e Assuming s;(?) is active

futen = et ()

fry(r2) = — _rz/(zN), ry >0

e As in the DPSK case we integrate over the R R,-plane to find

P(E|s1(t)) = P[Ry > Ry]

= /OO SR, (r1) [/Oo SRy (12) di’z] dr
0 r

e The inner Rayleigh integral evaluates to exp(—r?/(2N)) and
s1(t) and s,(¢) are symmetrical, so

A 1
Pr = €_Z/ _Io Aary e—rlz/N dr tages Z exp (_E)
o N N 2 2

e Since for large SNR coherent FSK has

—z/2
PE:eXp( z/ ),Z>>1

N2z

the noncoherent detector using an envelope detector is degraded

only by the factor /2 /(7 z)
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0.1 i
NCFSK
(env. det.)
BPSK
0.01 | i
& 0001 - Coherent 1
FSK
1074 - =
105 - Minimal -
performance
penalty -
-6 | | | |
1075 0 5 10 15
E,/Ny (dB)

NCFSK with envelope detector BEP compare

e The performance of the envelope detector is quite good, how-
ever, the bandwidth occupied by the FSK had to be increased,
i.e., typically A f needs to be ~ 2/T Hz so the null-to-null
bandwidth is now

Bnersk = 7= 4R,
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e Another popular noncoherent receiver is the limiter discrimi-
nator

e From the study of analog frequency modulation (FM) we know
that a discriminator is a device which produces output propor-
tional to the instantaneous frequency deviation of the input

e At complex baseband a discriminator can be implemented us-
ing DSP

function disdata = discrim(x)

% function disdata = discrimf(x)

% x is the received signal in complex baseband form
pA

% Mark Wickert

xI=real(x); % xI is the real part of the received signal
xQ=imag(x); % xQ is the imaginary part of the received signal
N=length(x); % N is the length of xI and xQ

b=[1 -1]; % filter coefficients

a=[1 0]; % for discrete derivative

der_xI=filter(b,a,xI); V% derivative of xI,
der_xQ=filter(b,a,xQ); % derivative of xQ

% normalize by the squared envelope acts as a limiter
disdata=(xI.*der_xQ-xQ.*der_xI)./(xI. 2+xQ."2);

e To understand the operation of discrim() start with a general
angle modulated signal and obtain the complex envelope

xe(t) = Ac cos(wet + ¢ (1))
— RG{AC€j¢(t)€jwct}
= AcRe{[cosqﬁ(t) +J singb(t)]ej“’ct}

e The complex envelope is

Xc(t) = cos (1) + jsing(t) = x;(t) + jxo(?)

where x; and xg are the in-phase and quadrature signals re-
spectively
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A frequency discriminator obtains d¢(t)/dt

In terms of the 7 and Q signals,

P(t) = tan~! (XQ(I))

x(1)

The derivative of ¢ (¢) is

d(t) 1 d (xo(t)
dt 1+ (xp(1)/x;(t))*dt (xz(t))
_x(Dxgp () —xp(D)xo(1)
- x;(t) + x5(1)

In the DSP implementation x;[n] = x;(nT) and xg[n] =
xo(nT), where T is the sample period

The derivatives, x (¢) and xy, (¢) are approximated by the back-
wards difference x;[n] — x;[n — 1] and xg[n] — xg[n — 1] re-
spectively

Assuming an AWGN channel, the signal entering the discrim-
inator needs to be bandpass filtered at the carrier or lowpass
filtered at complex baseband

The Pg analysis of the discriminator can be found in the liter-
ature
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Example 5.7: NCFSK MATLAB Simulation

e In an earlier example the FSK simulation function fsk_sim
was developed

e This function contains three receiver implementations:

1. ‘coherent’
2. ‘bpf_env_det’
3. ‘lim_discrim’

e We now consider the non-optimized performance of the last
two

e Since we have a complex baseband simulation framework for
FSK already available, the bandpass filter envelope detector
scheme is implemented using a lowpass filter with complex
frequency translation

ry [I’l]
High-side filter Env. Det. "N o
rskl e~ /2mn/Ns Sampler
hin]
AWGN FIR LPF A ry[n]

Low-side filter Env. Det.

ej27r-n/NS
Non-coherent FSK receiver using a BPF and envelope detector

e The m-code
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case ’bpf_env_det’
% BPF Envelope detector receiver
% Design the receive filter using fdatool written m-file function
Hdl = filteri;
% Process complex BB signal through filters via complex frequency
% translation to +/-
n = O:length(x)-1;
rl = filter (Hdl.numerator,1,y.*exp(-j*2*pi*n*(Df/2)/Ns));
r2 = filter (Hdl.numerator,1,y.*exp(j*2*pi*n*(Df/2)/Ns));
% Form decision statistic
z = abs(rl)-abs(r2);
% Decision logic
d_hat = (sign(z(timing:Ns:end))+1)/2; % 0,1 logic levels
% Error detect
[Pe,errors,N_RecBits] = bit_errors(data,d_hat);

e We set Af = 1.5 and consider the eye plot at z[n] with and
without noise

>> subplot(211)
>> [Pe,errors,N_RecBits,z] = fsk_sim(100,1.5,5000,16, bpf_env_det’);
[17177777777777777777777777777777777777777777777777777777
Bit Errors: O
Bits Total: 4998
BEP: 0.00e+00
[17717777777777777777777777777777777/777777777777/77/77777
>> eyeplot_mark(real(z(1:5000)),2x16,46,16,16)
>> subplot(212)
>> [Pe,errors,N_RecBits,z] = fsk_sim(25,1.5,5000,16, bpf_env_det’);
[177777777777777777777777777777777777777777777/7777/77777
Bit Errors: O
Bits Total: 4998
BEP: 0.00e+00
/111777717 777777777777777/777777777777777777777/7777/7777/
>> eyeplot_mark(real(z(1:5000)),2*16,46,16,16)
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Amplitude

Amplitude

0 5 10 15 20 25 30
Eye Window Relative Samples

Non-coherent FSK receiver eye plots

e A similar eye plot is obtained for the discriminator receiver,
except here the discriminator directly processes the complex
baseband signal to a real signal

e A lowpass prefilter is required to reduce the impact of noise on
the nonlinear discriminator processing, e.g.,

case ’lim_discrim’
% Limiter discriminator receiver
W17 777777771777777777777
% Design the receive filter using fdatool written m-file function
Hd2 = filter2;
b2 = fir1(32,2*1.5/Ns);
% Process complex BB signal through receive filter
%rl = filter(Hd2.numerator,1,y);
rl = filter(b2,1,y);
% Form decision statistic via limiter discriminator
z = discrim(rl);
% Decision logic
d_hat = (sign(z(timing:Ns:end))+1)/2; % 0,1 logic levels
% Error detect
[Pe,errors,N_RecBits] = bit_errors(data,d_hat);
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e BEP simulation results are obtained for both non-coherent re-
ceivers and compared with the theoretical model presented ear-
lier

e The system is not optimized

e The simulation points lie about 2 dB away from theory

1 I I I I

NCFSK

(env. det.)
0.1

0.01

Coherent
001 |- FSK

Pg
=)

Discriminator
1074 Simulation
(green squares)

Env. Det. 2dB:
1075 - Simulation .
(red circles)

-6 L. \ \
10 =5 0 5 10 15

E,/Ny (dB)

Non-coherent FSK BEP simulation and theory comparison
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5.6 M-ary PAM

e M -ary modulation is taken up more fully in the next chapter,
but extending ASK is a simple task that is considered here

e We extend the signal set from simple on-off keying to M pos-
sible amplitude levels, typically M is a power of two

s()) = Y axp(t —KT),
k

where now ay, can take on one of M different amplitude values,
A1, Ay, ..., Ay, and p(¢) is a unit energy pulse shape, i.e.,

T
E, :/ pit)dt =1
0

Arbitrary

Unipolar

Antipodal

M -ary ASK amplitude considerations

e The received signal in AWGN is

y(@) =s() +n@) =) axpt —kT) +n(1)
k
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e A correlator receiver using pulse shape p(¢) has output follow-
ing the sampler of the form

T
Y =/ [s(t) +n(t)]p(t)dt =A,+N,i=12,....M
0
on the interval [#y, to + T'], and

T
N :/0 n(t)p(t)dt

which is a Gaussian RV having zero mean and variance 03, =

No/2

e The decision statistic is a conditional RV taking one of M pdf’s

fria, Y|4, i=12,....M

1 1
Decide A1 4, Decide A; Ay Decide Ay

Decision statistic conditional pdf’s

e To calculate the error probability we need to make a specific
assumption about the A; values and then determine the opti-
mum threshold values

e We assume the A;’s are equally spaced case and occur with
equally probability, thus the thresholds for the inner values lie
halfway between A, and A,, etc.
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e Let A = A; — A;_1 as shown in an earlier figure

e Under these assumptions, the probability of error for the end
symbols (1 & M) can be written as

P(E|A; sent) = P(E|A) sent)
A2 exp(=n*/ No) dn
—00 A/ JTN()

=2 (aw)

e For the interior symbols we have

AJ2 2 N
P(E|A; sent) = 1 —/ exp(=1"/No) dn
~A/2 7t No

),j=2,...,M—1

—1—

A
=20 (VZNO

e The probability of a symbol error is thus

M
1
Pr = ﬁ;P(EMj sent)

_2(M -1 A
=~ ¢ («/2N0)

e The remaining manipulation of Pg formulas involves working
with the average signal energy

1 1

ECE 5630 Communication Systems 11 5-71




CHAPTER 5. PRINCIPLES OF DATA TRANSMISSION IN NOISE (TEXT CHAPTER 9)

e We consider two cases: (1) unipolar or just PAM and (2) bipo-
lar or antipodal PAM

e For unipolar PAM the amplitude values are 4; = (j — 1)A
and for antipodal PAM the amplitude values are A; = (j —
DA—(M —-1)/2-A

e [t can be shown that

(M — 1)2M —1)A?

6
(M — 1)A2

12

Eoveram =

E ave,Anti. PAM —

e The corresponding error probability expressions reduce to

M —1) 3E,..
Peeam = ——p—¢ (\/(M “HeM — 1)N0)

2(M —1 6Eave
PE,Anti.PAM:%Q(\/(Mz I)N)
= 0

— Note that when M = 2 in the antipodal case, the Pg
expression reduces to binary antipodal, as expected

e We would like to relate the symbol error probability (SEP) to
the bit error probability

e We assume that M is a power of two, so M = 2" for some
integer m and m = log, M The energy per bit is thus

E ave E ave

Eb = =
M log, M

or FEue = Eplog, M
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e Gray Coding: To minimize the number of bits that error when
a symbol errors, we chose the log, M bits representing each
A; such that adjacent values differ by only one bit, e.g., 000,
001, ...,110, 111, etc.

e When a symbol error occurs at moderate SNR values it is more
likely that an adjacent symbol is decoded, so only one bit error
occurs

e Under the Gray coding assumption

Psymbol . Ps
log, M log, M

sz

e Finally then we can approximate the BEP for PAM as

p _2(M 1) 0 31log,(M)E,
MM Mg, M\ \ (M = 1)2M — )N,

2(M —1) 6log,(M)E)
Pp Ani.pam = ——— 0
M log, M (M?—1)N,

e The bandwidth occupied by PAM is identical to BPSK, that is,
with regard to the RF spectrum the null-to-null spacing will be
2R, where R; is the symbol rate, thus by way of comparison

BRrr BPsk = = 2Ry

b
2> 2 2R,
T, Tylog, M log, M’

BRE pAM =

which is a bandwidth efficiency of 0.5 log, M bps/Hz
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5.7 Comparison of Modulation Schemes
Thus Far

e Plot P, versus E,/ N, for all schemes discussed thus far

0.1+ |
NCFSK
0otr PAMM=8
PAM M =4

80001 - -
1074 - B

107 - -
10—60 | | | | 5\ | | | | 1\0 | | | | 1\5 | | | | 0

E,/Ny (dB)

BEP comparison over all schemes thus far

e We see that the BEP of PAM degrades rapidly as M increases,
but in return we get an increasing bandwidth efficiency
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e The non-coherent schemes may not in general perform as well
as coherent schemes, but the implementation is easier, and of-
ten is the only option if the carrier phase cannot be reliably
tracked.

5.8 Performance of Zero-ISI Digital Data
Systems

This section of Z&T picks up from Section 5.3 and 5.4 of Chapter
5. Here the term intersymbol interference (ISI) is defined as the sig-
nal distortion that results when a digital modulation signal is passed
through a channel with limited bandwidth, relative to that needed to
support the pulse shape being used. This material is not covered in
Chapter 9 so we jump back to Chapter 5 to pick it up.

5.8.1 Effects of Filtering of Digital Data Wave-
forms

e Thus far we have made heavy use of the REC pulse shape

e From the study of the random binary pulse train in notes Chap-

ter 4, we know that smoother pulse shapes offer a more com-
pact PSD than the REC pulse (i.e., T'sinc*( f T))

e There is a class of pulse shapes which offer a very compact
spectra, and hence are less sensitive to ISI resulting from a
bandwidth limiting channel

e At baseband if a waveform employing REC pulses encounters
say an RC lowpass filter, ISI results

ECE 5630 Communication Systems 11 5-75



CHAPTER 5. PRINCIPLES OF DATA TRANSMISSION IN NOISE (TEXT CHAPTER 9)

e Consider the following:

ISI resulting when RC lowpass filtering REC pulses

e Equalization: At the receiver we attempt to undo the ISI caused
by the channel, is one corrective measure to consider

5-76 ECE 5630 Communication Systems 11



5.8. PERFORMANCE OF ZERO-ISI DIGITAL DATA SYSTEMS

5.8.2 Nyquist Pulse Shaping for Zero ISl

We desire a pulse shape that has a zero ISI property and has a
compact spectra

Suppose we were sending impulses, a,6(t — nT'), once per bit
time 7 = 1/Ry, through a channel having an ideal lowpass
response of bandwidth W = R;/2, where a, is the nth data
bit being sent

The sampling theorem says that the channel output can be per-
fectly reconstructed from samples taken atrate R, = 1/T

Recall that the impulse response of this channel is

h(t) = sinc(QWt)

The information bearing signal arriving at the receiver, less

y(t) = Zansinc [ZW (t — %)]

Observe that the channel output when sampled at ¢, = m/(2W)
has value a,,, because

noise, 1S

I, m=n

sinc(m —n) = {0 2
, m#n

Since the sinc( ) function has infinite extent it is not very prac-
tical, but the family of pulses having a raised cosine spectra
also has zeros spaced every T's

cos(wpt/T) . (I)

pre(t) = sinc T

1 — 2Bt/ T)?
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e The corresponding spectra is

T, |/ Iﬂf L
1—
1-8 7 <|f]
T nT
Pre(f) = <?{1+COS[7(|J{|—7):|}’ 22%
148
0, | 1> 5+
where B (frequently «) is known as the roll-off factor or excess
bandwidth factor

RC spectra pulse and spectra

5.8.3 Nyquist’s Pulse Shaping Criterion

e Formally, Nyquist’s pulse shaping criterion states that

o0

k 1
> (s ) =rin= 5

k=—00
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gives rise to a pulse shape p(¢) such that

I, n=0

p(nT) = 0. n0

e The zero ISI condition thus results in the signal

()= Y anplt —nT)

n=-—o0oo

e For proof see Z&T page 225

Example 5.8: RC Spectra Pulses in MATLAB

e A truncated version of the raised-cosine spectra filter can be
utilized to create a realizable digital filter, along with impulse
train modulation discussed earlier

e The MATLAB signal processing toolbox has both FIR and IIR
filter types predefined, but a custom function is available for
both MATLAB and Python

e A custom function for doing this is listed below:

WILTITIIT17777777777777777777777777777777777777777777777777777777777777
function [x,data,b] shaped_psk(Nbit, Ns, beta, shape)

% [x,data,b] shaped_psk(Nbit, Ns, beta, shape)

h

% Complex baseband binary PSK modulator
WILIITTTII7777777777777777777777777777777777777777777777777777777777777
% Nbit = number of symbols processed

% Ns = the number of samples per bit

% beta = RC shape parameter; O --> sinc pulses

% shape ’REC’, °RC’, SRC’
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T

yA x = Complex baseband transmit signal vector
% data = Binary 0,1 data being sent; used for error detecting
% x_ref = Complex baseband reference signal used for coherent

% demodulation of FSK (does not contain data)

WL 77777777777777777777777777777777/7777777777/777/7777777777/777777
% Mark Wickert October 2010

A=1;
data = randi(0:1,1,Nbit); % 0,1 random integers

= [2xdata-1; zeros(Ns-1,Nbit)]; %impulse train modulate +/-1
y = reshape(y,1,Nbit*Ns);

<

switch lower (shape)

case ’rec’
b = ones(1,Ns);
case ’rc’
b = rc_imp(Ns,beta,1,1,6);
case ’src’
b = sqrt_rc_imp(Ns,beta,6);
otherwise
error (’Unknown shape type’)
end
y = filter(b,1,y); % filter impulse train data with selected pulse shape
x = Axy;

WL 77777777777777777777777777777777777777777777777777777/777
function b = rc_imp(Ns,alpha,T,Tm,M)

% b = rc_imp(Ns,alpha,T,Tm,M)

pA

%#Raised-Cosine Impulse Response Filter

W11 7777777777777777777777777777777777777777777777777777777/777/777

% Ns = number of samples per symbol

halpha = excess bandwidth factor = 0.25 in EDGE recvr meas. filter
yA T = symbol period

% Tm = measurement equivalent symbol period, note Ns <-> T

pA M = equals RC one-sided symbol truncation factor

h

% Tm = 1/180 kHz in EDGE receiver measuring filter

% T = 1/270.83333 kHz in GSM and EDGE 8-psk

W77 77777777777777777777777777777777777777777777777777777777777
% Mark Wickert

% Design the filter
n = -M*Ns:MxNs;
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b = zeros(size(n));
a = alpha;
Ns = Ns*Tm/T; % rescale Ns to reflect Tm possibly different from T
for i=1:length(n),
if (1 - 4x(a*n(i)/Ns)~2) ==
b(i) = pi/4*sinc(1/(2%a));
else
b(i) = sinc(n(i)/Ns)*cos(pi*a*n(i)/Ns)/(1 - 4*(axn(i)/Ns)~2);
end
end

e First consider the PSD in dB for 8 = 0.75, 0.5, and 0.25

>> [x,data,b] = shaped_psk(100000, 16, 0.5, ’RC’);
>> spec_plot(x,2°10,16);

>> [x,data,b] = shaped_psk(100000, 16, 0.25, ’RC’);
>> spec_plot(x,2°10,16,°r’);

>> [x,data,b] = shaped_psk(100000, 16, 0.75, ’RC’);
>> gpec_plot(x,2°10,16,°g’);

>> grid

>> axis([-1.5 1.5 -50 2])

Power Spectrum in dB
1 I ] I I | |
B W W N )] — -
o ($)] o (6} o [6)] o
T T T T T T T

|
N
[6)]
T

-15 -1 -0.5 0 0.5 1 1.5
Bit Rate Normalized Frequency f/Rb

Raised cosine spectra shaped baseband binary modulation PSD
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e Next we consider the eye plots corresponding binary baseband
modulation (this could be BPSK)

>> [x,data,b] = shaped_psk(10000, 16, 0.75, ’RC’);

>> subplot(311); eyeplot_mark(x(1:5000),2%16,96,16,1)
>> [x,data,b] = shaped_psk(10000, 16, 0.5, ’RC’);

>> subplot(312); eyeplot_mark(x(1:5000),2%16,96,16,1)
>> [x,data,b] = shaped_psk(10000, 16, 0.25, ’RC’);

>> subplot(313); eyeplot_mark(x(1:5000),2%16,96,16,1)

Amplitude

Amplitude

Amplitude

0 5 10 15 20 25 30
Eye Window Relative Samples

Raised cosine spectra shaped baseband binary modulation eye plots

e From the PSD smaller 8 produces a decreased signal band-
width

e Notice also that as 8 gets smaller the eye width is reduced, thus
increasing the timing sensitivity
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5.8.4 Zero-ISI System Modeling with Noise

e We now consider the following system model:

Signal with additive colored noise through a bandlimited channel

e The transmitted signal is of the form
0 o0
x(t)= Y ad(t —kT)xhy(t) = Y aghr(t —kT)
k=—00 k=—00

e The received signal, prior to the detection filter s g(¢) (like a
matched filter), 1s

y(t) = x(t) * he(t) + n(7)

e We require that the sample of v(z) taken at time ¢ = ¢, (¢; due
to delays imparted by the filters) be of the form

V = Aagp(0) + N = Aap+ N

where

Ap(t —tg) = hr(t) *x he (1) * hg(1)
o In the frequency domain this is equivalent to
AP(f)e /™" = Hp(f)Hc (f)Hr(f)
where P(f) = F{p(1)}
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e The RV N is Gaussian and is the result of filtering n(¢) with

Hg(f)
N =n(t) * hp(t)|i=,

e For now we assume that the a,, are binary £1 data bits equally

likely

This results in Pg reducing to

PEZP[NZA]ZLOOGXP(_MZ/(ZGNZ)du: Q(i)

2 ON
‘/2710N

0% = [ Go( ) H(P)P df

where

The end game here is to minimize Pg by choosing H7( f) and
Hg(f) such that A/oy is maximized and the zero ISI con-
straint is maintained through the channel

As in the matched filter receiver analysis, we again make use
of the Schwarz inequality to obtain

KP'>(f)
H opt —
|Hr(f)] P G;/4(f)|HC1(/4f)|1/2
AP'2(f)G," " (f)
|HT(f)|opt: K|Hc(f)|1/2 )

where K is an arbitrary constant and by construction, P( f)
(the cascade of all three filters) has the zero ISI property
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e The minimum value for Pr becomes

co ~1/2 —1
Pb,mm=Q[\/E7(/ G (f)P(f)df) }

00 |HC(f)|

where

Br = Bl [ TP di = / T \H () df

since E{a2} =1

e proof: See Z&T p. 440

Special Case

e An important special case occurs when the noise is white, 1.e.,

Gu(f) = 3LV f

and the channel is flat or ideal over the signal spectrum, that is

He(f) =1 1f1 <=

Flat AWGN Channel

' ! tm =mT +tg

Impulse ! E
Train Hsre(f) ) L i Hsre(f) v(%fs Yy
Source

- — hol

N— —
—_—

—

Transmitter Receiver

-

Baseband SRC transceiver
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e We now plug into the |Hg(f)|opt and |H7(f')|op: formulas to
obtain

|HR(f)|0pt — |HT(f)|0pt — K/PI/Z(f)’

where K’ is an arbitrary constant

e Under these conditions, and with P( f) a raised cosine spec-
trum, the transmit and receive filters become what is known as
square-root raised-cosine filters (SRC) or (RRC)*

Psre(t) =
1B +4L, t=0

20+ 2)m(5) Lt
2] |

{sin [n%(l — ,3)] + 4B+ cos [n%(l + ,3)]}

t £\27) 7! otherwise
\

e MATLAB has filter design functions to support this filter type
in the discrete-time domain

N\

e The Pg expression now reduces to

1/T -1
Pr =0 ﬁ[@f P(f)df} =Q< &)

2 Joyr Ny

“http://en.wikipedia.org/wiki/Root-raised-cosine_filter
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where

T
p@=[ P(f)df =1

1T

e This is the familiar binary antipodal result assuming an infinite
bandwidth baseband channel

Example 5.9: Baseband Binary Tx/Rx with SRC in MATLAB

e Using the result just developed, we consider the simulation of
a SRC pulse-shaped antipodal baseband transceiver

— Note: This could just as well be a complex baseband sim-
ulation of SRC shaped BPSK

e With the function shaped_psk(), shape may take the value
‘src’

e The function returns the transmit pulse shape filter in the vector
b

An SRC pulse shape can be obtained using the custom function
sqrt_rc_imp() (also available in Python digitalcom. py)

function b
T b
b

%  Sqrt-Raised-Cosine Impulse Response Filter

W77 77777777777777777777777777777777777777777777777777777777777
% Ns = number of samples per symbol

% beta = excess bandwidth factor ( = 0.35 for IS 136)

pA M = equals sqrt(RC) one-sided symbol truncation factor
WIILIIII7177777777777777777777777777777777777777777777777777777777777
% Mark Wickert

sqrt_rc_imp(Ns,beta,M)
sqrt_rc_imp(Ns,beta,M)
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% Design the filter
n = -Mx*Ns:MxNs;
b = zeros(size(n));

a = beta;

for i=1:length(n),
if (1 - 16*%a~2x(n(i)/Ns)~2) == 0

b(i)

else
b(i)
b(i)

end
end

1/2x((1+a)*sin((1+a)*pi/ (4*a))-(1-a)*. ..
cos((1-a)xpi/(4*a))+ (4x*a)/pixsin((1l-a)*pi/(4*a)));

4xa./(pix(1 - 16*a~2x(n(i)/Ns)."2));
b(i).*(cos((1+a)*pi*n(i)/Ns) + ...
sinc((1-a)*n(i)/Ns)*(1-a)*pi/(4*a));

e To generate shaped psk consider shaped_psk_sim()

function [Pe,errors,N_RecBits,z] = shaped_psk_sim(SNR,Nbits,timing,beta,shape)
% [Pe,errors,N_RecBits,z] = shaped_psk_sim(SNR,m,theta,Nbits,timing)

b

% Coherent Binary BPSK modem end-to-end simulation function

WIIIITT17T7777777777777777777777777777777777777777777777777777777777777

/A SNR =
yA

yA

b Nbits

%  timing =
yA

% rec_type

yA

% Pe

%  errors

yA

% RecBits

yA

yA

% z

yA

Set the received signal SNR in dB; for on-off keying the SNR
is defined interms of the average signal power, e.g., 1/2 the
peak symbol energy

= The number of bits simulated

Sets the sampler timing to give the minimum BEP; find value
using eyeplot_mark function

Receiver type: ’coherent’, bpf_env_det’, or ’lim_discrim’

= Estimated bit error probability (BEP)
= Number of bit errors found (good to obtain at least 100

errors over an AWGN channel

The number of bits processed y bit_errors function; If you
create a ’top-level’ function ’errors’ and ’RecBits’ can be
used to combine results from multiple runs

Receiver decision statistic; use as input to eyeplot_mark for
further analysis, e.g., find a good value for ’timing’

WIIIITI1T7777777777777777777777777777777777777777777777777777777777777

% Mark Wickert October 2010

Ns = 16; % Fix the number of samples per bit to 16
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% Generate Shaped PSK tx signal
[x,data,b] = shaped_psk(Nbits, 16, beta, shape);
y = cpx_AWGN(x,SNR,16) ;% AWGN channel

% Enter receiver

% Coherent receiver (at complex baseband)
WIIIIIII177777777777777777777777

% Matched filter is designed by the Tx function as vector b

% Process complex BB signal through filter to form decision statistic
z = filter(b,1,y)/Ns;

z_det = real(z);

% Decision logic

d_hat = (sign(z_det(timing:16:end))+1)/2; % 0,1 logic levels

% Error detect

[Pe,errors,N_RecBits] = bit_errors(data,d_hat);

e We now set a breakpoint inside the function so we can observe
the transmit SRC PSD

>> [Pe,errors,N_RecBits,z] = shaped_psk_sim(100,100000,1,0.5, ’src’);
39 z_det = real(z);
K>> spec_plot(x,2710,16);

Transmitted SRC Pulse PSD

L oL
o a
T T

Power Spectrum in dB
o
(&)

I I

A

S O
T T

|
N
(&)}
T

_50 |l a [\ Il Il Il /\ al
-1.5 -1 -0.5 0 0.5 1 1.5
Bit Rate Normalized Frequency f/F{b

SRC shaped baseband binary modulation PSD
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e Next we observe the eye plot at high (100 dB) SNR and at 25
dB

>> [Pe,errors,N_RecBits,z] = shaped_psk_sim(100,10000,1,0.5,’src’);
[171777777777777777777777777777777777777777777/7777/77777
Bit Errors: O
Bits Total: 9988
BEP: 0.00e+00
1177177777777 77777777777777777777777777777777777/77/7/7/77
>> subplot(211)
>> eyeplot_mark(real(z(1:5000)),2%16,192,16,1);
>> [Pe,errors,N_RecBits,z] = shaped_psk_sim(25,10000,1,0.5,’src’);
[177777777777777777777777777777777777777777777/7777/77777
Bit Errors: O
Bits Total: 9988
BEP: 0.00e+00
/171777717 77777777777777777777777777777777777777777/7777/
>> subplot(212)
>> eyeplot_mark(real(z(1:5000)),2%16,192,16,1);

Amplitude

Amplitude

Eye Window Relative Samples

Receiver eye plots at SNR = 100 dB and 25 dB
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e Finally, we check a BEP points and see if they agree with the
antipodal theory

>> [Pe,errors,N_RecBits,z] = shaped_psk_sim(8,1000000,1,0.5,’src’);
[1717777177777777777777777777777777777777/7777/7777/77777
Bit Errors: 182
Bits Total: 999988
BEP: 1.82e-04
1171777777777 77777777777777777777777/777777777/77/77777/77
>> [Pe,errors,N_RecBits,z] = shaped_psk_sim(4,100000,1,0.5,’src’);

0.1 E
0.01 -- Simulation Points
(green circles)
&2 0.001 |- E
1074 - E
1075 - , E
Antipodal Theory
Pg = Q(v2z2)
—6 | ‘ ‘
107 3 0 5 10 15
E,/N, (dB)

Measured and theoretical BEP
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Example 5.10: Degradation Due to Channel Bandlimiting

e Suppose that we have AWGN, but the channel has an unspeci-
fied frequency response

— This could be due to mild bandlimiting due to a first-order
lowpass or similar

—————————————————

Impulse
Train
Source

Butterworth
OrderN ' _______________1

System block diagram
e We are interested in the resulting degradation factor in E7 /N

relative to the infinite-bandwidth AWGN channel, with the pulse
shaping unchanged
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e We have for Pg

1/2
()P ) )
E
Q<ﬁ(/_oo A

o(vr( [~ e ,y) )

2Er ([* P(f) )1)
— d
Q(v ([ e
= P(f) ~ |Er
Q<2(foo|Hc(f)|df) \/;0)
v_ Vo
where F is the integral
= P(f) )2 ( = PO )2
Lomem®) = Cf e
e The degradation in dB is

© P
Fa = 20log1g (2/0 IHc((ff))I 4 )

e As a case in point consider N th-order Butterworth lowpass
having magnitude response

1
et = \/ ENTIIARY
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e The integration is performed in Mathematica

P[f_, B_] := Piecewise[
{{1, Abs[£f] < 1;3}, {% (1+Cos[% [AbS[f] - lzil]]' Abs[f] > 1F && Abs[f] < I;B}}];
Hre[f_, £3_, N_] == ; ;
\j 1+ (£/£3)2Y
P[f, B]

FAB[£3_, B_, N_] := 20 Log[lo, 2NIntegrate[ , (£, 0, Infinity}”;

HRC[fI f3l N]

Calculation set-up in Mathematica

e First we consider degradation with N = 1 (RC lowpass) and
B = 0.75, 0.5, 0.25, versus f3/ R,

e Scecing that the sensitivity to  is rather small, we next consider
filter orders N = 1,2, and 4 and B = 0.5, versus f3/ R,

Degradation (dB)
30 - Note: Very little change as pulse
5 s [ shape parameter 3 changes
20
5\ B=0T5

B=0.5

10}

05

7\\\\\\\\\\\\\\\\\\\\\\\\\\\\ﬁf3/Rb
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Degradation in dB with fixed pulse shaping and changing Hc (f)
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Degradation (dB)
30

25 7 B fixed at 0.5 for all curves

20F

150
10F

05"

i 1 1 L L 1 L | D i ‘ ‘ — f3/Rb
0.0 0.5 1.0 1.5 20 25 30

Degradation in dB with fixed pulse shaping and changing Hc(f)

e As interesting exercise would be to verify the above results via
Monte-Carlo simulation

5.9 Multipath Interference

e The AWGN channel is convenient and simple, but it does not
always fit the real-world situation

e A simple rtwo-ray multipath model is the following

Two-ray multipath model
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e If we assume that the received signal is perturbed by AWGN

of PSD N,/2 we have a received signal of the form
y(t) = sa(t) + psa(t — tm) + n()
Consider the impact on BPSK which has
sq(t) = Ad(t) cos(w.t),

where d(t) is the data stream, say +1 rectangular pulses of
duration 7’

A coherent receiver will first multiply the received signal by
cos(w.t), lowpass filter to remove the double frequency terms,
and then matched filter:

Hybrid bandpass/baseband receiver model

In terms of complex baseband modeling, the received signal is
of the form

xX(t) =54(t) + 54t — 1) + 1(2)
= Ad(t) + BAd(t — t,,)e /%™ + [n,(t) -+ an(t)]

In the coherent receiver the matched filter only operates on the
in-phase component

x;(0) Z Ad(1) + BAA(t — 1) cos(weT) + n;(F)
Iy
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e Analysis of the most general case is difficult, but there are two
special cases worth considering

1. Slow & fast fading small delay: Assume 7,,/T >~ 0
and hence that d(t — 7,,) >~ d(t); We also assume that
the product w,t,, is treated as an RV uniform on [—, 77);
Furthermore we assume that there are actually many mul-
tipath components of random amplitudes and phases such
that the / and Q components are Gaussian, the envelope
1s Ricean or Rayleigh and the phase is uniform

2. Static fading: Assume that 0 < 7,/ T < 1 which results
in successive bits of d(¢) and d (¢ — t,,) overlapping, that
is there is ISI present; We assume that § = B cos(w,T,,)
is a constant parameter

e Case 2 Analysis: The analysis here reduces down to consider-
ing four two-bit ISI patterns

x7(t) =x(t) = Ad(t) + Add(t — ) +ny(2)

Two-bit ISI patterns in BPSK static fading analysis
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e The average BEP is

Pe = J[P(EI++)+ P(E|=+)+ P(E|+-) + P(E| )]

e Noise component at the integrator (correlator matched filter)
output is just

T
N =/(; 2n(t) cos(w.t) dt

Note: The 2 has been added in the block diagram for conve-
nience

e The noise is Gaussian with variance

0 = |: / / n(t)n(A) cos(w.t) cos(w.A) dtd)k}
T NO
= 4/ / —5(t — A) cos(w.t) cos(w:A) dtd A

= NO/ [ + COS(ZG)CZ)] dt
0

= NoT, assuming w7 is a multiple of 27

e The two-bit patterns are symmetrical so we only need to con-
sider two conditional error probabilities

e Under a (1, 1) transmission the integrator output signal com-
ponent is

Ve, = AT(1 +8)
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and the conditional error probability is

P(E|++) = P[AT(1 +8) + N < 0]

B 2E
=0 <\/;0(1 + 5))

e Under a (—1, 1) transmission the integrator output signal com-
ponent is

Vo= A(T — 7)1 + 0) + A(z) (1 — 0)

2071,
= AT | (1 + ) —
CEDEE=
and the conditional error probability is
2071,
P(E|—+4+)=P|AT {(1 +9) — T + N <0

_ 2F 20T,
—Q( VO[(1+8)_ - D

e Finally, the average BEP is

P = 30271+ 9)
+%Q(\/270[(1 +8) - 2&’"])

T

where z 2 E, /Ny = A2T/(2Ny) as in the past

e An issue to consider is that the total effective received energy
is actually
ZIm = ZO(1 + 8)2
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meaning that with multipath it is possible under some circum-
stances to have slightly improved performance

— Consult Z&T pages 435-436 for more dicussion

e In the plots below we use z( as the reference

107!

Pk

10-3

1074

10°3

BPSK No Fade
Reference Curve

Performance
gain cases

7o (dB) —

Static fading BEP curves

e The use of equalization can be used to counter a static multi-
path channel
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5.10 Flat Fading Channels

e The fast & slow fading scenario of the previous section was
explained under limiting conditions as consisting of many de-
layed multipath components with random amplitude and phases

e Two types of components exist in this situation

1. A direct line-of-sight (LOS) component from the trans-
mitter to the receiver, known as the specular component
(not always present)

2. A collection of non-LOS components, such that by appli-
cation of the central limit theorem, makes their sum have
Gaussian in-phase and quadrature components; this is the
diffuse component

e The envelope of the composite specular plus diffuse compo-
nents, signal thus has a Ricean pdf

fr(r) = %exp (_M)IO(%), r>0

202 ol

e Now we need to consider the rate at which the fade parameters
vary

1. If the envelope varies slowly relative to the bit duration,
we have slow fading

2. If the envelope and/or phase varies significantly over the
bit duration, we have fast fading

e Fast fading is more difficult to analyze and will not be consid-
ered at present
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e Under slow fading we would like to consider both a Ricean and

Rayleigh envelope, but for now will just consider the Rayleigh,
which means non-LOS communications

Considering again the case of BPSK, we can write the received
signal as

x(t) = Rd(t) + n.(t)
where R is a Rayleigh RV (Ricean with A = 0)

The conditional Pg is
Pr(R) = Q(v2Z)
where now Z is an RV by virtue of the Rayleigh fading, that is

_RT

A
2N,

The average Pr can be obtained by weighting the conditional
Pr with the Rayleigh pdf and integrating

0
— 1 _
Prp= / Q(\/ZZ) —e /2 dz
0 YA
where Z is the average SNR

Integration by parts, [(u dv = uv— [ vdu, (see Z& T p. 451)
yields

— _l_# > exp[—z(1 +1/2Z)]
Fe=3 2ﬁ/o Jz 4
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e The integral above can be reduced via a very convenient sub-
stitution, namely w = /z

Po=L_ L [7 [ 2(1+1)}d
=—-—— exp | —w — z
E=y sz, °F 7

e Since Z is just a constant and the area of a zero mean Gaussian
pdf on [0, oo] is 1/2, it follows with a variable substitution that

_ 1 7
Pr==1_-./—%2 ). BPSK
1+Z

e Additional analysis can be performed for coherent FSK, DPSK,
and noncoherent FSK, yielding

_ 1 7

Pr=—-11- __ |, coherent FSK
2 2+7Z

Pr=——, DPSK
2(14+ Z)

— 1

Pr=——, noncoherent FSK
24+ 7

e What is Z again?

— It is the average value of Ej;/N,, sometimes written as
Ep/No
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. NFSK, fading

e
-
.~~~
-
~
-~

CFSK, fading

Probability of error

~~~~~...~ DPSK, fadlng

§ ....~~.~
OS ..~~
° :
o BPSK, fading
:-'_5'
< .
Na)
E \‘DPSK, nonfading
\\
107 é\//\?
\
10-6 1 N | |
0 5 10 15 20

Ep/Ng or Ep/No (dB)

BEP for BPSK, FSK, DPSK, and NCFSK with slow fading
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5.11 Equalization

e An equalizer can be used to correct for distortions caused by
multipath fading and/or bandlimiting due to filters, e.g., Hc (f)

e The idea 1s we wish to form an inverse filter to undo channel
induced distortions

_ z(1) =
o PO +1'(1)
pgl Channel | p.(?) +n(t) | Equalizer
From Hc(f) Heq(f) emo
TX
n(t)

The equalizer concept

e To remove the ISI introduced by the channel we let
Heo(f) = 1/Hc(f)

e The noise in y(¢) is now colored, and in particular if H.(f)
contains a spectral null S,/(f) will be infinite at some fre-
quency

e Even without spectral nulls the channel may greatly attenuate
the signal over some frequency bands, in which case the noise
will be greatly enhanced as the equalizer tries to bring the sig-
nal back

e In spite of reducing the ISI to at or near zero, the performance
will still be poor because of SNR at the post equalization point

e Thus, equalization must balance ISI mitigation along with max-
imization the post-detection SNR
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5.11.1 Equalizer Types

e Linear and nonlinear equalizers exist that can balance mini-
mizing ISI while also keeping the SNR high

e The linear techniques are easiest to implement and understand,
but often suffer from noise enhancement

e Nonlinear equalizers, such as decision feedback equalization
(DFE) are often preferred, but readily implemented

e A summary of equalizer types is given below’

Equalizers

i i
ol Linear Nonlinear !
o |
> — T |
=1 |

| MLSE |

l I
N N [
= Transversal
5 ‘Transversal Lattice Transversal Lattice Channel |
D | $ l l l Estimator

| e e e I J
ol v
i LMS Gradient LMS Gradient LMS |
% : RLS RLS RLS RLS RLS :
o | Fast RLS Fast RLS Fast RLS |
© | VRLS VRLS VRLS |

Equalizer types

o Maximum likelihood sequence estimation (MLSE) is optimal,
but it is very complex, especially as the duration of the chan-

3> Andrea Goldsmith, Wireless Commuications, Cambridge University Press, New York, 2005
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nel impulse response grows large relative to the bit (symbol)
period

e Linear techniques and the DFE, operate in a symbol-by-symbol
(SBS) fashion, where ISI is removed from each symbol and
then the symbol is detected

e With MLSE entire sequences are estimated using a trellis struc-

ture®

e The tapped delay line or transversal filter is the most common
structure; in DSP this is just an FIR filter

Heq(f)
'z N

Input

y() =
pe(t) +n(t)

Output
z(1)
Transversal (or in DSP FIR) filter for ISI mitigation

e The filter coefficients, denoted here as a_p,...,0p...,ay, OF

°B. Sklar“How I Learned to Love the Trellis,” IEEE Signal Processing Magazine, May 2003,
pp- 88-102.
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perhaps «g, ...,apy fora 2N + 1 tap FIR filter, can be deter-
mined for linear equalizers using two basic criterion:

1. Zero-forcing (ZF)

2. Minimization of the mean-squared error (MMSE)

e The DSP implementation of an equalizer at complex baseband
takes the following form:

d Pulse
5 Shape > SHENIE > Z
he(t)
Tx g(1) ?
Data n(t)

Equalizer
Heq(2)

Matched

x(z t n

RFEF:jont (1) Eilter y (1) y[n]
Cﬂ g;z( 1)

p(t) = o8(t) * g(t) * gm(—1)
pe(t) = 8(2) * (1) * he(t) * gm(—1)

Tap Update
Algorithm

Complex baseband equalizer general form

e Suppose that g(¢) is chosen to give a particular transmit pulse
spectrum in an ideal channel, then the matched filter is chosen
to give zero ISI

e The channel impulse response (h.(t) # 4(t)) is likely time
varying, so it is not practical to have g,,(¢) matched to g(z)

he(t)
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5.11.2 Equalization by Zero Forcing

e With zero forcing we make the pulse response of the channel
have value 1 at the desired sampling time and zero at N sam-
ples either side of the unity sample value

e We have 2N + 1 unknowns so we need to set up a system of
2N + 1 equations

N
peq(mT) — Z anpc[(m —I’Z)T]
n=—N
I, m=0
= m:O,:IZI,,:IZN
0, m#0

e In matrix form the system of equations is

Pog = [Pog] = [ Pc][4] = PcA

where
P,y =[00---0100-- Q]T
N zeros N zeros
T
A=fooy ave s @ a o]
p:(0)  p.(=T) -+ p(=2NT)
P = pc(T) pc(o) pc((_ZN—f‘ 1)T)
| Pe 2NT) .. 0:(0) ]

e Because of the way peq(mT') is defined, the optimum solution
for A turns out to be

Aopt = P(/TIPeq = middle column of PC_1
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e Forcing zeros in the equalizer response att = £7,..., £ENT

does not say anything about the response outside the interval
and since signal only was used in the zero forcing, noise en-
hancement may occur (lots of gain over a band of frequencies
where the channel gain is weak)

The frequency response of the equalizer, for symbol spaced
taps, i.e., A = T, is the DTFT of the filter coefficients

N
Heq(ejQ) = Z aye
n=—N

or in terms of the analog frequency variable f

N
Heoo(f) = Z a,e 2T

n=—N

To assess the noise impact we can calculate the noise power at
the output of the equalizer assuming a bandlimited Gaussian
noise input having PSD of Ny/2 for |f| < B, where B is
the assumed bandwidth that the signal occupies, e.g., for RC
spectra pulses about Rj (two-sided)

e Composite signal plus noise output, when symbol spaced, is

N
2Ty = 3 ar{pelm — DT) + nlon — DT}
[=—N .
— peq(mT) + Z O51”[(77/1 - Z)T]

|=—N

Nm
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Note: The RV {N,,} are Gaussian having zero mean and vari-

ance
oy = E{N{}

(N N

=E{ Y anltk—)HT] Y aeyn[tk —DT]
| j=—N [=—N

N N

= E Y ajoun((k — j)TIn[(k — )T

| j=—NI=—N

j=—NI[=—N
N N
= Y > ajoR,[(j —DT]
j=—NI=—N

where for the bandlimited noise considered here,

R, (t) = NyBsinc(2B1)

e Assuming that B = R,/2 = 1/(2T),then 2BT = 1 and

N D j=1
R[(j = )T] = —2sinc(j — 1) = 21" 7
2T 0, Jj#I
then .
No
2 2
j=—N

e To complete the analysis of noise enhancement, we can as-
sume a £ 1 equally likely binary transmission with the ISI com-
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pletely removed

1 1
Pr = EP[Nm > 1]-1 sent] + —P[Nm < 1]+1 sent]

00 exp(— 2/(20]%,)) _0 ( )
i V2moNT?2 B

1
. b
=¢ Z \/Z s N

— For an ideal channel, i.e., h.(t) = §(t), g = 1 and the
others coefficients are zero, and there is no degradation

2
— In general we expect ) _; o5 > 1

Example 5.11: MATLAB Zero Forcing Example

e In this example we will re-work the shaped_psk_sim code
presented earlier; the new function will be shaped_psk_ZFEQ_sim

e The channel filter will be a 4th-order Butterworth filter with
3dB cuttoff frequency set to R, /2 in complex baseband (equiv-
alent to Rj in bandpass domain)

e A local function zero_force () is created inside the main sim-
ulation routine to design the zero forcing equalization filter

function [Pe,errors,N_RecBits,z,b_eq] = shaped_psk_ZFEQ_sim(SNR,Nbits,timing,beta,shape)
% [Pe,errors,N_RecBits,z,b_eq] = shaped_psk_ZFEQ_sim(SNR,m,theta,Nbits,timing)

yA

% Coherent Binary BPSK modem ZF-EQ end-to-end simulation function

WILIITTTTI7777777777777777777777777777777777777777777777777777777777777

pA SNR = Set the received signal SNR in dB; for on-off keying the SNR
pA is defined interms of the average signal power, e.g., 1/2 the
pA peak symbol energy
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yA Nbits = The number of bits simulated

%  timing = Sets the sampler timing to give the minimum BEP; find value
yA using eyeplot_mark function

% rec_type = Receiver type: ’coherent’, bpf_env_det’, or ’lim_discrim’

T

pA Pe = Estimated bit error probability (BEP)

%  errors = Number of bit errors found (good to obtain at least 100

b errors over an AWGN channel

% RecBits = The number of bits processed y bit_errors function; If you

yA create a ’top-level’ function ’errors’ and ’RecBits’ can be
yA used to combine results from multiple runs

pA z = Receiver decision statistic; use as input to eyeplot_mark for
pA further analysis, e.g., find a good value for ’timing’

WILIITTTTI777777777777777777777777777777777777777777777777777777777777
% Mark Wickert November 2010
Ns = 16; % Fix the number of samples per bit to 16

i Generate PSK tx signal
[x,data,b] = shaped_psk(Nbits, 16, beta, shape);

% Introduce channel distortion via a 4th-order Butterworth lowpass filter.
% Set fc = 0.5 times the bit rate.
[b_chan,a_chan] = butter(4,2* 0.5/Ns);

= filter(b_chan,a_chan,x);

% AWGN channel
y = cpx_AWGN(x,SNR,16);

% Enter receiver

% Coherent receiver (at complex baseband)

WIIIIT1177777777777777777777777

% Matched filter is designed by the Tx function as vector b

% Process complex BB signal through filter to form decision statistic
= filter(b,1,y)/Ns;

WILIITTT7777777777777717777777
% Design a zero forcing equalizer using side information
b_eq = zero_force(b,b_chan,a_chan,Ns,5); % Ntaps = 2N+1 = 5*x2+1 = 11
% Apply as an upsampled filter to better see timing needs
= filter(upsample(b_eq,Ns),1,2);

z_det = real(z);
% Decision logic
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d_hat = (sign(z_det(timing:16:end))+1)/2; % 0,1 logic levels
% Error detect
[Pe,errors,N_RecBits] = bit_errors(data,d_hat);

WI1I1111777777777777777777777777777777777777777777777777777777777777777
function Aopt = zero_force(tx_pulse,b_chan,a_chan,Ns,N)

% Aopt = zero_force(tx_pulse,b_chan,a_chan,Ns,N)

%% Zero Force Function

yA

% Mark Wickert November 2011

W11 1717777777777777777777777777777777777777777777777777777777777777

Npre = NxNs; Npost = NxNs;
% Zero pad either side of pulse

p = [zeros(1,NprexNs) tx_pulse zeros(l,Npostx*Ns)];

p = filter(b_chan,a_chan,p); % Filter twice to get end-to-end
p = filter(tx_pulse,1,p)/Ns; % (Tx/Rx pulse together) response
% Find the max

[p_max,I_max] = max(p);
p_vec = p(I_max-Ns*2*N:Ns:I_max+Ns*2*N); % Symbol spaced channel samples

hp_vec = fliplr(p_vec);

N_tap = 2xN+1;

Pc = zeros(N_tap,N_tap);

for k=1:2xN+1
% Fill up the Pc matrix with samples channel pulse response samples
Pc(:,k) = p_vec(2*N+1-(k-1) :2%N+1-(k-1)+(N_tap-1)).;

end

Peq = [zeros(1,N) 1 zeros(1,N)]’;

Aopt = Pc[backslash]Peq; % direct solve without using inv( )
W11 17777777777777777777777777777777777777777777777777777777777777

e At present a 10-tap filter is set to be designed

e We run the simulation function and set breakpoints inside to
test the equalizer design by stopping at line 51 to compare the
eye plots before and after equalization

>> [Pe,errors,N_RecBits,z,b_eq] = shaped_psk_ZFEQ_sim(100,10000,1,...
0.5,%src’);
End of function shaped_psk_ZFEQ_sim>zero_force.
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K>> subplot(311)

K>> stem(p_vec,’filled’)

K>> subplot(312)

K>> stem(conv(p_vec,Aopt),’filled’)

K>> subplot(313)

K> f = -.5:1/200:.5;

K>> H = freqz(Aopt,1,2xpi*f); 7 Gain scale by Ns
K>> plot(f,abs(H))

K>> plot(f,20%logl0(abs(H)))

P [n] = hsrc[n] * he[n] * hsreln]

_0.5 Il Il Il Il
0 5 10 15 20 25

A few bumps, but
hard to see

5 10 15 20 25 30

Symbol Spaced Ind T
Freq. Resp in dB ymbol Spaced Indexn (nT)

‘Significant noise enhancement
~atthe band edges

24 : : :
-05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4 0.5
Normalized Frequency fT

10-tap ZF-EQ: p.[n], pcln] * Aopt[n]a Aopt(ejzﬂfT)
e Next we consider the eye plot with and without the equalizer

51 z = filter(upsample(b_eq,Ns),1,z);

K>> eyeplot_mark(real(z(10%16+1:5000)),2%16,192,16,16);
K>> print -tiff -depsc ZF_EQ2.eps
[11717771777777777777777777777777777777777777777777777777
Bit Errors: O

Bits Total: 9982
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BEP: 0.00e+00
[171777777777777777777777777777777777777777777/7777/77777
>> eyeplot_mark(real(z(10*16+1:5000)),2%16,192,16,16);

Eye Plot with 4th-Order Butterworth, fc = 0.5Rb

Amplitude

Eye Window Relative Samples

Eye Plot following 10-Tap ZF-Equalizer

Amplitude

0 5 10 15 20 25 30
Eye Window Relative Samples

Eye plot without (top) and with (bottom) 10-tap equalizer
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e The noise enhancement factor, using the expression developed
in the text/notes is

>> 10*1ogl0(sum((b_eq) .~2))

ans = 8.4461e-01 % in dB

e BEP simulation can be used to compare the performance with
and without the equalizer (reader assignment!)

5.11.3 Equalization by Minimum MSE

e A linear equalizer type that mitigates the issues of noise en-
hancement can be formulated using a minimum mean-squared
error (MMSE) criterion

e Suppose that the desired signal at the output of the equalizer is
given by d(¢) (don’t worry, we can assume a training signal is
available)

e We seek the taps weights such that
€ = E[ez(t)] = E[(Z(t) — d(t))z] = minimum

where z(¢) is the equalizer output

N

z() = ) any(t —nh)

n=—N

e The error surface formed by € as a function of the tap weights
is convex cup or bowl shaped
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The mean-square error (MSE) is a function of both ISI and
AWGN present at the input

The optimal in the MMSE sense tap weights can be found by
setting

e _ 0=2E [(z(l) —d(1))

oo,

0z (1)

o,

i|, m=0,x1,...,£N

Making substitutions and algebraic manipulations, results in

Ry-(mA) = Ryy(mA) =0, m=0,%1,..., N

where
Ry:(v) = E[y(r + 1)z (1)]
Rya(r) = Ely(t + 1)d(7)]
Since R, (7) is just Ryy(T) * aopi(T) (@opi(t) = heg(t)), we can

write using compact matrix notation that

RyyAop = [Ryy][A]opt = [Rya] = Rya
where
. R,,(0)  Ry(A) -+ Ry,,(2NA) |
R — | Ru(8) Ry0) - Ry(@N —DA)
e s 5
Ry (—2NA) o Ry, (0)

R,s = [Rys(—~NA) Ryy(—(N —1)A) --- Ryd(NA;]T

e The solution for the tap weight vector (equalizer filter) is

Aoyt = R;yl R,y

5-118

ECE 5630 Communication Systems II



5.11. EQUALIZATION

e The formulation under the MMSE criterion is similar to zero
forcing, except now we use a correlation matrix as opposed to
the pulse response

e Having perfect knowledge of R, and R, is desired, but not
essential

e As a performance measure we need to calculate the MMSE, €
e [t can be shown that in general

e=0;—2A"R,; + A'R, A

e When the optimum solution is employed we have

2 T
€min =— Oy — RydAopt

e We have yet to specify A, although, we could again choose
symbol spacing, thatislet A = T

e Itis common to consider a fractionally spaced equalizer (FSE),
thatis A = T /K, K an integer, when exact symbol rate sam-
ples are not available

— The FSE increases the complexity, but allowing multiple
samples per bit (symbol) it can also take on the role of the
matched filter
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Tap Weight Adjustment

e How do we get the tap weights in practice?
e At present the calculation requires knowledge of d(¢)

1. A periodic training sequence can be sent which can be
used to adjust the tap weights

2. If the operating SNR is relatively high, the detected data
can be used by what is known as a decision directed (DD)
implementation; before DD is engaged a training sequence
may also be used

e The topic of blind equalization focuses on how to obtain the
tap weights without explicit knowledge of a training vector

e Another issue is how to obtain the correlation function R, (7)
(we just need sample values)?

e This opens the door to the topic of adaptive equalization

e Since we know the error surface is bowl shaped, we just need a
starting point (initial guess for the tap weight vector) and then
move along on the error surface using the method of steepest
descent

1
AFTD = AW 4 S —Ve®), k=0,1,2,...

where V is the gradient operator and u is a step size parameter
to insure a stable convergence
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e In practice the true statistical auto- and cross-correlation func-
tions are not available, so as an approximation, it is common
for use the stochastic gradient which is an instantaneous time
estimate

e The result is the least mean-square (LMS) algorithm, which
states that at each time step we update the tap weights accord-
ing to
ak ) = a,gl,f)—uy[(k—m)A]e(kA), m=0,+1,+2,....£N
where €(kA) = z(kA) — d(kA)

e MATLAB has a large set of functions for various equalization
techniques; in Python you have to write your own

Example 5.12: MATLAB Decision Directed MMSE Example

e In this example we will re-work the shaped_psk_sim code
presented earlier; the new function will be shaped_psk_DDEQ_
sim; Note: Python version soon.

).

r[n] 2N + 1 Complex ln] I 2 dA[n]

Tap FIR s
Symbol- Estimated
spaced Symbol
from Rx Sequence

+
matched 4—@%’
filter LMS Update e&—<—Training
Sequence

Following training,
decision-directed
error

Complex-Baseband Decision Feedback Equalizer
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e The channel filter will be a 4th-order Butterworth filter with
3dB cuttoff frequency set to R, /2 in complex baseband (equiv-
alent to Rj in bandpass domain)

e A local function DD_LMS () is created inside the main simula-
tion routine to design the zero forcing equalization filter

function [Pe,errors,N_RecBits,z,DD_o] =

shaped_psk_DDEEQ_sim(SNR,Nbits,timing,beta,shape,DD_i)

% [Pe,errors,N_RecBits,z,DD_o] =

h

shaped_psk_DDEQ_sim(SNR,Nbits,timing,beta,shape,DD_i)

% Coherent Binary BPSK modem ZF-EQ end-to-end simulation function

WILIITTTTI7777777777777777777777777777777777777777777777777777777777777

T SNR =
b

h

b Nbits

%  timing =
b

% rec_type

% DD_1

yA
yA
yA
yA
pA
yA
yA Pe
%  errors
pA
% RecBits
yA
pA
% z
yA
% DD_o
yA
yA
yA
yA

= Receiver type:

Set the received signal SNR in dB; for on-off keying the SNR
is defined interms of the average signal power, e.g., 1/2 the
peak symbol energy
The number of bits simulated
Sets the sampler timing to give the minimum BEP; find value
using eyeplot_mark function
’coherent’, bpf_env_det’, or ’lim_discrim’
structure variable to hold DD-LMS parameters:
DD_i.N = number of single-sided taps; total taps = 2xN+1
DD_i.mu = LMS algorithm convergence parameter, around le-3
DD_i.Nstart = Start BEP measuring with a delay due to LMS
not convergenced yet, 500 to 1000 good
but check MSE plot

= Estimated bit error probability (BEP)

Number of bit errors found (good to obtain at least 100
errors over an AWGN channel

The number of bits processed y bit_errors function; If you
create a ’top-level’ function ’errors’ and ’RecBits’ can be
used to combine results from multiple runs

Receiver decision statistic; use as input to eyeplot_mark for
further analysis, e.g., find a good value for ’timing’
DD-LMS output variables:

DD_o.z_eq = Equalizer output at symbol spacing

DD_o.d_hat = Hard decision data

DD_o.e = Error sequence (complex)

DD_o.Aopt = Tap weigh vector at end of simulation (complex)

WILIITTTTI7777777777777777777777777777777777777777777777777777777777777

% Mark Wickert November 2010
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Ns = 16; % Fix the number of samples per bit to 16

i Generate PSK tx signal
[x,data,b] = shaped_psk(Nbits, 16, beta, shape);

% Introduce channel distortion via a 4th-order Butterworth lowpass filter.
% Set fc = 0.5 times the bit rate.

[b_chan,a_chan] = butter(4,2* 0.5/Ns);

x = filter(b_chan,a_chan,x);

% AWGN channel
y = cpx_AWGN(x,SNR,16);

% Enter receiver

% Coherent receiver (at complex baseband)
WILIITTT7777777777777777777777

% Matched filter is designed by the Tx function as vector b

% Process complex BB signal through filter to form decision statistic
z = filter(b,1,y)/Ns;

WILIITTT7777777777777717777777

%» Design a MMSE equalizer using a DD-LMS

[DD_o.z_eq,DD_o.d_hat,DD_o.e,DD_o.Aopt] = DD_LMS(z(timing:16:end),...
Ns,DD_i.N,DD_i.mu);

% Apply as an upsampled filter to better see timing needs

z = filter (upsample(DD_o.Aopt,Ns),1,z);

z_det = real(z);

% Decision logic

d_hat = (sign(z_det(timing:16:end))+1)/2; % 0,1 logic levels

% Error detect

[Pe,errors,N_RecBits] = bit_errors(data(1+DD_i.Nstart:end-(DD_i.N)+1),...
d_hat(DD_i.Nstart+DD_i.N:end));

W11 777777777777777777777777777777777777777777777777/7777/777777
function [z_eq,d_hat,e,Aopt] = DD_LMS(y,Ns,N,mu)

% [z_eq,e,Aopt] = DD_LMS(y,Ns,N,mu)

%% DD LMS Function

yA

% Mark Wickert November 2011
WILILI1717777777777777777777777777777/77777777777777777777777/7777777777

Nsim = length(y);
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DD_A = 1.0;

constellation = [1 -1]*DD_A; % BPSK complex baseband constellation
a=1; % 1/sqrt(2) for QPSK;

constellation = constellation*a;

z_eq = zeros(size(y));

d_hat = zeros(size(y));

e = zeros(size(y));

Aopt = [zeros(1,N) 1 zeros(1,N)];
y_states = zeros(1,2*N+1);

% Begin the LMS simulation sample-by-sample outer loop
% This is a symbol spaced equalizer, so there is only one sample per symbol
for k=1:Nsim

% Update input state vector

y_states = [y(k) y_states(l:end-1)];

% Apply FIR Filter as a dot product, row times column
z_eq(k) = z_eq(k) + Aopt*xy_states.’;

% Form the hard decisions using the filter outputs

DD_error = z_eq(k) - constellation;

[min_error,index] = min(abs(DD_error));

d_hat (k) = constellation(index); % recovered data in -1,1 format
%d_hat.I(k) = fix(real(z_hat(k))/a);

%d_hat.Q(k) = fix(imag(z_hat(k))/a);

e(k) = d_hat(k) - z_eq(k);

%» Update the filter coefficients (LMS update eqn)
Aopt = Aopt + mu*conj(y_states)*e(k);

end

test = 0;

WILIITTTTIT777777777777777777777777777777777777777777777777777777777777

e Atpresentan N = 10 (21-taps) filter is implemented

e We run the simulation function and set breakpoints inside to
test the equalizer design by stopping at line 63 to compare the
eye plots, examine DD_o . Aopt before and after equalization
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>> [Pe,errors,N_RecBits,z,DD_o] =
shaped_psk_DDEQ_sim(50,10000,4,0.5,’src’,DD_1) ;
63 z = filter(upsample(DD_o.Aopt,Ns),1,2);
K>> subplot(311)
K>> semilogy(abs(DD_o.e)."2)
K>> ylabel (’MSE’)
K>> xlabel(’Symbol Spacing Index n’)
K>> subplot(312)
K>> stem(real(DD_o.Aopt),’filled’)
K>> subplot(313)
K> f = -.5:1/200:.5;
K>> H = freqz(DD_o.Aopt,1,2xpix*f);
K>> plot(f,20%1logl0(abs(H)))
K>> print -tiff -depsc DDE_50dB.eps
K>> eyeplot_mark(real(z(12%16+1:5000)),2%16,192,16,5);
K>> print -tiff -depsc DDE_50dB_eye.eps
65 z_det = real(z);
K>> eyeplot_mark(real(z(12%16+1:5000)),2%16,192,16,4);
K>> print -tiff -depsc DDE_50dB_eye_after.eps
[1177177777777777777777777777777777777777777777777777/777
Bit Errors: O
Bits Total: 9477
BEP: 0.00e+00
[1111717777777777777777777777777777777/777777777777/77/7/
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>> [Pe,errors,N_RecBits,z,DD_o] = shaped_psk_DDEQ_sim(8,10000,4,0.5,’src’,DD_1i);
63 z = filter(upsample(DD_o.Aopt,Ns),1,z);
K>> subplot(311)

K>> hold

Current plot held

K>> semilogy(abs(DD_o.e)."2,’r’)

K>> clf

K>> subplot(311)

K>> semilogy(abs(DD_o.e)."2)

K>> axis([0 10000 le-4 1])

K>> axis([0 10000 le-4 1lell)

K>> grid

K>> xlabel(’Symbol Spacing Index n’)
K>> ylabel(’MSE (dB)’)

K>> ylabel (’MSE’)

K>> subplot(312)

K>> stem(real(DD_o.Aopt),’filled’)
K>> axis([0 21 -.2 1.2])

K>> grid

K>> xlabel (’Symbol Spacing Index n’)
K>> ylabel (’DD_o.Aopt[n]?)

K>> subplot(313)

K> f = -.5:1/200:.5;

K>> H = freqz(DD_o.Aopt,1,2*pix*f);
K>> plot(f,20%1logl0(abs(H)))

K>> grid

K>> axis([-.5 .5 -3 10])

K>> xlabel(’Normalized Frequency £fT’)
K>> ylabel(’ |DD_o.Aopt(£)| (dB)’)

K>> print -tiff -depsc DDE_50dB2.eps
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e Next we consider a BEP comparison plot of the system without
equalization, with DD-MMSE and ZFEQ, all for the case of a
channel filter being a 4th-order Butterworth with f./R;, = 0.4

e The performance is pulled in about 3.5 dB by the equalizer
around 107

e The performance improvement at 10~° would be even greater,
but data was not taken at this level
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Example 5.13: MATLAB Toolbox Functions

Equalizer Features of Communications Toolbox Software
This toolbox supports these distinct classes of equalizers, each with a different overall structure:

e Linear equalizers, a class that is further divided into these categories:
oSymbol-spaced equalizers
o Fractionally spaced equalizers (FSEs)

e Decision-feedback equalizers (DFEs)

o MLSE (Maximum-Likelihood Sequence Estimation) equalizer that uses the Viterbi algorithm. To learn
how to use the MLSE equalizer capabilities, see Using MLSE Equalizers.

Linear and decision-feedback equalizers are adaptive equalizers that use an adaptive algorithm when
operating. For each of the adaptive equalizer classes listed above, this toolbox supports these adaptive
algorithms:

e Least mean square (LMS)

e Signed LMS, including these types: sign LMS, signed regressor LMS, and sign-sign LMS
e Normalized LMS

e Variable-step-size LMS

e Recursive least squares (RLS)

e Constant modulus algorithm (CMA)

To learn how to use the adaptive equalizer capabilities, start with Using Adaptive Equalizer Functions and
Objects. For brief background material on the supported adaptive equalizer types, see Overview of
Adaptive Equalizer Classes. For more detailed background material, see the works listed in Selected
Bibliography for Equalizers.

Provide feedback about this page

Equalizers Overview of Adaptive Equalizer Classes

MATLAB equalizer function block diagrams

e The block diagram of common structures implemented in the
MATLAB toolbox are shown below:
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Fractional DFE (nonlinear)
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MATLAB decision feedback equalizer (DFE)

5.12 The Confidence Interval for P,

A

e In Monte-Carlo simulation you obtain P, as an estimate of

the true error probability P,., via bit error counting and what

amounts to the sample mean for a 0/1 random variable’

>
S

where n 1s the number of bits in error and N is the number of

bits processed

"M. Jeruchim, “Techniques for Estimating the Bit Error Rate in the Simulation of Digital Com-

munication Systems,” IEEE Trans. on Selected Areas in Commun., VOL. SAC-2, NO. 1, January

1984, pp. 153-170.
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e For N — oo the expectation is that this sample mean becomes
the true value P,

e From statistics, the confidence interval is a range of numbers
bounded by the endpoints p; and p,, such that we can say
p2 < P, < p; with hopefully high probability (e.g., 0.9, 0.95,
or 0.99 are popular values)

e The confidence level, 1 — «, is the probability the estimate lies
on confidence interval, i.e.,

Pl[pp<P.<pi]=1-q

e Assuming independent bit errors, the error count number 7 is
binomially distributed so P, = n/N is a scaled binomial dis-
tribution

e Assuming symmetry, the tail probabilities are each o /2

) (N\ P —p)"* =a/2

N
(N\ ps(1—p)V T =a/2

— Solving the two equations yields the confidence interval,
but this requires working with the cumulative beta distri-
bution

e The typical values of P,, n, and N are such that a Normal
approximation to the binomial distribution is valid
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e It can then be shown that the confidence interval 1s
Ply-<P.<yi]=1-«

where d, = /2 - erfcinv(a),

—ﬁ+ﬁNﬁOi 4 )
Ya = Tem e N P,d2

and we have further assumed that N/(N + d?) ~ 1

e Further simplification can be obtained by making the substitu-
tion N P, = n, the error count value,

—ﬁ_bﬁﬁli Y
Y+ = [, " do%

n _1+d§ .- 4n\ |
=N 2n d?

d, = /2 - erfcinv(a)

e In practice then you can find the confidence interval given the
confidence level, observed value n, and the number of trials N

e The first line above makes it clear that the confidence interval
endpoints are just a scaled version of P, itself, thus the plot
shown below can be constructed, independent of P,
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Confidence Levels:
0.99
0.95
0.9

50r-

20k 95%

confidence

interval for
10 errors

1.0

Probability of Error Scale Factor

. . . N | . | . N
1 5 10 50 100
Number of Errors Events n

P, confidence intervals

function [Pe_hat, p2, pl] = Pe_conf_int(n,N,alpha)
% [Pe_hat, p2, pl] = Pe_conf_int(n,N,alpha)
b

% Bit error probabilityestimation Normal approximation to the

% 1 - alpha confidence interval. Typical alpha = 0.05 <=> 0.95 level

yA
% Mark Wickert October 2012

d = sqrt(2)*erfcinv(alpha)
yp = (1+d~2./(2*n) .*(1+sqrt(4*n/d~2+1)));
ym = (1+d~2./(2*n) .*(1-sqrt(4*n/d~2+1)));

Pe_hat = n/N;
p2 = Pe_hat*ym;
pl = Pe_hatxyp;

P |
500 1000
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